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Abstract

In this paper we give some sufficient conditions for the decomposition
of crowns into isomorphic suns.
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1 Introduction

Suppose that G and H are graphs and the edges of G can be decomposed
into subgraphs which are isomorphic to H. Then we say that G has an H-
decomposition. The crown C,, ,,—1 is the graph with vertex set {a1, as, - -+ , an, by,
bg, -, by} and edge set {a;b; : 1 <14,j5 <n, i # j}. Equivalently, the crown
Cy.n—1 1s the graph obtained by deleting a perfect matching from the complete
bipartite graph K, ,,. The crown has been investigated for the star decomposi-
tion [10, 11], path decomposition [11] and complete bipartite decomposition [9].
A k-cycle, denoted by Cy, is a cycle of length k. Let (vjvg ... vg) denote the k-
cycle with vertex set {vy, vg, ..., v} and edge set {vva, Vavs, . .., Uk_10k, VLUL }.
For an even integer k > 6, a k-sun SUN; is obtained from C}/, by adding
a pendant edge to each vertex of Cj/,. If the pendant vertex set of SUN is
{w1,ws, ..., wi2} and the pendant edge set is {vywy, vows, . . ., V2w )2}, then
SUNj, is denoted by

SUN, — v1T Uy ... Uk/g
K wyp Wy ... ’LUk/Q '
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The concept of a sun was defined by Harary [6]. Anitha and Lekshmi [1, 2] have
decomposed Ksy, into k-sun, Hamilton cycles, and perfect matchings. A k-sun
system of order v is a decomposition of the complete graph K, into k-suns.
Liang and Guo [7, 8] gave the existence spectrum of a k-sun system of order
vas k = 3,4,5,6,8 by using a recursive construction. Recently, Fu et al. [3]
investigate the problem of the decomposition of complete tripartite graphs into
3-suns and find the necessary and sufficient condition for the existence of a k-
sun system of order v in [4, 5]. In this paper we give some sufficient conditions
for the decomposition of crowns into isomorphic suns.

2 Preliminaries

We consider only SUNy,-decompositions of crowns because crowns (being bi-
partite) possess no odd cycles. For positive integers m and n, B,,, denotes
the bipartite graph with parts of sizes m and n. A bipartite graph is bal-
anced if m = n. In a balanced bipartite graph, the label of the edge a;b; is
defined to be j —i if i < jand n+ j —iif i > j. Let Byg = Uiy Uy
G j, where G, ; is a complete bipartite graph (or a crown) with bipartition
({@irs Qirg1s Qirgas - o5 Qirgre1 } {0jrs bjrg1s bjrgay ooy D1 }) for 0 <i <p—1
and 0 < j < q—1. Let MZ(? (respectively, C’i(?) be the matching (respectively,
cycle) with the edges labeled ¢ (respectively, labeled ¢ and £+ 1) in G, ;. Note
that C’i(ﬁ.l), Mi(ﬁf) and Mz(,zj), for i #£14', j # 7', constitute a 4r-sun. The follow-
ing lemma for the sun decomposition of the complete bipartite graph is needed
for our discussions.

Lemma 2.1. For an integer r > 2, then Ky, 9, has a SUNy,-decomposition.

Proof. We distinguish two cases by the values of r.

Case 1. r is even.
First, we have that Ky, o, has a SUNy,-decomposition as follows.

Koo = U}:o U%:o Gij
5—1 20 20 20 20 20+1 20+1
= U, (G5 UM u M) u (e U MY U MG,
Since Ky o, = Koo U Ko, 9,, it follows that Ky, 9, can be decomposed into 2r
copies of SUNy,..
Case 2. r is odd.
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Similar to Case 1, we have that
K4r727~ - U; =0 Uf 0 G 1
2 2 2 2 2041 2041
= ULl )UMél)UMf hu e o oMty u
20 20 20+1 2041
(CED UMD U MED) U (C5) U M U M)
(Ujo Ul M57Y).
On the other hand, since
0 0 r—2) r—2) r—1
(Cog U Mg UMY U (CTY U Mys™ U MET) U (U Ui ML)
0 0 r—1 r—2 r—1
= (C()UM(gl)UMz(o )) (Cf,l )UMl(,o )UM2(,1 ))
r—1 r—1 r—2 r—1 r—1
(Cfs P uMTYUMETY Ul Mg Y u Mg,

it follows that Ky, o, can be decomposed into 2r copies of SUNy,. O

3 Main results

Suppose S is the 4r-sun

V1 Vg ... U

w, Wy ... W
in ¢, ,—1, and p is a nonnegative integer. Then we use S + ;1 to be denote the
the 4r-sun

vt @ vt ... U+ U
wyt+ @ Wwet+ @ ... W+ U

where the indices are taken modulo n. In this paper we prove the following
results.

Theorem A. Suppose thatn > 9, r > 2 are integers such that 4r|n—1. Then
Chn—1 has a SUNy,-decomposition.

Theorem B. Suppose that n > 8, r > 2 are integers such that 4r|n. Then
Chn—1 has a SUNy,-decomposition.
We now prove Theorem A. Let us begin with Lemma 3.1.

Lemma 3.1. Cyy11 4, has a SUNy,.-decomposition for all r > 2.

Proof. We distinguish two cases by the values of 7.

Case 1: r is even.
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Let S be the 4r-sun
S:( by Qg by Qg b3 a1 by Qs

Ary2 bar g5 byr—o Q7 bar—g Grpg bar_g

br—z a3p44 b1 G343 b, QA2r+2
azr—3 borye a3r—1 Dorgs 32 brpo

It is not difficult to check that all vertices of S are distinct. In addition, one
sees that that S consists of edges in the cycle with labels 1,2,3,4,5,6,7, -,
2r — 5,2r — 4,2r — 3,2r — 2,3r — 1,2r and the pendant edges with labels
3r.dr,3r —2,4r —1,3r —3,4r —2,3r—4,4r —3,. .., 2r+2,3r+3,2r+1,3r +
2,2r — 1,3r 4+ 1 consecutively. Thus Cyy41 4, is decomposed into the following
dr-suns: S+ p (p=0,1,2,---  4r).

Case 2: r is odd.
Let S be the 4r-sun

S:( by ap by A4y b3 Aqr—1 by Agr—2

Ary2 by Qopys bar_o Grye bip—s Grys birg

by_2 A3r44 by_1 A3r+3 b, Q2742
A3r—4 b2r+6 a3r—2 b2r+4 asy br+2

It is not difficult to check that all vertices of S are distinct. In addition, one
sees that that S consists of edges in the cycle with labels 1,2,3,4,5,6,7,--- ,
2r — 5,2r — 4,2r — 3,2r — 2,3r — 1,2r and the pendant edges with labels
3r,dr2r —1,4r —1,3r —2,4r —2,3r —3,4r —3,.. ., 2r+3,3r+3,2r +2,3r +
2,2r +1,3r + 1 consecutively. Thus Cy, 114, is decomposed into the following
dr-suns: S+ p (p=0,1,2,---  4r). ]

Proof of Theorem A. Let n = 4rq+1 where r > 2, ¢ > 1. We need to show
that Cyrgi1,4rq has a SUNy,-decomposition. We prove the result by induction
on ¢q. By Lemma 3.1, the case ¢ = 1 is true. Let ¢ > 2 and suppose the
result holds for values smaller than ¢g. Note that Cy,411 .47 can be decomposed
into subgraphs G, Ga, G3, Gy where G1 = Cyrpr a0, G2 = Carg—1)+1,4r(g—1)
and Gz = G4 = Kyrapr(q—1)- By the induction hypothesis, both G and Gy
have SUNy,-decompositions. Since Ky ar(g—1) = Kapor U Kgpop U -+ U K4’"’2C’

2(¢—1) Cogies of K4r 2r
by Lemma 2.1, both G3 and G4 have SUNy,-decompositions. Thus Cirg41,4r¢
has a SUNy,.-decomposition. O

We next prove Theorem B. Let us begin with Lemma 3.2.

Lemma 3.2. Cy, 4,1 has a SUNy,-decomposition for all r > 2.
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Proof. We distinguish two cases by the values of 7.
Case 1. r is even.
First, we have that Cy, 4,1 has a decomposition as follows.
Carar—1 = U?:o Uiy Gij
5—1 20 20+1 2041 2 2041 2041
= UZQ:O [(Co(,l) U ]\4(5,0+ ) U ]\41(,1Jr )) U (05,3) U ]\42(,2+ ) U M§,3+ )) U
2 2 20 2 20+1 20+1
(C5) UMY U MED) U (Cs L MG U M) U
20 20 20 20 2041 20+1
(Cy U Mgy UMY U (CF U M5 u Mgy ™) u
5—1 26 20 20 26 20 20
Uz, (O u MY U Mgy L (G55 U MgE U M) U
0 1 0 1
(Mg U M{Q) U (M53 U My3).
On the other hand, since
0 0 0 1 1 0 1 0 1
M3 U M) U (CSF U M) U MY U (M9 U M) U (M U M)
0 0 0 0 1 0 1 1
MU M) U (CE) U MY U MEY) U (CS) U Mg U MLY),

) )

it follows that Cjy, 4,—1 can be decomposed into 4r — 1 copies of SUNy,..
Case 2. r is odd.
Similar to Case 1, we have that

C4'r,47’—1 = U?:o U?:o Gi,j
= U2, [(C20 UMED UMED) U (G0 U METD U MEH) U
(O UMY UM U(CEy UMY UMET) U
(Cso UMY UM U (CETY UMY UMET) U
(€55 oM U M) U (CFETY UMY UM U
(Ui MY,

On the other hand, since

(C5p UMY UMY U (G5 UMy P UMy ™)
V(S UM U M) U (Ui M)
= (CspuM UMy U sV uMTY UMY U
(C55 P u M UMY uCs P UMY UMY U

(Cl U MF UM, ) UGy UM UMy ),

)

it follows that Cy, 4,—1 can be decomposed into 4r — 1 copies of SUNy,. O
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Proof of Theorem B. Let n = 4rq where r > 2, ¢ > 1. We need to show
that Clyqarq—1 has a SUNy,-decomposition. We prove the result by induction
on q. By Lemma 3.2, the case ¢ = 1 is true. Let ¢ > 2 and suppose the
result holds for values smaller than ¢q. Note that Cl,4,q—1 can be decomposed
into subgraphs Gll,G/Q,Gg,Gil where Gll = 047«747«_1, G/2 = C4T(q_1)747~(q_1)_1
and Gy =2 G = Ky urg—1)- By the induction hypothesis, both G} and Gf
have SUNy,-decompositions. Since Ky 4r(q—1) = :1(47,,% U Kgpor U---U K4r,27;,

-~

2(q — 1) copies of K4r or
by Lemma 2.1, both G and G’ have SUNy,-decompositions. Thus Ciyq 4rq—1
has a SUNy,-decomposition. O
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