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Abstract

The distance between two vertices u and v in a graph G equals the
length of a shortest path from u to v. A set I of vertices is distance-k
independent if every vertex in [ is at distance at least k+ 1 to any other
vertex of I. A set I of vertices is distance-k dominating if every vertex
not belonging to I is at distance at most k of a vertex in I . A set of
vertices is a distance-k independent dominating set if and only if this set
is a distance-k independent set and a distance-k dominating set. Note
that in general counting the number of independent dominating sets in
a graph is NP-complete [2]. In this paper, we want to characterize all
the distance-k independent dominating sets of the path P,. Besides, we
calculate the number of the distance-k independent dominating sets of
P,.
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1 Introduction

One of the fastest growing areas within graph theory is the study of domina-
tion and related subset problems. The theory of independent domination was
proposed by Berge [1] and Ore [4] in 1962. The importance of an indepen-
dent dominating set in the context of clustering wireless networks has been
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widely acknowledged. The independent domination number of a graph is the
minimum size of an independent dominating set of vertices. The independent
dominating set (IDS) problem asks for the independent domination number
in a graph. Gary and Johnson [2] showed that its NP-complete for general
graphs. Goddard and Henning [3] offered a survey of selected recent results
on independent domination in graphs.

Although there are many papers studying the independent dominating set
(IDS) problem, we prefer to consider the number of the distance-k independent
dominating sets in a graph. For a graph G, the set of all the distance-k inde-
pendent dominating sets of a graph G is denoted by .#;(G) and its cardinality
by ix(G). Denote P, a path of order n. In this paper, we want to characterize
the sets .#(P,) and calculate the numbers ix(P,), where & > 1 and P, is the
n-path.

2 Characterization

In this section, we provide a constructive characterization of 74 (P,), where
n > 1and V(P,) = {1,2,...,n}. Besides, we calculate the number it(F,).
Besides, we calculate the number of the distance-k independent dominating
sets of P,. In order to give a constructive characterization of .#y(P,), we
introduce the following sets.

Fork>1land 1 <i<k+41,let 71,72 =,..., Toxs1 be the following sets.

Ti = {{1}}.
T = {1}, {2}}.

Ti= {1}, {id)

Tern = {{11, {2}, {k + 13},
Tevo = {{1,E+2},{2},...,{k+ 1}}.

77€+z:{{17k+2}7{2ak+l}77{2_171{;_'_2}’
(ki1 {2k 4+i—1},.. {i—2k+i—1},

{1,.k+2},
{i}, {i+1},...,{k+1}}.
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75k+1 = {{17 2k + 1}7 {27 2k + 1}7 S {k72k + 1}a
(1, 2k}, 42,2k}, .. [k — 1,2k},

{1,'l<:+2},
{k+1}}.

Observation 1. For 1 <n <2k + 1, 7,(P,) =T,
Observation 2. For 1 <n <2k +1,

oy={™ ifl<n<k+1,
TR+ k2 <n=(k+2)+s<2k+1.

Let A be a collection of sets. We define that A®a = {AU{a}: A € D}.

For n > 2k + 2, let
k1

Tn = Uﬁ,—k—z‘@{n—ﬂ‘l}-
i—1

We want to show that .#,(P,) = 7,. First, we prove the following lemma.
Lemma 2.1. For k> 1 andn >2k+2, T, C #x(F,).

Proof. We prove this lemma by induction on n, where n > 2k + 2. For n =
2k + 2, then

k+1
Toky2 = U Tokr2)—k—i B {2k +2) —i+ 1}
=1
= {{1,2k+2},{2,2k + 2}, ... {k+1,2k+2},
(1,2k + 1), {2,2k + 1}, ..., {k, 2k + 1},

(LE+2))

Every set in Taryo is a distance-k independent dominating set of P,, so it’s
true for n = 2k + 2. Assume that it’s true for all n’ < n and let I € T,,, where
n > 2k + 3. Suppose a is the largest number in I, then a =n — i+ 1 for ¢ =
L,...,k+1. Let I' = I—{a}. Since d(a,n—k—i) = (n—i+1)—(n—k—i) = k+1,
this means that I’ € 7,,_;_; fori =1,...,k + 1. By the induction hypothesis,
I' € #(P,——;). Note that d(a,n — k — i) = k + 1, this means that I is a
distance-k independent set of P,. Now we want to show that I is a distance-k
dominating set of P,. Let 1 < j <n and j ¢ I. We consider three cases.
Case 1. 1 < j <n—k—i. Note that I' € #(P,_x_;), then j is at distance
at most k to some vertex in I’.
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Case 2. n—k—i+1 < j < a—1. Note that d(a,j) < (n—i+1)—(n—k—i+1) =
k, then 7 is at distance at most k to the vertex a.
Case 3. a+1 < j <n. Note that d(a,j) <n—(a+1)=n—(n—i+1+1) =
1 — 2 < k, then j is at distance at most k to the vertex a.

By Case 1, Case 2 and Case 3, we can see that j is at distance at most k
to some vertex in I, where I = I'U{a}. Thus I is a distance-k dominating set
of P,. Hence I € #(P,), we complete the proof. O

In the following theorem, we will show that 7, is the characterization of
Ik(P).

Theorem 2.2. Forn > 2k+2, 7x(P,) = T,.

Proof. By Lemma 2.1, we obtain that 7, C #4(P,). Now we want to show
that #(P,) C 7, and prove it by induction on n, where n > 2k + 2. We can
see that

T Porga) = {{1,2k + 2}, {2, 2k + 2}, ... {k + 1,2k + 2},
{1,2k +1},{2,2k + 1}, ..., {k, 2k + 1},

{1,k +2}}
k+1

= | Terszy—n—i ® {(2k +2) — i + 1}
=1

= Tokto-

So it’s true for n = 2k + 2. Assume that it’s true for all n’ < n, where
n > 2k+3. Suppose I € #,(P,) and a is the largest number in /. Thus a is at
distance at most k to the vertex n, say a = n—i+1 for somei € {1,..., k+1}.
Let I'=1—{a}. Notethat a— (k+1)=(n—i+1)—(k+1) =n—k—1i, then
I'C{1,2,...,n—k—i}. Since I is a distance-k independent set of P,, we can
see that I’ is a distance-k independent set of P,_,_;. Since [ is a distance-k
dominating set of P, and d(a,j) > k+1for j € {1,2,...,n—k —i}, we have
that I’ is a distance-k dominating set of P,_j_;. Hence I' € #;(P,_x_;), by the
induction hypothesis, I’ € T,,_x_;. This means that I = I'U{n —i+ 1} € T,.
So it’s true for n and #(P,) C 7,. We complete the proof. O

For £ > 1 and n > 2k + 2, we provide a constructive characterization of
Ik(P,), where T1,Ti,..., Taps1 are the initial conditions. Now we calculate
the number of the distance-% independent dominating sets of P,. For k > 1,
n>2k+2and 1 <i<k+1,let 7;(1) be the collection of all the distance-k
independent dominating sets of 7,, which contain the vertex n — i + 1. In the
following lemma, we calculate the number ix(F,).
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Lemma 2.3. Forn > 2k + 2, we have the following results.
(i) For 1 <iy <is <k+1, T N7 = 0.
(i) i (Pa) = 3208 in(Paois)-

Proof. (i) Suppose that 7,00 A 7 (2) # (), where 1 < iy < iy < k+ 1, and let
I e 7}515) for j = 1 and 2. Then we obtain that n—u;+1 € I andn—iy+1 € I,
by the definition, i —i; = (n—i;+1) — (n—is+1) > k+1. This contradiction
that 1 <i; <is < k + 1. Hence TV N7 = @ when 1 < 4, < iy </<;+1
(ii)By (i) and Theorem 2.2, we have that it(P,) = |T,| = S5 70| =

Zk+1 ‘T k— Z’ = Zf+11 Zk(Pnfk—z)-

U

3 Instantiation

In this section, we characterize the sets .#3(P,) for 1 < n < 15. Besides, we
calculate the numbers ix(P,) for 1 <k <10 and 1 <n < 15.
For k = 3, we show the sets jg(Pl),fg(P2)7 ey ]3(P15).

S3(Bs) = {{1,8},{2,8}, {3, 8}, {4, 8}, {1, 7},{2,7}, {3, 7}, {1,6},{2,6}, {1, 5} }.
{{1,5,9},{2,9}{3,9}, {4,9},{1,8},{2,8}, {3,8}, {4, 8},
{1,7},{2,7},{3,7},{1,6},{2,6} }.

j3(P10) = {{1767m}7 {2767M}7 {1757m}7 {37M}7 {471_0}7 {17579}7 {272}7 {379}7
{4,9),{1,8},{2,8},{3,8}, {4, 8}, {1, 7}, {2, 7}, {3, T} }.

]3(P11) - {{1777u}7 {2’77u}7 {37 77&}7 {17 6)&}7 {276’ﬂ}7 {17 57&}7 {47u}}
{1,6,10},{2,6,10},{1,5,10}, {3, 10}, {4, 10}, {1,5,9},{2,9},{3,9},
{1,8},{2,8},{3,8}, {4,8}}.

j3(P12) = {479}7 {{1787Q}7 {27871_2}7 {37871_2}7 {4787Q}7 {17772}7 {27772}7
{3>7a2}7{1>671_2}7{27671_2}7{17572}7{17772}7{27772}7
{37772}7{17672}7{27672}7{1757u}’{47u}}7{176am}7{276am}7
{1,5,10},{3,10}, {4, 10},{1,5,9},{2,9},{3,9}, {4, 9} }.

J3(P1) = {{1}}.

s5(P) = {{1},{2}}.

s3(Ps) = {{1}, {2}, {3}}.

s3(Py) = {{1},{2}}, {3}, {4}}.

s3(P5) = {{1,5},{2}}, {3}, {4}}.

j3(P6) = {{176}7 {2’6}7 {1’5}’ {3}? {4}}

s3(Pr) = {{1,7},{2,7}, {3, 7}, {1,6},{2,6}, {1,5}, {4} }.
(Ps) =
(Po) =

I3( Py
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S3(Piz) = {{1,5,9,13},{2,9,13}{3,9,13},{4,9,13},{1, 8,13}, {2, 8,13},
{3,8,13},{4,8,13},{1,7,13},{2,7,13}, {3, 7, 13}, {1,6, 13},
{2,6,13},{1,8,12},{2,8,12},{3,8,12},{4, 8,12}, {1, 7,12},
{2,7,12},{3,7,12},{1,6,12},{2,6,12},{1,5, 12}, {1, 7,11},
{2,7,11},{3,7,11},{1,6,11},{2,6,11},{1, 5,11},
{4,11}},{1,6,10},{2,6,10},{1,5,10},{3, 10}, {4, 10} }

73(Pu) = {{1,6,10,14},{2,6,10,14},{1,5,10, 14}, {3,10, 14}, {4, 10, 14},
{1,5,9,14},{2,9,14},{3,9,14},{4,9, 14}, {1, 8, 14}, {2, 8, 14},
{3.8,14},{4,8,14}, {1,7,14},{2,7, 14}, {3,7,14},{1,5,9, 13},
{2,9,13}{3,9,13},{4,9,13}, {1.8,13} {2,8,13}, {3,8,13}.
{4,8,13},{1,7,13},{2,7,13},{3,7,13},{1,6,13},{2,6, 13},
{1,8,12},{2,8,12},{3,8,12}, {4,8,12}, {1, 7,12}, {2, 7,12},
{3,7,12},{1,6,12},{2,6,12},{1,5,12},{1,7, 11}, {2, 7,11},
{3,7,11},{1,6,11},{2,6,11},{1,5,11},{4,11}}

I3(Pi5) = {{1, 7, 11,&}, {2, 7, 11,&}, {3, 7, 11,&}, {1, 6, 11,&}, {2, 6, 11,&},
{1,5,11,15},{4,11,15},{1,6,10,15},{2,6, 10,15}, {1,5, 10, 15},
{3,10,15}, {4, 10, 15},{1,5,9, 15}, {2,9, 15}, {3.9, 15}, {4,9, 15},
{1,8,15},{2,8,15}, {3.8,15}, {48, 15}, {1,6,10, 14}, {2,6, 10, 14},
{1,5,10, 14}, {3,10, 14}, {4,10, 14}, {1,5,9, 14}, {2,9, 14}, {3,9, 14},
{4,9,14), {18, 14}, {2,8,14}, {3,8, 14}, {4.8, 14}, {1,7, 14},
{2,7,14},{3,7, 14}, {1,5,9,13}, {2,9,13}{3,9,13}, {4,9, 13},
{1,8,13},{2,8,13},{3,8,13},{4,8,13},{1,7,13},{2, 7,13},
{3.7,13},{1,6,13}, {2,6,13}, {1.8,12}, {2,812}, {3.8,12},
{4,8,12},{1,7,12},{2,7,12},{3,7,12},{1, 6,12}, {2,6, 12},
{1,5,12}}.

We end with the following table for summarizing the numbers i, (P,) for
1<k<10and 1 <n<15.



Characterization of the distance-k independent dominating sets of the n-path 237

Table 1: The numbers ix(P,) for 1 <k <10 and 1 <n < 15.

n | (B [ ia(Pa) | i3(P) [ ia(Ba) [ is(Po) [ i6(Po) [ in(B0) | is(P) | d0(Pn) | i10(P)
1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2
3 2 3 3 3 3 3 3 3 3 3
4 3 3 4 4 4 4 4 4 4 4
5 4 4 4 5 5 5 5 5 5 5
6 5 6 5 5 6 6 6 6 6 6
7 7 8 7 6 6 7 7 7 7 7
8 9 10 10 8 7 7 8 8 8 8
9 12 13 13 11 9 8 8 9 9 9
10 16 18 16 15 12 10 9 9 10 10
11 21 24 20 19 16 13 11 10 10 11
12 28 31 26 23 21 17 14 12 11 11
13 37 41 35 28 26 22 18 15 13 12
14 49 55 46 35 31 28 23 19 16 14
15 65 73 59 45 37 34 29 24 20 17
16 86 96 75 59 45 40 36 30 25 21
17 114 127 97 76 56 47 43 37 31 26
18 151 169 127 96 71 56 50 45 38 32
19 200 224 166 120 91 68 58 53 46 39
20 265 296 215 150 115 84 68 61 55 47
21 351 392 277 190 143 105 81 70 64 56
22 465 520 358 243 176 132 98 81 73 66
23 616 689 465 311 216 164 120 95 83 76
24 816 912 605 396 266 201 148 113 95 86
25 1081 1208 785 501 331 244 183 136 110 97
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