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Copyright c© 2015 Ş. Uygun. This article is distributed under the Creative Commons

Attribution License, which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

Abstract

In this paper, the k-Jacobsthal Lucas numbers of arithmetic indexes
of the form an + r, where n is a natural number and r is less than a
are investigated. A formula is proven for the sum of these numbers and
by using this formula we deduced the sums of the first k-Jacobsthal
Lucas numbers, even and odd k- Jacobsthal Lucas numbers. The same
formula for the alternated k- Jacobsthal Lucas numbers are also found.
Later, the generating function of these numbers are obtained. Finally,
some relations between the k- Jacobsthal numbers and the k- Jacobsthal
Lucas numbers are derived.
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1 Introduction

The Fibonacci sequence and the Lucas sequence are used in abundant appli-
cations of many science areas. Fibonacci numbers have been generalized by
different authors. Some authors have generalized the Fibonacci sequence by
preserving the recurrence relation and altering the first two terms of the se-
quence, while others have generalized the Fibonacci sequence by preserving
the first two terms but altering the recurrence relation slightly.



174 Ş. Uygun

There are many articles in the literature that study on the different number
sequences. More recently, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas se-
quences have been generalized for any positive real number k. Also the studies
of the k-Fibonacci sequence, the k-Lucas sequence, the k-Pell sequence, the
k-Pell-Lucas sequence, the modified k-Pell sequence, thek-Jacobhstal sequence
and the k-Jacobsthal Lucas sequence are appeared. Falcon and Plaza [2] have
found several formulae for k-Fibonacci numbers with indexes in an arithmetic
sequence. Falcon [3] defined the k-Lucas number with indexes in an arith-
metic sequence. Also, deduced generating function and several sum formulae
for these numbers with indexes in an arithmetic sequence. In [4] some proper-
ties of k-Jacobsthal numbers with arithmetic indexes is studied.

From these sequences, Jacobsthal and Jacobsthal Lucas numbers are given
by the recurrence relations jn = jn−1 + 2jn−2, j0 = 0, j1 = 1 and cn =
cn−1 + 2cn−2, c0 = 2, c1 = 1 for n ≥ 2, respectively.

2 k-Jacobsthal Lucas Sequences

The second order recurrence sequence has been generalized in two ways mainly,
first by preserving the initial conditions and second by preserving the recur-
rence relation. We used the first way for the following definition

Definition 1 Let be n ∈ N , k > 0 any real number. Then k-Jacobsthal
sequence {̂k,n}n∈N and k−Jacobsthal Lucas sequence {ĉk,n}nεN are defined by
the following equations:

̂k,n = k̂k,n−1 + 2̂k,n−2, ̂k,0 = 0, ̂k,1 = 1 (2.1)

ĉk,n = kĉk,n−1 + 2ĉk,n−2, ĉ0 = 2, ĉ1 = k. (2.2)

First few terms of the k−Jacobsthal Lucas number sequences are

ĉk,0 = 2, ĉk,1 = k, ĉk,2 = k2 + 4, ĉk,3 = k3 + 6k,

ĉk,4 = k4 + 8k2 + 8, ĉk,5 = k5 + 1k3 + 20k,

Recurrences (2.1) and (2.2) involve the characteristic equation

x2 − kx− 2 = 0

with roots

α =
k +
√
k2 + 8

2
, β =

k −
√
k2 + 8

2
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so that

α + β = k, αβ = −2, α− β =
√
k2 + 8.

Binet Forms Binet’s formulas for k−Jacobsthal, k−Jacobsthal-Lucas se-
quences are defined by the following equation:

̂n =
αn − βn

α− β

and

ĉn = αn + βn.

k−Jacobsthal Lucas sequence satisfies the following properties as below:

ĉk,n = ̂k,n+1 + 2̂k,n−1, (2,3)

̂k,nĉk,n = ̂k,2n, (2.4)

2̂m+n = ĉn̂m + ̂mĉn, (2.5)

Convolution Formula

ĉm+n+1 = ̂m+1ĉn+1 + 2̂mĉn, (2.6)

Catalan Identity

ĉk,n−rĉk,n+r − ĉ2k,n = (−2)n−r
(
ĉ2k,r − 4(−2)r

)
(2.7)

D’ Ocagne Identity

ĉk,mĉk,n+1−ĉk,m+1ĉk,nĉ
2
k,n = (−2)n

√
k2 + 8

(
ĉk,m−n − 2n−m+1

(
k +
√
k2 + 8

)m−n)
(2.8)

ĉ2k,n = (k2 + 8)̂2k,n + 4(−2)n, (2.9)

n∑
j=0

ĉk,j =
ĉk,n+1 + 2ĉk,n + k − 2

k + 1
(2.10)

∞∑
j=0

ĉk,jx
j =

2− kx
1− kx− 2x2

(2.11)
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3 On the k- Jacobsthal Lucas Numbers of Arith-

metic Index of an + r

In this section we shall derive some formulae for the k−Jacobsthal Lucas num-
bers with index in an arithmetic sequence, say an+ r for fixed integer a and r
such that 0 ≤ r ≤ a− 1. First we prove the following lemma that will be used
later.

Theorem 2 (The k-Jacobsthal Lucas Numbers of Arithmetic Index)

Let a, rεN and 0 ≤ r ≤ a− 1, then

ĉk,a(n+1)+r = ĉk,aĉk,an+r − (−2)aĉk,a(n−1)+r. (3.1)

In [5] it is proved that the equation is satisfied for k-Jacobsthal numbers

̂k,a(n+1)+r = (2̂k,a−1 + ̂k,a+1)̂k,an+r − (−2)a̂k,a(n−1)+r.

Then by using this equality we derive

ĉk,a(n+1)+r = 2̂k,a(n+1)+r−1 + ̂k,a(n+1)+r+1

= 2
(
(2̂k,a−1 + ̂k,a+1)̂k,an+r−1 − (−2)a̂k,a(n−1)+r−1

)
+(2̂k,a−1 + ̂k,a+1)̂k,an+r+1 − (−2)a̂k,a(n−1)+r+1

= ĉk,a (2̂k,an+r−1 + ̂k,an+r+1)− (−2)a(2̂k,a(n−1)+r−1 + ̂k,a(n−1)+r+1)

= ĉk,aĉk,an+r − (−2)aĉk,a(n−1)+r

For r = 0, we have

ĉk,a(n+1) = ĉk,aĉk,an − (−2)aĉk,a(n−1).

If a = 2p+ 1, then an odd k-Jacobsthal Lucas number can be expressed in
the form

ĉk,(2p+1)(n+1) = ĉk,aĉk,(2p+1)n − (−2)aĉk,(2p+1)(n−1).

If a = 2p, then an even k-Jacobsthal Lucas number can be expressed in the
form

ĉk,2p(n+1) = ĉk,aĉk,2pn − (−2)aĉk,2p(n−1).

Theorem 3 (Generating Functions of the Sequence {ĉk,an+r})

Let C(k, x, a, r) be the generating function of the sequence {ĉk,an+r}. For
a, rεN and 0 ≤ r ≤ a− 1, we have

C(k, x, a, r) =
∞∑
j=0

ĉk,aj+rx
j =

ĉk,r + x (ĉk,a+r − ĉk,aĉk,r)
1− ĉk,ax+ (−2)ax2

. (3.2)
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Proof.

C(k, x, a, r) = ĉk,r + ĉk,a+rx+ ĉk,2a+rx
2 + .....

Then multiplying by ĉk,ax and (−2)ax2 respectively. We have

−ĉk,axC(k, x, a, r) = −ĉk,aĉk,rx− ĉk,aĉk,a+rx2 − ĉk,aĉk,2a+rx3 − .....

(−2)ax2C(k, x, a, r) = (−2)aĉk,rx
2 + (−2)aĉk,a+rx

3 + (−2)aĉk,2a+rx
4 + .....

By addind these equalities, we obtain(
1− ĉk,ax+ (−2)ax2

)
C(k, x, a, r) = ĉk,r + x (ĉk,a+r − ĉk,aĉk,r) + x2(ĉk,2a+r − ĉk,aĉk,a+r − (−2)aĉk,r) + ...

= ĉk,r + x (ĉk,a+r − ĉk,aĉk,r) + 0x2 + 0 + ...

C(k, x, a, r) =
ĉk,r + x (ĉk,a+r − ĉk,aĉk,r)

1− ĉk,ax+ (−2)ax2
.

As a particular case for r = 0, a = 1 we have the generating function of
the k− Jacobsthal Lucas sequence as below:

C(k, x, 1, 0) =
∞∑
j=0

ĉk,jx
j =

2− kx
1− kx− 2x2

and the generating function for the classical Jacobsthal Lucas sequence is
2−x

1−x−2x2 .
As a particular case for r = 0, a = 2 we have the generating function of

the k− Jacobsthal Lucas sequence for even terms as below:

C(k, x, 2, 0) =
∞∑
j=0

ĉk,2jx
j 2− kx
1− kx+ 4x2

As a particular case for r = 1, a = 2 we have the generating function of
the k− Jacobsthal Lucas sequence for even terms as below:

C(k, x, 2, 1) =
∞∑
j=0

ĉk,2j+1x
j =

k − 2kx

1− (k2 + 4)x+ 4x2

Theorem 4 (Sum of the k-Jacobsthal Lucas Numbers of Arithmetic
Index)

Let a, rεN and 0 ≤ r ≤ a− 1, then

n∑
j=0

ĉk,aj+r =
ĉk,r − (−2)rĉk,a−r − ĉk,a(n+1)+r + (−2)aĉk,an+r

1− ĉk,a + (−2)a
. (3.3)
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n∑
j=0

ĉk,aj+r =

n∑
j=0

(
αaj+r + βaj+r

)
= αr

(
1− (αa)n+1

1− αa

)
+ βr

(
1− (βa)n+1

1− βa

)
=

(
αr − αa(n+1)+r − αrβa − αa(n+1)+rβa + βr − βa(n+1)+r − αaβr + αaβa(n+1)+r

1 + ĉk,a + (−2)a

)

=
ĉk,r − (−2)r ĉk,a−r − ĉk,a(n+1)+r + (−2)aĉk,an+r

1− ĉk,a + (−2)a

As a particular case for r = 0, a = 1 we have the sum of the k− Jacobsthal
Lucas sequence as below:

n∑
j=0

ĉk,j =
ĉk,n+1 + 2ĉk,n + k − 2

k + 1
.

and the sum of the classical Jacobsthal Lucas sequence is
n∑
j=0

ĉj = ĉn+1+2ĉn−1
2

.

As a particular case for r = 0, a = 2p + 1 we have the sum of the first
odd numbers for k− Jacobsthal Lucas sequence as below:

n∑
j=0

ĉk,(2p+1)j =
2− ĉk,2p+1 − ĉk,(2p+1)(n+1) + (−2)2p+1ĉk,(2p+1)n

1− ĉk,2p+1 + (−2)2p+1

As particular case for r = 0, a = 2p we have the sum of the first even
numbers for k− Jacobsthal Lucas sequence as below:

n∑
j=0

ĉk,(2p)j =
2− ĉk,2p − ĉk,2p(n+1) + (−2)2pĉk,2pn

1− ĉk,2p + (−2)2p

In this case for p = 1 we obtain the sum of the first even numbers for k−
Jacobsthal Lucas sequence as below:

n∑
j=0

ĉk,2j =
−2− k2 − ĉk,2(n+1) + 4ĉk,2n

1− k2

Theorem 5 (Recurrence Law for the sequence of sums of k-Jacobsthal
Lucas Numbers of Arithmetic Index)

Let a, rεN and 0 ≤ r ≤ a − 1, and we assume that Sk,an+r =
n∑
j=0

ĉk,aj+r,

then the following is verified:

Sk,a(n+1)+r = (1 + ĉk,a)Sk,an+r − (ĉk,a + (−2)a)Sk,a(n−1)+r + (−2)aSk,a(n−2)+r.
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Proof.

Sk,an+r =
n∑
j=0

ĉk,aj+r = ĉk,r + ĉk,a+r +
n∑
j=2

(
ĉk,aĉk,a(j−1)+r − (−2)aĉk,a(j−2)+r

)
= ĉk,r + ĉk,a+r + ĉk,a

n−1∑
j=1

ĉk,aj+r − (−2)a
n−2∑
j=0

ĉk,aj+r

= ĉk,r + ĉk,a+r + ĉk,a(Sk,a(n−1)+r − ĉk,r)− (−2)aSk,a(n−2)+r

= (1− ĉk,a)ĉk,r + ĉk,a+r + ĉk,aSk,a(n−1)+r − (−2)aSk,a(n−2)+r

Now considering Sk,an+r and Sk,a(n+1)+r :

Sk,an+r = (1− ĉk,a)ĉk,r + ĉk,a+r + ĉk,aSk,a(n−1)+r − (−2)aSk,a(n−2)+r

Sk,a(n+1)+r = (1− ĉk,a)ĉk,r + ĉk,a+r + ĉk,aSk,an+r − (−2)aSk,a(n−1)+r

by eleminating the terms (1− ĉk,a)ĉk,r + ĉk,a+r, it is deduced:

Sk,a(n+1)+r = (1 + ĉk,a)Sk,an+r − (ĉk,a + (−2)a)Sk,a(n−1)+r + (−2)aSk,a(n−2)+r.

Theorem 6 (Sum of Alternated k-Jacobsthal Lucas Numbers of Arith-
metic Index)

Let a, rεN and 0 ≤ r ≤ a− 1, then we derive

n∑
j=0

(−1)j ĉk,aj+r =
ĉk,r + (−2)rĉk,a−r + (−1)nĉk,a(n+1)+r + (−1)n(−2)aĉk,an+r

1 + ĉk,a + (−2)a

(3.4)
Proof.

n∑
j=0

(−1)j ĉk,aj+r =
n∑
j=0

(−1)j
(
αaj+r + βaj+r

)
= αr

(
1− (−αa)n+1

1 + αa

)
+ βr

(
1− (−βa)n+1

1 + βa

)
=

(
αr + (−1)nαa(n+1)+r

1 + αa

)
+

(
βr + (−1)nβa(n+1)+r

1 + βa

)
=

ĉk,r + (−2)rĉk,a−r + (−1)nĉk,a(n+1)+r + (−1)n(−2)aĉk,an+r
1 + ĉk,a + (−2)a
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As a particular case, for a = 1 and r = 0,

n∑
j=0

(−1)j ĉk,j =
2 + k + (−1)nĉk,(n+1) − 2(−1)nĉk,n

k − 1

As a particular case, for a = 2p+ 1 and r = 0,

n∑
j=0

(−1)j ĉk,(2p+1)j =
2 + ĉk,2p+1 + (−1)nĉk,(2p+1)(n+1) + (−1)n(−2)2p+1ĉk,(2p+1)n

1 + ĉk,2p+1 + (−2)2p+1
.

Then, if a = 2, r = 1, the sum of the first odd alternated k− Jacobsthal
Lucas numbers is obtained as the following:

n∑
j=0

(−1)j ĉk,2j+1 =
−k + (−1)nĉk,2n+3 + 4(−1)nĉk,2n+1

k2 + 9

the sum of the first odd alternated classic Jacobsthal Lucas numbers is
obtained

n∑
j=0

(−1)j ĉ2j+1 =
−1 + (−1)nĉ2n+3 + 4(−1)nĉ2n+1

10

As a particular case, for a = 2p and r = 0,

n∑
j=0

(−1)j ĉk,2pj =
2 + ĉk,2p + (−1)nĉk,2p(n+1) + (−1)n(−2)2pĉk,2pn

1 + ĉk,2p + (−2)2p

Then, if a = 2, r = 0, the sum of the first even alternated k− Jacobsthal
Lucas numbers is obtained

n∑
j=0

(−1)j ĉk,2j =
k2 + 6 + (−1)nĉk,2n+2 + 4(−1)nĉk,2n

k2 + 9

the sum of the first even alternated classic Jacobsthal Lucas numbers is
obtained

n∑
j=0

(−1)j ĉ2j =
7 + (−1)nĉ2n+2 + 4(−1)nĉ2n

10

Theorem 7 (A Relation Between Some k-Jacobsthal and k-Jacobsthal
Lucas Numbers)
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For r ≥ 1,we obtain

̂k,2rn
̂k,n

=
r−1∏
j=0

ĉk,2jn. (3.5)

Proof.

̂k,2rn
̂k,n

=
α2rn − β2rn

αn − βn
=
(
α2r−1n + β2r−1n

) α2r−1n − β2r−1n

αn − βn

= ĉk,2r−1n

(
α2r−2n + β2r−2n

) α2r−2n − β2r−2n

αn − βn

= ĉk,2r−1nĉk,2r−2n....
α2n − β2n

αn − βn

= ĉk,2r−1nĉk,2r−2n....(α
n + βn)

=
r−1∏
j=0

ĉk,2jn

As a particular case, for r = 1

̂k,2n
̂k,n

= ĉk,n

Theorem 8 (A Relation Between Some k-Jacobsthal and k-Jacobsthal
Lucas Numbers)

For a ≥ 0,we obtain

ĉk,(a+4)n − ĉk,an = ̂k,(a+2)n+1 [̂k,2n−1 − ̂k,2n+1] + ̂k,(a+2)n

(
k2 + 8

)
(3.6)

Proof.

ĉk,(a+4)n − ĉk,an = ̂k,(a+4)n+1 + 2̂k,(a+4)n−1 − ̂k,an+1 − 2̂k,an−1

= ̂k,(a+2)n+2n+1 + 2̂k,(a+2)n+2n−1 − ̂k,(a+2)n+(−2n+1) − 2̂k,(a+2)n+(−2n−1)

= ̂k,(a+2)n+1̂k,2n+1 + 2̂k,(a+2)n̂k,2n + 2
[
̂k,(a+2)n+1̂k,2n−1 + 2̂k,(a+2)n̂k,2n−2

]
−̂k,(a+2)n+1̂k,−2n+1 − 2̂k,(a+2)n̂k,−2n − 2

[
̂k,(a+2)n+1̂k,−2n−1 + 2̂k,(a+2)n̂k,−2n−2

]
= ̂k,(a+2)n+1̂k,2n+1 + 2̂k,(a+2)n̂k,2n + 2

[
̂k,(a+2)n+1̂k,2n−1 + 2̂k,(a+2)n̂k,2n−2

]
−̂k,(a+2)n+1̂k,2n−1 + 2̂k,(a+2)n̂k,2n − 2

[
̂k,(a+2)n+1̂k,2n+1 − 2̂k,(a+2)n̂k,2n+2

]
= ̂k,(a+2)n+1 [̂k,2n+1 + 2̂k,2n−1 − ̂k,2n−1 − 2̂k,2n+1]

̂k,(a+2)n [2̂k,2n + 4̂k,2n−2 + 2̂k,2n + 4̂k,2n+2]

= ̂k,(a+2)n+1 [̂k,2n−1 − ̂k,2n+1] + ̂k,(a+2)n

(
k2 + 8

)
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Theorem 9 For
∣∣∣αakβa(r−k)x∣∣∣ < 1, we get

∞∑
i=0

ĉrk,ai+rx
i =

r∑
k=0

(
r

k

)
1

1− αkβr−kx
.

Proof. By using geometric series and Binet formula, we have

∞∑
i=0

ĉrk,ai+rx
i =

∞∑
i=0

p∑
k=0

(
p

k

)
(αai+r)k(βai+r)p−kxi =

p∑
k=0

(
p

k

)
αrk(βr)p−k

∞∑
i=0

[
αakβa(r−k)x

]i
=

p∑
k=0

(
p

k

)(
αkβp−k

)r 1

1− αakβa(r−k)x
.
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