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Abstract

The notion of a generalized somewhat A-set is introduced. The ba-
sic properties of these sets are developed. It is shown that the class of
generalized A-sets is properly contained in the class of generalized some-
what A-sets. Conditions sufficient for a function to preserve generalized
somewhat A-sets are investigated.

Mathematics Subject Classification: 54A06, 54D10

Keywords: somewhat A-set, generalized somewhat A-set

1 Introduction

In 1986 Maki [5] introduced the notions of a A-set and a generalized A-set.
These concepts have been generalized and extended by a number of authors.
For example, Ganster, Jafari, and Noiri [4] investigated pre-A-sets and Caldas,
Jafari and Noiri [3] studied A-generalized sets. In this note we continue this
line of investigation by introducing the concepts of a somewhat A-set and a
generalized somewhat A-set The basic properties of these sets are developed.
For example, it is shown that a set A is a generalized somewhat A-set if
and only if Ag,(A) C CI(A), where Ay, (A) denotes the intersection of all
somewhat open sets containing A. Also it is established that the class of
generalized A-sets is properly contained in the class of generalized somewhat
A-sets and that the generalized somewhat A-sets are closed under union but not
under intersection. Conditions sufficient for a function to preserve generalized
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somewhat A-sets are investigated. For example, it is shown that, if f: X —
Y is contra somewhat A-continuous and open, then f~!(B) is a generalized
somewhat A-set whenever B is a generalized somewhat A-set.

2 Preliminaries

The symbols X and Y represent topological spaces with no separation proper-
ties assumed unless explicitly stated. All sets are considered to be subsets of
topological spaces. The closure and interior of a set A are signified by CI(A)
and Int(A), respectively.

Definition 2.1 A subset A of a space X is said to be somewhat open [2] if
A =0 or there exists x € A and an open set U such that x € U C A. A set is
called somewhat closed if its complement is somewhat open.

The collection of all somewhat open sets in a space X will be denoted by
SW (X)) and the intersection of all somewhat open sets in a space X containing
a set A will be denoted by Ag,(A). The collection of all open sets containing
a set A will be denoted by A(A). Maki [5] used the notation A* and also the
notation ker(A) (the kernel of A) is used.

Definition 2.2 A subset A is a space X is said to be a A-set [5] if A =
A(A).

Definition 2.3 A set A is said to be a generalized A-set (briefly a ,A-set)
[5] if A(A) C F whenever A C F and Fis closed.
3 Somewhat A-sets and the operator A,
Definition 3.1 A set A is said to be a somewhat A-set if A = Ag,(A).
The following lemma gives the basic properties of the operator Ag,.

Lemma 3.2 The following statements hold for subsets A and B of a space
X and a collection {A, : a € A} of subsets of X :

a) AC Ay(A).

(€) Asw(Asw(A)) = Asw(A).

(a)

(b) If A C B, then Ay (A) C Ayu(B).
) A

(d) If A€ SW(X), then A = A, (A).
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(€) Asw(U{As :a € A}) = U{A4,(An) : a € A}).

() Aso(N{Aq s 0 € A}) € N{A(Aa) : @ € A},

Proof. (a), (b), (d), and (f) are immediate consequences of the definition
of Agyp.

(c). Since A C Agy,(A), it follows from (b) that Ag,(A) € Agw(Agw(A)). For
the reverse inclusion, assume that x & A, (A). Then there exists U € SW(X)
such that A C U and = ¢ U. Then A4,(A) C U and hence Ay, (Agy(A)) CU.
Thus = € Agw(Agw(A)), which proves that Ag,(Asw(A)) C Agw(A).

(e) Let {A, : a € A} be a family of subsets of X. Since for every a € A,
Asw(An) € Asw(UneaAa), Uacalsw(An) € Asw(UpeaAs). For the reverse
inclusion, assume that & € Uyealsiw(Aq). Then for every a € A, & & Ay (Aa).
Thus for every o € A there exists U, € SW (X)) for which A, C U, and = & U,,.
Then UyeaUsy € SW(X), UseaAa € UseaUs and © & UyeaU,. Therefore
T & Ngyy(UneaAs), which proves that Ag,(UseaAa) € UnealNsw(An).

4 Generalized somewhat A-sets

Definition 4.1 A subset A of a space X is said to be a generalized some-
what A-set (briefly a ;Agp-set) if Agw(A) C F whenever A C F and F is a
closed subset of X.

Since for every set A, Ag,(A) C A(A), every ;A-set is a ;Agz,-set. Also
every A-set is a Ag,-set. The following example shows that a ;A,-set is not
necessarily a ,A-set and that a Ag,-set is not necessarily a A-set.

Example 4.2 Let X = {a,b,c} have the topology 7 = {X, 0, {a}, {0}, {a,b}}.
Since Ao ({c}) = {c}, but A({c}) = X, {c} is a Agy,-set but not a A-set. Also
{c} is a ;A set but not a jA-set.

Theorem 4.3 A subset A of a space X is a ;\g,-set if and only if Ag,,(A) C
Cl(A).

Proof. Assume A is a jAg,-set. Since A C Cl(A), Ay, (A) C Cl(A). Assume
Asuw(A) CCI(A). If AC F, where F is closed, then Ay, (A) C CI(A) C F and
hence A is a ;Ag,-set.

Theorem 4.4 If A is a ;Ag,-set, then Ag,(A) — A does not contain a
nonempty somewhat open set (or equivalently does not contain a nonempty
open set).
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Proof. Assume A is a ;Az,-set and U is a nonempty somewhat open set
such that U C Ay, (A) — A. Then there exists a nonempty open set V' such
that V. C U Thus V C X — A and V C Ay, (A). Also, since A C X — V,
which is closed, Ag,(A) € X —V and hence V' C (X — Agy(A)) N Ag(A) and
thus V' = ). This contradiction implies that Ay, (A) — A does not contain a
nonempty somewhat open set.

Theorem 4.5 Assume Ay, (A) is open. If Ag,(A) — A does not contain a
nonempty somewhat open set, then A is a ;N\, -set.

Proof Suppose A is not a 4Ag,-set. Then for some closed set F', A C F,

but Ag,(A) N (X — F) is a nonempty open (and hence somewhat open) subset
of Agp(A) — A.

Corollary 4.6 IfAg,(A) is open, then A is a ;Ag,-set if and only if Ag,(A)—
A does not contain a nonempty somewhat open set (or equivalently does not
contain a nonempty open set).

The ,A4,-sets are obviously closed under union. However, as the next
example shows, they are not closed under intersection.

Example 4.7 Let X = {a,b,c} have the topology 7 = {X,0,{a,b}}. Let
A ={a,c} and B = {b,c}. Since the only closed set containing either A or B
is X, both A and B are ;\gy,-sets. However, AN B = {c} is not a ;A,-set.

5 Preserving ,A,,-sets

Theorem 5.1 If f : X — Y s continuous and has the property that
Ao (f(A)) C f(Asw(A)) for every jAg,-set A C X, then f(A) is a jAg,-set

whenever A is a 43Ag,-set.

Proof. Let A C X be a ,Az,-set and assume that f(A) C F, where F'
is closed. Then A C f~'(F) and, since f~'(F) is closed, A4, (A) C f71(F)
and hence f(Asu(A)) € F. Since Ag(f(A)) € f(Asw(A)) by assumption,
Asw(f(A)) C F, which proves that f(A) is a ,Ag,-set.

Example 5.2 Let X = {a,b,c} have the topologies T = {X, 0, {a}, {b}, {a,b}}
and o = {X,0,{a,b}}. The identity mapping f : (X,7) — (X, 0) is contin-
uous but does not have the property that Ag,(f(A) C f(Asw(A)) for every
gNow-set A C X.

Definition 5.3 A function f : X — Y s said to be contra-1-somewhat
continuous [2] provided that for every closed set F CY such that f~(F) # 0,
there exists a nonempty open set U C X such that U C f~1(F)



Generalized somewhat A-sets 125

Theorem 5.4 [2] A function f: X — Y is contra-1-somewhat continuous
if and only if f~Y(V) is somewhat closed for every open set V CY.

The proof of the following result is analogous to that of Theorem 5.1.

Theorem 5.5 If f : X — Y 1is contra-1-somewhat continuous and has the
property that Ag,(f(A)) C f(Asw(A)) for every jAg,-set A C X, then f(A) is
a gNgp-set whenever A is a ;Ag,-set.

Corollary 5.6 If f : X — Y s either contra-1-continuous or continuous
and has the property that Ag,(f(A)) C f(Asw(A)) for every jAg,-set A C X,
then f(A) is a 4N, -set whenever A is a ;Ag,-set.

Corollary 5.7 If f : X — Y s either contra-1-continuous or continuous
and f(Agw(A)) is a Agy-set for every jAg,-set A C X, then f(A) is a ;A -set
whenever A is a 4jAg,-set.

Corollary 5.8 If f : X — Y s contra-continuous and has the property that
Ao (f(A)) C f(Asw(A)) for every jAg,-set A C X, then f(A) is a jAg,-set
whenever A is a gAg,-set.

Definition 5.9 A function f : X — Y is said to be somewhat open (re-
spectively, m-somewhat open) if f(A) is somewhat open for every open (respec-
tively, somewhat open) set A.

Lemma 5.10 If f : X — Y s injective and m-somewhat open, then
Asw(f(A)) C f(Agw(A)) for every A C X.

Proof. Let A C X. Then Ay (f(A) = n{W CY : f(A) C W,W €
SW(Y)} CN{f(U): ACUU e SW(X)} = (MU CX:ACUU e
SW(X)}) = f(Asw(A)).

Theorem 5.11 If f : X — Y s contra-1-continuous, injective and m-
somewhat open, then f(A) is a ;Ag,-set whenever A is a 4Ag,-set.

Lemma 5.12 If f : X — Y is open, then f~1(CI(B)) C CI(f~*(B)) for
every BCY.

Definition 5.13 A function f : X — Y is said to be contra somewhat
A-continuous if f~H(F) is a Ay,-set for every closed set F CY.

Theorem 5.14 If f : X — Y is contra somewhat A-continuous and open,
then f~1(B) is a ,Ag,-set whenever B is a ;Ag,-set.
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Proof. Assume B is a jAg,-set in Y. Using Theorem 4.3 and Lemma
5.12 we obtain Ay, (f~(B)) C Ay (f~ (CI(B))) = £~ (CI(B)) € CI(f~(B)).
Then by Theorem 4.3 f~!(B) is a ,Ag,-set.

Theorem 5.15 If f : X — Y is somewhat open and has the property that
Asw(f7H(B)) C fH(Asw(B)) for every ,Asp-set B €Y and Ag(f~(B)) is
open for every 4Ag,-set B C Y then fYB) is a g\sw-set whenever B is a
Agpp-set.
gilsw

Proof Let B be ;2Ag,-set in Y. Assume f~'(B) C F, where F is closed in
X. Since B is a 4Ag,-set , it follows from Theorem 4.4 that Ay, (B) — B does
not contain a nonempty somewhat open set. Suppose A, (f~*(B)) € F. Then
P BN —F)) € f(ha (F (B)NX—F(B)) = F(Aaulf(B))—
F(B)) € F(F (Auu(B)) — F(B)) = F(f (Aaw(B) — B)) C Awu(B) - B.
Therefore f(Ag(f~H(B))N(X — F)) is a nonempty somewhat open subset of
A4 (B) — B, which is a contradiction. Thus A, (f~*(B)) C F which proves
that f~1(B) is a zA,-set.
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