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Abstract

In this paper, we study the symmetry for the second kind generalized

(h, ¢)-Euler numbers Er(LI;L))Oq and polynomials E,(Lh,)(q(x) We obtain some

interesting identities of the power odd sums and the second kind gener-
(h)

alized (h, ¢)-Euler polynomials Ey, y 4(z) using the symmetric properties
for the p-adic invariant integral on Z,,.
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1 Introduction

Throughout this paper we use the following notations. By Z, we denote the
ring of p-adic rational integers, Q denotes the field of rational numbers, Q,
denotes the field of p-adic rational numbers, C denotes the complex number
field, and C,, denotes the completion of algebraic closure of Q,, N denotes the
set of natural numbers, and Z; = NU{0}. Let v, be the normalized exponential
valuation of C, with |p|, = p~"»®) = p~1. When one talks of extension, ¢ is
considered in many ways such as an indeterminate, a complex number ¢ € C,
or p-adic number ¢ € C,. If ¢ € C one normally assume that |¢| < 1. If
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q € C,, we normally assume that |¢ — 1|, < pfp%l so that ¢* = exp(xlogq) for
|z|, < 1. Let UD(Z,) be the space of uniformly differentiable function on Z,.
For g € UD(Z,), the fermionic p-adic ¢-integral on Z, is defined by

L) = | F@dpg@) = lm —— 3 f@)(=g)", see [2] .

Note that

limI_,(g) = I-1(9) :/Z g(x)dp_q1(x). (1.1)

qg—1

I1(ga) = (—1)"La(g) + 2 3 (=1)" g (1), (1.2)

Let a fixed positive integer d with (p,d) = 1, set

X=X,= @(Z/deZ), X, =7,
N

X" = U a + dpZ,,
0<a<dp
(a,p)=1

a+dp"Z,={re€ X |z=a (moddp™)},

where a € Z satisfies the condition 0 < a < dp™.
It is easy to see that

Lalo) = [ a@dna@) = [ ataidu(a) (1.3)

We assume that h € Z. First, we introduced the second kind Euler numbers
and Euler polynomials(cf. [3, 4, 5, 6]). We investigated the zeros of the second
kind Euler polynomials F, (z). The second kind Euler numbers £, are defined
by the generating function:

o n T

e%H =Y B (<),

n=0

where we use the technique method notation by replacing E™ by E,(n > 0)
symbolically. We consider the second kind Euler polynomials E,,(x) as follows:

(e2t+1) ZE )= (1.4)
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Note that E,(z) = >_p_, (1) Exz™*. In the special case z = 0, we define
E.(0) = E,.

Now, we construct the second kind generalized (h, ¢)-Euler numbers E,%)(,q
and polynomials E,(Lhiq(:n) attached to y. Let x be Dirichlet’s character with
conductor d € N with d = 1(mod 2). The second kind generalized (h, ¢)-Euler

numbers Eﬁ@aq attached to y are defined by the generating function:

23 a0 x(@)(=1)"g" ettt
g2t 4 1

Mg

'I’L

EW Z— (1.5)

We consider the second kind generalized (h,q)-Euler polynomials Eﬁh%q(a:)
attached to x as follows:

2 N XOC DG o S5 pn (g s

qhdeZdt +1 an (16)

=0

3

When y = x° and ¢ — 1, above (1.5) and (1.6) will become the corresponding
definitions of the second kind Euler numbers and Euler polynomials, respec-
tively.

Let g(y) = x(y)g"™e@v 142t By (1.3), we derive

Ly (x(y)g"e®v oty = / X(y)g" eI qy | (y)

22(1 OX( )( )aqhae(QaJrl) ext

ghde2dt 4 1 (1.7)
o tn
h
- Z E,(U)(q(x)m

By using Taylor series of e?*1+2)t in the above equation (1.7), we obtain

S ([ ety 1= S B0

n

t
By comparing coefficients of — in the above equation, we have the Witt for-
n

mula for the second kind genefalized (h, q)- Euler polynomials attached to y
as follows:

Theorem 1.1 For positive integers n and h € Z, we have

E® (z) = /X M)y + 1+ 2) s (y). (18)
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If we take x = 0 in Theorem 1.1, we also obtain the following corollary.

Corollary 1.2 For positive integers n and h € Z, we have
Bl o= / X(v)g" (2y + 1)"dp (y). (1.9)
X

From (1.8) and (1.9), we have the following theorem.

Theorem 1.3 For positive integers n and h € Z, we have

Doy N () e
£ =3 () Bl

2 Symmetry for for the second kind general-
ized (h, q)-Euler polynomials

In this section, we obtain some interesting identities of the power odd sums

and the second kind generalized polynomials E,(Lh%q(a:) using the symmetric

properties for the p-adic invariant integral on Z,. We assume that ¢ € C, and
h € Z. 1If n is odd from (1.2), we obtain

I1(ga) +1-a(9) =2 ) (=1)*g(k). (2.1)

It will be more convenient to write (2.1) as the equivalent integral form

J

Substituting g(x) = x(z)¢"*e?**V into the above, we have

[y

n

o+ i@+ [ g@dpa) =23 (D). (22

p Zp k=0

/X($+n)qh(x+n)6(2(x+n)+1)tdﬂ_1(ZE)—I-/ X(Zf)qhxe(%—i_l)td,u—l(f)
X X

(2.3)

[y

=23 (1)) e
J

Il
o

h)

For k € Z,, let us define the power odd sums Tk(,x,q

(n) as follows:

n

T () = (=1)'x()g" (2 + 1), (2.4)

=0
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After some elementary calculations, we have
)a ha ,(2a+1)t

v (2 23 o x(@)(=1) g
/}(X(m)qh o2 +1)td,u_1( ) = 0 P :

/X(x)qh(ern)6(2(x+n)+1)tdlu_1( ) = hn 2nt2za oX( a)(—1)% hae(2a+l)t‘
X

—¢¢ Jhde2dt {1
(2.5)
By using (2.5), we obtain
/ X(x)qh(a:—i-nd)e(2(z+nd)+1)tdu_1(x) + / X( )qhxe(2m+1 td,u_l(x)
X X
= (1 + g Qndt) QZa oX( a)(— 1)aqha€(2a+1)t
qhde2dt 4 1 '
From the above, we have
/ X<x)qh(x—i-nd)6(2(z+nd)+1)tdlu_1(x) + / X(x)qhate(%c—&—l)td'u_l(x)
* * (2.6)

zfX qh$€(2$+l tdlu/ ( )
f qhndm€2ndtxdu_1( )

By substituting Taylor series of e?**D* into (2.3), we obtain

tm

> ( /X X(@)g" " (22 + 1+ 2nd)"dp s (x) + / X(x)g" (22 + 1)’"dn_1(x)) —

X
nd—1 gm
-3 (2o ) &

m

t
By comparing coefficients — in the above equation, we obtain
m!

hndz< ) (2nd)™* /X X(@)q" (22 + 1)*dp_ ()

T /X V(@) (20 + 1)y (2) =2 37 (<1 () (27 + 1)

J=0

Again, by (2.4), we have

hndZ( ) (2nd)™ k/XX(;U)qhx(szrl)kdu—l(x)

(2.7)
4 / ¥ (@)¢" (22 + 1)y (z) = 2T (nd — 1),

By using (2.6) and (2.7), we arrive at the following theorem:
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Theorem 2.1 Let n be odd positive integer. Then we obtain

QfX X($)qhxe(21+1)tdﬂ_1($) . i (2T(h‘ (nd )) ﬁ
fX qhnd:EeQndtxdluil(l.) - m,Xsq m!’

Let w; and wy be odd positive integers. Then we set

S(w17 w?) =
fX fXX 1) X () g1zt weee) o(wi Crit ) twe QratDtwiwea)t gy (1) )dp_ (25)
fX qhwlwgdx62w1w2dxtdlu_1( ) :

m=0

(2.8)
By Theorem 2.1 and (2.8), after calculations, we obtain
1
S(’U)l,’LUQ) _ (5/ X(xl)qhwlxle(w1(2x1+1)+w1w2x)tdlu_l($1>)
X
2 [ xa)d e 0 (2)
X (2.9)
f qhwlwgdx€2w1w2dtxdu_1(x)

tm t™m
( ZEfn)qu1 (wax)wy m) (QZTquwQ(wld— 1)ws m')

m=0

By using Cauchy product in the above, we have

oo m m_i | tT
v (5 )ttt ) 5

m=0 \j=o \/
(2.10)
From the symmetry of S(wy,ws) in w; and wsy, we also see that
1
S(wy,ws) = (5/ X(l’z)qhwm€(w2(2z2+1)+w1w2x)tdu1<x2))
X

e Jx x(@y)gmrmr et gy ()
fX qhw1w2d162w1w2dmdﬂ,1<$)

1 = h tm
- (5 Z Eﬁb’)x’qw (wiz)w > (22 quwl (wad — 1)wY %> .

“ m h tm
Z (j ) EJ(',x),qw2 (wiz)w)T,, )J xqer (Wed = ) m!
(2.11)
tm
By comparing coefficients — on the both sides of (2.10) and (2.11), we arrive

m!
at the following theorem:
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Theorem 2.2 Let wy and wy be odd positive integers. Then we obtain

= m
S (7)o 2 0

m—j,x,q*1
7=0
= m 1 m h
= Z (]) JE](X)qw1 (wgav)Tn(l_)j,x’qw2 (und — 1),
j=0

where E,ixq( ) and Tr(n}fgﬁq(k) denote the second kind generalized (h,q)-Fuler

polynomials attached to x and the alternating sums of powers of consecutive
(h, q)-odd integers, respectively.

By Theorem 2.2, we have the following corollary.

Corollary 2.3 Let wy and ws be odd positive integers. Then we obtain

m j .
m— h h
Z ( )( >w1 st kE’(“;qszr(n)quwl(MQd_l)
j=0 k=0
m J m ] . .
=S5 (") (3 bt B T, i 1),

Now, we will derive another interesting identities for the second kind general-
ized (h, q)-Euler polynomials using the symmetric property of S(wq, ws)

1
Stunun) = (5 [ gm0,
X

<2 [y x(@g)g"Mem2eratlwatlgy, | (2,) )
X

fX qhwl wodx 62’!1}1 wadt dILL_ 1 (I)

1
— (gewlngt/ X<x1)qhw1x1€(211+1)w1tdu1(1,1))
X

wid—1
> (2 Z (—l)jx(j)qw2hje(2j+1)(w2t))

(2.12)

oo wid—1
o . , w "
= ( > (=1Yx()g" M B (wzx +(2) + l)w—Q) w")
X 1

n=0 7=0
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By using the symmetry property in (2.12), we also have

1
s ) = (et [ (aalg e vt o))
X

o (2 [y x(@1)gmrmreGot Dt qy ()
[y qrerwadzeorwndizdy, ()

1 wiwaxT wox X w
— (56 1w2 t/};XCUZ)qh 2 26(2 2+1) 2tdﬂ1(l’g)> (213)
wod—1
x (2 > <—1>jx<j>qwlhje<2j+l><wlt>)
=0
e’} wo—1 W, tn
=) (—1YX(7)q" M EL) o (wlx +(2j+1)— ) wy | =
n=0 \ j=0 W2 n!

n

t

By comparing coefficients — on the both sides of (2.12) and (2.13), we have
n!

the following theorem.

Theorem 2.4 Let wy and wy be odd positive integers. Then we obtain

> (=1Yx(5)g M EL) o (wzx + (25 + 1)w1) wy
(2.14)

wy
= (1) x(j)q wthET(”)(qu <w1x + (25 + 1)w ) wy.
; 2
j=0

If we take x = 0 in Theorem 2.4, we also derive the interesting identity for the
second kind generalized (h, ¢)-Euler numbers as follows:

wid—1
. ) w "
7 (=) EY) ((27 + 1)w—j) wy

Jj=0
wod—1 wy
1 w h n
= (—=1)'x ()¢ EY) ., ((2.7 + 1)w2) wy .
=0

Observe that if ¢ — 1, then (2.14) reduces to Theorem 2.4 in [6].
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