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Abstract

In this note, we mainly obtain the equation z?™ — y™ = 22 have
finite positive integer solutions (z,y,z,m,n) satisfying x > y be two
consecutive primes.
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1 Introduction and main results
In 1844, Catalan proposed the following conjecture.

Conjecture 1.1 The only two consecutive numbers in the sequence of perfect
powers of natural numbers

1,4,8,9,16,25,27, 32, 36,49, 64,81, 100, 121, 125, 128, 144, 169, . ..

are 8 and 9.
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Between 2000 and 2004, Mihailescu [9], [10] proved this conjecture is true.
Before this, there are many efforts on the Catalan Conjecture and a series of
such equations were studied. As a general case, the Diophantine equation

ar™ —by" =c¢, a,bc,xr,y,mn€EZ

was extensive studied by many experts. One can see [3], [8], [5], [6] for more
detail.

In this note, we consider the following equation
m n __ 2
" —y" =25 (1.1)

In 2002, Le [7] showed that the equation (1.1) has no solution for y = 2 and
2|n. In 2008, Bérczes and Pink [2] gave the solution about the equation (1.1)
in the case that y = p, 2|n, and 2 < p < 100. In 2016, Ventullo [13] gave some
examples to the equation (1.1) in the case that x > y are two consecutive
primes.

We continue to study the equation (1.1) as in [13] which consider the case
that > y are two consecutive primes. It is obviously that (m,n, z) = (0,0, 0)
is a solution for any given consecutive primes p, ¢ to the equation (1.1). We
call this solution as trivial solution. It is nature to ask the question that does
there exists consecutive primes p, ¢ such that the equation (1.1) has only the
trivial solution? Actually, we have the following result:

Theorem 1.1 There are infinitely many consecutive primes p and q (p > q)
such that the equation

has only the trivial solution.

Anther question is that dose it have finite solutions if the equation (1.1)
have non-trivial solutions. In fact, we obtain:

Theorem 1.2 Let p, q be two primes. Then the equation
p2m o qn — 22

has at most one non-trivial solution (m,n, z) in natural number except q = 2.

Theorem 1.3 There are only finite solutions (x,y, z,m,n) to the equation

in natural number such that x >y be two consecutive primes.
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2 Some lemmas

In this section, we give some examples and some useful lemmas.

Lemma 2.1 ([12]) Let A be a discrete valuation ring, and let x; be element
of the field of fractions of A such that v(x;) > v(xy) for i > 2. One then has

>z # 0.

i=1

Lemma 2.2 Let p be a prime and n a natural number. Then ord,(n) <
logn/logp. Moreover, if n > 2, then ord,(n(n —1)) <n — 1.

Lemma 2.3 Let m,n be two positive integers. Then

(i

m=0

Proof: Firstly, we assume that

" /o +1
2m +1

m=0

Then

2n 4 1 2n+ 1\ <= (2n+1
-2 2 — 2 —1)mtlom — (.
e (7)o () S G )

m=3

By Lemma 2.2, for m = 3,4,...,n,

2m +1
2m — 4

2n+1 02
5
2n —4
> (.
> ords (<2m—4>) >0
Then we obtain
2n+1 2n+1
_1 m+12m . 22
o (g 32) C02) = orae (=7 2)

2n + 1
> ordy (( n;— )2) = ords(—2n).
On the other hand,

ord, ((2”; 1) 2 zn) — ordy(8n(n—1)) > ords(2n(n—1)) = ord, <— (2”; 1) 22) .

Then by Lemma 2.1, the equation is impossible. Thus the proof of Lemma 2.3
is finished.

ords
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Proposition 2.1 The only pairs of natural numbers (z,y) such that 3% — 2V
is a perfect square are (0,0), (1,1), (2,3), (3,1), (4,5).

Proof: Let
37 —2¥ = 22 (2.1)
Clearly, if z < 5, then the integer solutions are (x,y,z) = (0,0,0), (1,1, 1),
(2,3,1), (3,1,5), (4,5,7). We will prove that there are no solution in natural
numbers for any = > 5.
If (x,y, 2) is a solution of the equation 2.1, then

—2Y =2* (mod 3).

So y is odd. If y = 1, then 3* — 2 = 22. Clearly, z is odd, otherwise 22 = —1
(mod 4), which is impossible. In the ring of integers Z[\/—2|, we have

3" = (2 —V=2)(z +V-2).

n — /=2 and n + /=2 is coprime in z[y/—2]. Otherwise, let d = ged(n —
vV=2,n++/=2). Then |[N(d)| > 1 and d|2y/—2, so N(d)|8, which impossible
since N(d)|9. We have 3 = (1 — v/=2)(1 + v/=2), so we have n — /-2 =
+(1 —v/=2)® or n — /=2 = £(1 + v/=2)*. Consider the imaginary part of
equation n — /=2 = (1 — v/=2)% or n + /=2 = (1 + v/—2)%. We obtain

—1= i (i)(—l)k?lz’“?.

This is impossible by Lemma 2.3. Then we have y > 2. Hence 3 = 2z
(mod 4). So x is even. Therefore, equation 2.1 becomes (32 — 2)(32 +z) = 2.
It follows that ged(32 — 2,32 + 2) = ged(32 — 2,2-32) = 2. Thus, 32 — 2 = 2,
and 32 — 2 = 2¥~1. So we get

2

32 — 2 =1,

By Catalan’s conjecture, the only positive integer solution of this equation is
(x,y) = (4,5), contradiction. Thus the proof of Proposition 2.1 is finished.
Let a be an algebraic number with minimal polynomial

f() = apr® + ezt + - + 24 € Z[2],
where ag > 0. Then we can write f(z) = ao [[,(z — 0;a), where gya, -- -,
oqa are all conjugates of a. Let

d
(logao + Z logmaz{1, |o;al})

=1

h(a) =

SHN

be the absolute logarithmic height of a.
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Lemma 2.4 (See [1]) Denote by aq, as, ..., a, algebraic numbers, not 0 or 1,

by log a1, log as, . . ., log av,, determinations of their logarithms, by D the degree
over Q of the number field K = Q(ay, ag, ..., ay), and by by, bs, ..., b, rational
integers. Define B = max{|bi], |b2], ..., |bn|}, and A; = max{Dh(«;), |log ;|,0.16}
for all 1 < ¢ < n, where h(a) denotes the absolute logarithmic height of «.
Assume that the number A = b;loga; + bylogas + ... + b, log a,, does not
vanish, then

|A| > exp{—C(n,\)D*A A, ... A, log(eD)log(eB)},

where A = 1 if K C R and A = 2 otherwise and

1 en n n
C(n,)\) — {X(T)A?)O +3n3.5726 +10}‘

Lemma 2.5 Let p,, denote the n-th prime. Then
(1) pn < nlogn+ nloglogn for n > 6.
(2) pp > nlogn + n(loglogn — 1) forn > 2.

Proof: (1) was proved by J. B. Rosser and L. Schoenfeld [11] in 1962, and
(2) was proved by P. Dusart [4] in 1999.

Lemma 2.6 Let p, q be two odd primes. If (mg,ng) is a solution of
2" —q" =1
with mg, ng > 0, then ng = 2° for some nonnegative integer s.

Proof:  Let (mg,ng) be a solution of 2p™ — ¢™ = 1. Suppose that there
exists an odd prime [ dividing ng, we have ng = kl for some integer k& > 1.
Then

2™ = g™ +1=q¢" +1= (" +1)(¢"Y - D 4 1).

Hence we have

kl
g +1 _ _
qk+1:qk(l D_?=2 4 1> (2.2)

and ¢* +1 = 2p™, for some 1 < m; < mg. Therefore,

l

kl m l

o —m " +1 (2p™ — 1) +1 [ i _

P = T T = 2 ) @D (23)
q p -

(2

Modulo p in both side of the equation (2.3), we obtain

0=y (D)@t en =1 modp).

- 1
=1
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This force [ = p. Then by equation (2.2) we have p™o~"™t > p.
On the other hand, modulo p? in both side of the equation (2.3), we have

!
I . A
mo—mi __ 9 m1\i—1 -1 1—1 = d 2 ]
P =3 () @ = mod
This force p™°~™ = p, contradiction. So ny = 2° for some integer s.

Lemma 2.7 For any fized integer n > 0, the equation 2™ —y™ = 1 has finite
solutions (x,y, m) € Zsq such that x > y are two consecutive primes.

3 Proof of main results

Proof of Theorem 1.1
We will proof that if p, ¢ satisfy the condition that

p=3 (mod4),¢q=1 (mod4) (3.1)

then p* —¢¥ = 22 has no nontrivial integer solution. Otherwise, let (z,y, 2) is a
solution. Then p* — ¢¥ =0 (mod 4), so 2|z. Therefore, the equation becomes

(p2 — 2)(p2 +2) = ¢".

It follows that p2 — z =1 and p2 + z = ¢¥, since ged(pz — z,pz +2) = 1. So
we get

2-p2 =1+¢".
In the other hand, Modulo p in the equation, we obtain —¢¥ = 2% (mod p). So
y must be odd, since (_71) = —1. Hence we have
2:-p2 =1+¢"=(1+(¢" " —¢" 7+ ... +1),

so 2p|(1 + q), it is contradict with p > g.
At last, there are infinitely many consecutive primes p and ¢ (p > ¢) that
satisfy the condition 3.1. This completes the proof of Theorem 1.1.

Proof of Theorem 1.2

By Proposition 2.1, we see that there are 3 solutions when (p,q) = (3, 2).
In the following, we suppose that g > 2. Assume the assertion is false, that is,
that there exists two different non-trivial solutions (x1, 1), (22, y2) such that

r9 > x1 > 1. Then
{1@29”1 —q" =z,

2x9 2 . 2
p q” = z3.
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So we obtain
(™t — 21)(p™ — z1) = ¢*".

It follows that p™* — z; = ¢ and p** + z; = ¢°, where a,b € N and a + b = y;.
Thus ged(p*™ — z1,p™ + z1) = ¢*. Hence ¢* | 2p™. So we get a = 0 because
q > 2. Then we obtain

2t — ¥t = 1.

Similarly, we have
2p"2 — ¢ = 1.

If p=2. Then we have 2%t —1 =¢%, i=1,2. Hence, z; +1 and x5 + 1
are primes. Thus, ged(221+! — 1,272+ — 1) = 29¢d(@i+la2+1) _ 1 — 1 which is
impossible.

If p > 2. Then by Lemma 2.6, we obtain that there exist an integer s > 0
such that yo = 2°y;. Thus

2p:t:2 =1 + qy2 =1 + (2px1 _ 1)28.

Modulo p in both side of this equation, we have 0 = 2 (mod p), a contradic-
tion. This completes the proof of Theorem 1.2.

Proof of Theorem 1.3

Let p > g be two consecutive primes that bigger than 2. Then by the proof
of Theorem 1.2, we have p*™ — ¢" = 2% is equal to 2p™ — ¢" = 1. Hence, it is
enough to prove that the equation

20—y =1 (3.2)

only have finite solutions (z,y,m,n) in natural number such that z > y be
two consecutive primes.

By Lemma 2.7, the equation (3.2) only have finite solutions for n < 16.
Hence we consider the case n > 16. Let pi be the k-th prime, m, n positive
integers, and let

SO = {(pk+17pk7m7n) | 2p2n+1 _pz = 17 n > 16}
We shall show that the set Sy finite. Set

Sl - {(pk+17pk7m7n) | k +1 > 6n3/4}7

n3/4
52:{<pk+17pk7man) | k+1l<e }
Then it’s enough to prove that the sets Sy N .S; and Sy N Sy are all finite.
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Let (pg+1, pr,m,n) € SoNS;. Then we have pyi1 > pr > k+1 > e For
n > 16, by Lemma 2.5, we have

. — Pk+1 — Pk

Dk
_ (k+ 1) log(k+ 1)+ (k+ 1)loglog(k + 1) — klog —k(loglog k — 1)

Pk

_ 2log(k+1)+k+3

Pk

<2k< 2 < 1
pr  logk = /n
m(2(1 + ¢

Then we get 1 = p™(2(1 +¢)™ —pp~ ™). So for n > 7,

1 1
P <Py <214 )" < 2(1+ —)" < 2e" <~ < P+

NG 2

which is impossible. Hence, we obtain Sy N .S = 0.
Let (pg+1, Pk, m,n) € Sp N Sy. We consider the linear form

A =mlogpri1 — nlogpy + log 2.

Then we have A < e —1 = #. Solog A < —nlog p. Now we apply Lemma 2.4
k

with D =1, a; = piy1, aa = pr and a3z = 2. Therefore, we take A; = log pri1,
Ay =logpi, A3 =2, B =n. So we have

log A > —9.65 - 10'° log py.1 log py log(en).

Therefore we have n

10g pr41 log(en)
On the other hand, from k + 1 < 6"3/4, we have for n > 4,

< 9.65-10'°.

n3/4 4/5

Prt1 < 2(k+ Dlog(k +1) = 2e n3t < e

So we obtain
n<7-10%.

Then by Lemma 2.7, we have Sy N .S; is finite.
This complete the proof of Theorem 1.3.
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