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Abstract

In this paper, we study the symmetry for the second kind generalized

(h, q)-Euler numbers E
(h)
n,χ,q and polynomials E

(h)
n,χ,q(x). We obtain some

interesting identities of the power odd sums and the second kind gener-

alized (h, q)-Euler polynomials E
(h)
n,χ,q(x) using the symmetric properties

for the p-adic invariant integral on Zp.
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1 Introduction

Throughout this paper we use the following notations. By Zp we denote the
ring of p-adic rational integers, Q denotes the field of rational numbers, Qp

denotes the field of p-adic rational numbers, C denotes the complex number
field, and Cp denotes the completion of algebraic closure of Qp, N denotes the
set of natural numbers, and Z+ = N∪{0}. Let νp be the normalized exponential
valuation of Cp with |p|p = p−νp(p) = p−1. When one talks of extension, q is
considered in many ways such as an indeterminate, a complex number q ∈ C,
or p-adic number q ∈ Cp. If q ∈ C one normally assume that |q| < 1. If
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q ∈ Cp, we normally assume that |q− 1|p < p−
1

p−1 so that qx = exp(x log q) for
|x|p ≤ 1. Let UD(Zp) be the space of uniformly differentiable function on Zp.
For g ∈ UD(Zp), the fermionic p-adic q-integral on Zp is defined by

I−q(f) =

∫
Zp

f(x)dµ−q(x) = lim
N→∞

1

[pN ]−q

pN−1∑
x=0

f(x)(−q)x, see [2] .

Note that

lim
q→1

I−q(g) = I−1(g) =

∫
Zp

g(x)dµ−1(x). (1.1)

If we take gn(x) = g(x+ n) in (1.1), then we see that

I−1(gn) = (−1)nI−1(g) + 2
n−1∑
l=0

(−1)n−1−lg(l). (1.2)

Let a fixed positive integer d with (p, d) = 1, set

X = Xd = lim←−
N

(Z/dpNZ), X1 = Zp,

X∗ =
⋃

0<a<dp
(a,p)=1

a+ dpZp,

a+ dpNZp = {x ∈ X | x ≡ a (mod dpN)},

where a ∈ Z satisfies the condition 0 ≤ a < dpN .
It is easy to see that

I−1(g) =

∫
X

g(x)dµ−1(x) =

∫
Zp

g(x)dµ−1(x). (1.3)

We assume that h ∈ Z. First, we introduced the second kind Euler numbers
and Euler polynomials(cf. [3, 4, 5, 6]). We investigated the zeros of the second
kind Euler polynomials En(x). The second kind Euler numbers En are defined
by the generating function:

2et

e2t + 1
=
∞∑
n=0

En
tn

n!
(|t| < π

2
),

where we use the technique method notation by replacing En by En(n ≥ 0)
symbolically. We consider the second kind Euler polynomials En(x) as follows:(

2et

e2t + 1

)
ext =

∞∑
n=0

En(x)
tn

n!
. (1.4)
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Note that En(x) =
∑n

k=0

(
n
k

)
Ekx

n−k. In the special case x = 0, we define
En(0) = En.

Now, we construct the second kind generalized (h, q)-Euler numbers E
(h)
n,χ,q

and polynomials E
(h)
n,χ,q(x) attached to χ. Let χ be Dirichlet’s character with

conductor d ∈ N with d ≡ 1(mod 2). The second kind generalized (h, q)-Euler

numbers E
(h)
n,χ,q attached to χ are defined by the generating function:

2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
=
∞∑
n=0

E(h)
n,χ,q

tn

n!
. (1.5)

We consider the second kind generalized (h, q)-Euler polynomials E
(h)
n,χ,q(x)

attached to χ as follows:

2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
ext =

∞∑
n=0

E(h)
n,χ,q(x)

tn

n!
. (1.6)

When χ = χ0 and q → 1, above (1.5) and (1.6) will become the corresponding
definitions of the second kind Euler numbers and Euler polynomials, respec-
tively.

Let g(y) = χ(y)qhye(2y+1+x)t. By (1.3), we derive

I−1
(
χ(y)qhye(2y+1+x)t

)
=

∫
X

χ(y)qhye(2y+1+x)tdµ−1(y)

=
2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
ext

=
∞∑
n=0

E(h)
n,χ,q(x)

tn

n!
.

(1.7)

By using Taylor series of e(2y+1+x)t in the above equation (1.7), we obtain

∞∑
n=0

(∫
X

χ(y)qhy(2y + 1 + x)ndµ−1(y)

)
tn

n!
=
∞∑
n=0

E(h)
n,χ,q(x)

tn

n!
.

By comparing coefficients of
tn

n!
in the above equation, we have the Witt for-

mula for the second kind generalized (h, q)- Euler polynomials attached to χ
as follows:

Theorem 1.1 For positive integers n and h ∈ Z, we have

E(h)
n,χ,q(x) =

∫
X

χ(y)qhy(2y + 1 + x)ndµ−1(y). (1.8)
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If we take x = 0 in Theorem 1.1, we also obtain the following corollary.

Corollary 1.2 For positive integers n and h ∈ Z, we have

E(h)
n,χ,q =

∫
X

χ(y)qhy(2y + 1)ndµ−1(y). (1.9)

From (1.8) and (1.9), we have the following theorem.

Theorem 1.3 For positive integers n and h ∈ Z, we have

E(h)
n,χ,q(x) =

n∑
l=0

(
n

l

)
E

(h)
l,χ,q.

2 Symmetry for for the second kind general-

ized (h, q)-Euler polynomials

In this section, we obtain some interesting identities of the power odd sums
and the second kind generalized polynomials E

(h)
n,χ,q(x) using the symmetric

properties for the p-adic invariant integral on Zp. We assume that q ∈ Cp and
h ∈ Z. If n is odd from (1.2), we obtain

I−1(gn) + I−1(g) = 2
n−1∑
k=0

(−1)kg(k). (2.1)

It will be more convenient to write (2.1) as the equivalent integral form∫
Zp

g(x+ n)dµ−1(x) +

∫
Zp

g(x)dµ−1(x) = 2
n−1∑
k=0

(−1)kg(k). (2.2)

Substituting g(x) = χ(x)qhxe(2x+1)t into the above, we have∫
X

χ(x+ n)qh(x+n)e(2(x+n)+1)tdµ−1(x) +

∫
X

χ(x)qhxe(2x+1)tdµ−1(x)

= 2
n−1∑
j=0

(−1)jχ(j)qhje(2j+1)t.
(2.3)

For k ∈ Z+, let us define the power odd sums T
(h)
k,χ,q(n) as follows:

T
(h)
k,χ,q(n) =

n∑
l=0

(−1)lχ(l)qhl(2l + 1)k. (2.4)
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After some elementary calculations, we have∫
X

χ(x)qhxe(2x+1)tdµ−1(x) =
2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
,∫

X

χ(x)qh(x+n)e(2(x+n)+1)tdµ−1(x) = qhne2nt
2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
.

(2.5)
By using (2.5), we obtain∫

X

χ(x)qh(x+nd)e(2(x+nd)+1)tdµ−1(x) +

∫
X

χ(x)qhxe(2x+1)tdµ−1(x)

=
(
1 + qhnde2ndt

) 2
∑d−1

a=0 χ(a)(−1)aqhae(2a+1)t

qhde2dt + 1
.

From the above, we have∫
X

χ(x)qh(x+nd)e(2(x+nd)+1)tdµ−1(x) +

∫
X

χ(x)qhxe(2x+1)tdµ−1(x)

=
2
∫
X
χ(x)qhxe(2x+1)tdµ−1(x)∫
X
qhndxe2ndtxdµ−1(x)

.

(2.6)

By substituting Taylor series of e(2x+1)t into (2.3), we obtain

∞∑
m=0

(∫
X

χ(x)qh(x+nd)(2x+ 1 + 2nd)mdµ−1(x) +

∫
X

χ(x)qhx(2x+ 1)mdµ−1(x)

)
tm

m!

=
∞∑
m=0

(
2
nd−1∑
j=0

(−1)jχ(j)qhj(2j + 1)m

)
tm

m!
.

By comparing coefficients
tm

m!
in the above equation, we obtain

qhnd
m∑
k=0

(
m

k

)
(2nd)m−k

∫
X

χ(x)qhx(2x+ 1)kdµ−1(x)

+

∫
X

χ(x)qhx(2x+ 1)mdµ−1(x) = 2
nd−1∑
j=0

(−1)jχ(j)qhj(2j + 1)m.

Again, by (2.4), we have

qhnd
m∑
k=0

(
m

k

)
(2nd)m−k

∫
X

χ(x)qhx(2x+ 1)kdµ−1(x)

+

∫
X

χ(x)qhx(2x+ 1)mdµ−1(x) = 2T (h)
m,χ,q(nd− 1).

(2.7)

By using (2.6) and (2.7), we arrive at the following theorem:
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Theorem 2.1 Let n be odd positive integer. Then we obtain

2
∫
X
χ(x)qhxe(2x+1)tdµ−1(x)∫
X
qhndxe2ndtxdµ−1(x)

=
∞∑
m=0

(
2T (h)

m,χ,q(nd− 1)
) tm
m!
.

Let w1 and w2 be odd positive integers. Then we set

S(w1, w2) =∫
X

∫
X
χ(x1)χ(x2)q

h(w1x1+w2x2)e(w1(2x1+1)+w2(2x2+1)+w1w2x)tdµ−1(x1)dµ−1(x2)∫
X
qhw1w2dxe2w1w2dxtdµ−1(x)

.

(2.8)
By Theorem 2.1 and (2.8), after calculations, we obtain

S(w1, w2) =

(
1

2

∫
X

χ(x1)q
hw1x1e(w1(2x1+1)+w1w2x)tdµ−1(x1)

)
×

(
2
∫
X
χ(x2)q

hw2x2e(2x2+1)(w2t)dµ−1(x2)∫
X
qhw1w2dxe2w1w2dtxdµ−1(x)

)

=

(
1

2

∞∑
m=0

E
(h)
m,χ,qw1 (w2x)wm1

tm

m!

)(
2
∞∑
m=0

T
(h)
m,χ,qw2 (w1d− 1)wm2

tm

m!

)
.

(2.9)

By using Cauchy product in the above, we have

S(w1, w2) =
∞∑
m=0

(
m∑
j=0

(
m

j

)
E

(h)
j,χ,qw1 (w2x)wj1T

(h)
m−j,χ,qw2 (w1d− 1)wm−j2

)
tm

m!
.

(2.10)
From the symmetry of S(w1, w2) in w1 and w2, we also see that

S(w1, w2) =

(
1

2

∫
X

χ(x2)q
hw2x2e(w2(2x2+1)+w1w2x)tdµ−1(x2)

)
×

(
2
∫
X
χ(x1)q

hw1x1e(2x1+1)(w1t)dµ−1(x1)∫
X
qhw1w2dxe2w1w2dtxdµ−1(x)

)

=

(
1

2

∞∑
m=0

E
(h)
m,χ,qw2 (w1x)wm2

tm

m!

)(
2
∞∑
m=0

T
(h)
m,χ,qw1 (w2d− 1)wm1

tm

m!

)
.

Thus we have

S(w1, w2) =
∞∑
m=0

(
m∑
j=0

(
m

j

)
E

(h)
j,χ,qw2 (w1x)wj2T

(h)
m−j,χ,qw1 (w2d− 1)wm−j1

)
tm

m!

(2.11)

By comparing coefficients
tm

m!
on the both sides of (2.10) and (2.11), we arrive

at the following theorem:
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Theorem 2.2 Let w1 and w2 be odd positive integers. Then we obtain

m∑
j=0

(
m

j

)
wm−j1 wj2E

(h)
j,χ,qw2 (w1x)T

(h)
m−j,χ,qw1 (w2d− 1)

=
m∑
j=0

(
m

j

)
wj1w

m−j
2 E

(h)
j,χ,qw1 (w2x)T

(h)
m−j,χ,qw2 (w1d− 1),

where E
(h)
k,χ,q(x) and T

(h)
m,χ,q(k) denote the second kind generalized (h, q)-Euler

polynomials attached to χ and the alternating sums of powers of consecutive
(h, q)-odd integers, respectively.

By Theorem 2.2, we have the following corollary.

Corollary 2.3 Let w1 and w2 be odd positive integers. Then we obtain

m∑
j=0

j∑
k=0

(
m

j

)(
j

k

)
wm−k1 wj2x

j−kE
(h)
k,χ,qw2T

(h)
m−j,χ,qw1 (w2d− 1)

=
m∑
j=0

j∑
k=0

(
m

j

)(
j

k

)
wj1w

m−k
2 xj−kE

(h)
k,χ,qw1T

(h)
m−j,χ,qw2 (w1d− 1).

Now, we will derive another interesting identities for the second kind general-
ized (h, q)-Euler polynomials using the symmetric property of S(w1, w2).

S(w1, w2) =

(
1

2

∫
X

χ(x1)q
hw1x1e(w1(2x1+1)+w1w2x)tdµ−1(x1)

)
×

(
2
∫
X
χ(x2)q

hw2x2e(2x2+1)(w2t)dµ−1(x2)∫
X
qhw1w2dxe2w1w2dtxdµ−1(x)

)

=

(
1

2
ew1w2xt

∫
X

χ(x1)q
hw1x1e(2x1+1)w1tdµ−1(x1)

)
×

(
2

w1d−1∑
j=0

(−1)jχ(j)qw2hje(2j+1)(w2t)

)

=
∞∑
n=0

(
w1d−1∑
j=0

(−1)jχ(j)qw2hjE
(h)
n,χ,qw1

(
w2x+ (2j + 1)

w2

w1

)
wn1

)
tn

n!
.

(2.12)
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By using the symmetry property in (2.12), we also have

S(w1, w2) =

(
1

2
ew1w2xt

∫
X

χ(x2)q
hw2x2e(2x2+1)w2tdµ−1(x2)

)
×

(
2
∫
X
χ(x1)q

hw1x1e(2x1+1)(w1t)dµ−1(x1)∫
X
qhw1w2dxe2w1w2dtxdµ−1(x)

)

=

(
1

2
ew1w2xt

∫
X

χ(x2)q
hw2x2e(2x2+1)w2tdµ−1(x2)

)
×

(
2

w2d−1∑
j=0

(−1)jχ(j)qw1hje(2j+1)(w1t)

)

=
∞∑
n=0

(
w2−1∑
j=0

(−1)jχ(j)qw1hjE
(h)
n,χ,qw2

(
w1x+ (2j + 1)

w1

w2

)
wn2

)
tn

n!
.

(2.13)

By comparing coefficients
tn

n!
on the both sides of (2.12) and (2.13), we have

the following theorem.

Theorem 2.4 Let w1 and w2 be odd positive integers. Then we obtain

w1d−1∑
j=0

(−1)jχ(j)qw2hjE
(h)
n,χ,qw1

(
w2x+ (2j + 1)

w2

w1

)
wn1

=

w2d−1∑
j=0

(−1)jχ(j)qw1hjE
(h)
n,χ,qw2

(
w1x+ (2j + 1)

w1

w2

)
wn2 .

(2.14)

If we take x = 0 in Theorem 2.4, we also derive the interesting identity for the
second kind generalized (h, q)-Euler numbers as follows:

w1d−1∑
j=0

(−1)jχ(j)qw2hjE
(h)
n,χ,qw1

(
(2j + 1)

w2

w1

)
wn1

=

w2d−1∑
j=0

(−1)jχ(j)qw1hjE
(h)
n,χ,qw2

(
(2j + 1)

w1

w2

)
wn2 .

Observe that if q → 1, then (2.14) reduces to Theorem 2.4 in [6].
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