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Abstract

In this paper, the k-Jacobsthal Lucas numbers of arithmetic indexes
of the form an + r, where n is a natural number and r is less than a
are investigated. A formula is proven for the sum of these numbers and
by using this formula we deduced the sums of the first k-Jacobsthal
Lucas numbers, even and odd k- Jacobsthal Lucas numbers. The same
formula for the alternated k- Jacobsthal Lucas numbers are also found.
Later, the generating function of these numbers are obtained. Finally,
some relations between the k- Jacobsthal numbers and the k- Jacobsthal
Lucas numbers are derived.
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1 Introduction

The Fibonacci sequence and the Lucas sequence are used in abundant appli-
cations of many science areas. Fibonacci numbers have been generalized by
different authors. Some authors have generalized the Fibonacci sequence by
preserving the recurrence relation and altering the first two terms of the se-
quence, while others have generalized the Fibonacci sequence by preserving
the first two terms but altering the recurrence relation slightly.
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There are many articles in the literature that study on the different number
sequences. More recently, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas se-
quences have been generalized for any positive real number k. Also the studies
of the k-Fibonacci sequence, the k-Lucas sequence, the k-Pell sequence, the
k-Pell-Lucas sequence, the modified k-Pell sequence, thek-Jacobhstal sequence
and the k-Jacobsthal Lucas sequence are appeared. Falcon and Plaza [2] have
found several formulae for k-Fibonacci numbers with indexes in an arithmetic
sequence. Falcon [3] defined the k-Lucas number with indexes in an arith-
metic sequence. Also, deduced generating function and several sum formulae
for these numbers with indexes in an arithmetic sequence. In [4] some proper-
ties of k-Jacobsthal numbers with arithmetic indexes is studied.

From these sequences, Jacobsthal and Jacobsthal Lucas numbers are given
by the recurrence relations j, = jn-1 + 2Jp—2, Jjo =0, 71 = 1 and ¢, =
Cn-1+ 2Ch_2, cog =2, ¢ =1 for n > 2, respectively.

2 k-Jacobsthal Lucas Sequences

The second order recurrence sequence has been generalized in two ways mainly,
first by preserving the initial conditions and second by preserving the recur-
rence relation. We used the first way for the following definition

Definition 1 Let be n € N | k > 0 any real number. Then k-Jacobsthal
sequence {Jin}, ey and k—Jacobsthal Lucas sequence {Crpn}, . are defined by
the following equations:

jk,n = kjk,n—l + 2jk,n—2a jk,O = 07 jk,l =1 (21)
Chon = kCip—1 + 2Ckn—2, Co=2, & =k. (2.2)

First few terms of the k—Jacobsthal Lucas number sequences are

ék,() — 27 ék71 — k7 ék72 — k2 + 47 ék,S fr k3 —|— 6]{;’
tha = K'4+8K24+8, &5 =K+ 1K + 20k,
Recurrences (2.1) and (2.2) involve the characteristic equation
v —kr—2=0

with roots

«
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so that

a+pB=k af=-2 a—F=Vk>+38.

Binet Forms Binet’s formulas for k—Jacobsthal, k—Jacobsthal-Lucas se-
quences are defined by the following equation:

. at=pg"

=5

and
én=a’ + g".

k—Jacobsthal Lucas sequence satisfies the following properties as below:

ék,n = jk,nJrl + 2jk,n717 (273)
jk:,nék,n = jk,?n? (24)
Convolution Formula
ém-{—n-{—l - jm—l—lén—H + 2jmén7 (26)
Catalan Identity
ék,n—rék,n+r - éz,n - (_Q)nﬂq (éi,r - 4(_2)T) (2'7)

D’ Ocagne Identity

CmChn1—Chm i1 ChnCr o, = (—2)" VE? + 8 (ék,m—n — gnoml (k‘ + Vk2+ 8) ) )

(2.8)
. ~ ékn+1+26kn+k_2
D by = : (2.10)
far k+1
>, . 2—kx
R Py e (2.11)
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3 On the k- Jacobsthal Lucas Numbers of Arith-
metic Index of an + r

In this section we shall derive some formulae for the k—Jacobsthal Lucas num-
bers with index in an arithmetic sequence, say an + r for fixed integer a and r
such that 0 <r < a — 1. First we prove the following lemma that will be used
later.

Theorem 2 (The k-Jacobsthal Lucas Numbers of Arithmetic Index)
Let a,reN and 0 <r < a — 1, then

ék,a(n+1)+7‘ = ék,aék,an+r - <_2)aék,a(n71)+r- (31)

In [5] it is proved that the equation is satisfied for k-Jacobsthal numbers

jk,a(n-ﬁ-l)—i—r = (2jk,a—1 + jk,a—l—l)jk,an—l—r - (_2)ajk:,a(n—1)+r'

Then by using this equality we derive

Chant)+r = 2Jkamt)+r—1 T Jka(nt1)trtl
= 2 ((2jk,a71 + Jkat1) Jrantr—1 — (—2)* Ik a(n—1)4r— 1)
+(20k,a-1 + Jksat1) Tkantr+1 — (—2) Tra(n—1)4r+1
Cra 2Leantr—1 + Jkantr+1) — (=2)"(2katm-1)+r—1 + Jka(n—1)4r+1)

PO an
= Ck,aCk,ant+r — (_2) Ck,a(n—1)+r

For r = 0, we have

Cha(nt1) = ChaChan — (—2)"Cran—1)-
If a =2p+1, then an odd k-Jacobsthal Lucas number can be expressed in
the form
Ch,@p+1)(n+1) = ChaCh,@p+1)n — (—2)*Ch,@p+1) (n—1)-
If a = 2p, then an even k-Jacobsthal Lucas number can be expressed in the
form
Ch2p(n+1) = ChaCh2pn — (—2)“Cr2p(n—1)-

Theorem 3 (Generating Functions of the Sequence {¢yanir})

Let C(k,x,a,r) be the generating function of the sequence {¢ gn+r}. For
a,reN and 0 < r < a — 1, we have

j Ckr—i_m(ékaJﬂ“—ékaékT)
C(k, witrl! = — — — 3.2
z,0,7) ch e 1 — Cpox + (—2)222 (32)
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Proof.
A A A 2
C(k,x,a,7) = Cky + Chatr® + CroatrT” + ...

Then multiplying by é .,z and (—2)%z? respectively. We have
A P A A 2 a4 3
—CavC(k,x,a,7) = —CraChr® — CkaChatr® — ChkaClkoatrT” — ...

(—2)°2*C(k, x,a,7) = (—2)Chr2® + (—2)“Charrt® + (—2) Croarrt® + .....
By addind these equalities, we obtain

(1 - ék’,ax + (*2)041'2) C(k, €, a, T) = 6k,r + (ék,a+r - ék,aék,r) + IQ(ék,2a+r - ék,aék,a+r -

¢ A PR 2
= Cry + 2 (Chatr — ChyaChy) + 027+ 04 ...
ék,'r +x (ék’aﬁkr — ék,aék,r)

k =
Clk,2,a,r) 1= bpar + (—2)%a?

]
As a particular case for r =0, a = 1 we have the generating function of
the k— Jacobsthal Lucas sequence as below:

2 — kx

Ch,,1,0) = Zx Tl ke 222

and the generating function for the classical Jacobsthal Lucas sequence is
92—
1—:1:—9;3:2 )
As a particular case for r =0, a =2 we have the generating function of

the k— Jacobsthal Lucas sequence for even terms as below:

o0

C(k,2,2,0) = o’

J=0

2 —kx
1 — kx + 422

As a particular case for r =1, a =2 we have the generating function of
the k— Jacobsthal Lucas sequence for even terms as below:

. . k —2kz
Ok, 2,1) = 3 s = Ty, 722

J=0

Theorem 4 (Sum of the k-Jacobsthal Lucas Numbers of Arithmetic
Index)

Let a,reN and 0 <r < a — 1, then

Zn:é ' . ék,r - (_2)rék,a—r - ék,a(n+1)+r + (_2)aék,an+r (3 3)
=0 b 1 —Cpo+ (—2)° . '

(=2)%¢pr) + -
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n n
Ytuaer = 3 @)
Jj=0 j=0

() (55

(ar _ o)t grga  qe(ntl)trga 4 ogr Ba(n+1)+r PN aaﬂa(n+1)+r>

I
=}

14 ¢pq + (—2)2

ék,r - (_Q)Ték,a—r - ék,a(n+1)+r + (_Q)aék,an-i-r
1—¢pat(=2)"

As a particular case for r = 0, a = 1 we have the sum of the k— Jacobsthal
Lucas sequence as below:

iA . ék,n-l—l + 2ék,n +k—2

de' =
g k+1

and the sum of the classical Jacobsthal Lucas sequenceis ) | ¢; =
j=0
As a particular case for r = 0, a = 2p + 1 we have the sum of the first
odd numbers for k— Jacobsthal Lucas sequence as below:

é'n.-‘,—l +26n —1
—2 .

2p+1 4
P70 Cr 2pr1)n

zn:é 2= Crapi1 — Ch2pi )iy T (—2)
k,(2p+1)j = -
g (2p+1)j 1 — Gropr1 + (—2)2+1

As particular case for r = 0, a = 2p we have the sum of the first even
numbers for k— Jacobsthal Lucas sequence as below:

Zn:é (2p)j = 2 — Crop — Croptnrr) T (—2)*PCropn
k,(2p)j =
= L —érap+ (—2)%

In this case for p = 1 we obtain the sum of the first even numbers for k—
Jacobsthal Lucas sequence as below:

=, 22— k? — Ca(mt1) + 4Ckon
chvzj - 1— k2
7=0

Theorem 5 (Recurrence Law for the sequence of sums of k-Jacobsthal
Lucas Numbers of Arithmetic Index)

n
Let a,7eN and 0 < r < a — 1, and we assume that Sk anir = Y Chajtrs
7=0

then the following is verified:

Sk,a(n+1)+r = (1 + ék,a)sk,arH»r - (ék,a =+ <_2)G)Sk,a(n71)+r + (_Q)GSk,a(an)Jrr-
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Proof.

n n
A N A PO an
Sk,an—i—r = E Ck,aj+r = Ck,r + Ck,a+r + E (Ck:,ack,a(jfl)Jrr - (_2) ck,a(jf2)+r)

j=0 j=2
n—1 n—2
= CprtC +¢ Crajtr — (—2)°) Chaj
= Ckr Ck,a+r Ck,a Ck,aj+r Ck,ajJrr
j=1 7=0

= ék,r + ék,aJrr + ék,a(sk,a(n—l)—l-r - ék,r) - (_2>a5kz,a(n—2)+r

= (1 - ék,a>ék7r + ék,a-{—r + ékz,ask,a(nfl)+r - (_Q)QSk,a(n72)+r
Now considering Sk antr and Sg o(nt1)4r

Sk7an+r = (1 - ék,a)ék,r + ék,a—i—r + éI@a‘s’k,a(nfl)Jrr - (_Q)GSk,a(an)Jrr
Sk,a(n+1)+r - (1 - ék,a)ék,r + ék,a—i—r + ék,aSk,an—H" - (_Q)QSk,a(n—l)—&-r

by eleminating the terms (1 — ¢ 4)Ckr + Cratr, it is deduced:
Sk,a(n+1)+r - (1 + ék,a>sk,an+7‘ - (ék,a + <_2)G)Sk,a(n—1)+r + (_z)a‘sk’,a(n—Q)—i—r-

Theorem 6 (Sum of Alternated k-Jacobsthal Lucas Numbers of Arith-
metic Indez)

Let a,reN and 0 < r < a — 1, then we derive

n

Z(_l)jék R i+ (=2) Char + (=1)"Chanr)+r + (—=1)"(—2) " Ch.antr
,aj+r 1 + ék7a + (_2>a

7=0
(3.4)
Proof.
Z(_l)jék,aﬂ—r = Z(—l)] (aaj+r +6aj+7")
Jj=0 §=0

R W CR o
= (e ) ()
_ (ar+ (_1>naa(n+1)+r> N <5r+(_l)nﬁa(n+l)+r>

14+ a® 14+ p°
ék,r + (_2)Ték,a—r + <_1)nék,a(n+1)+r + (_1)n(_2)aék,an+r
1+ épq + (—2)°
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As a particular case, for a =1 and r = 0,

n . 24k + (—1)"C tny1) —2(—1)"Cin
_1 JA Jp— 9 I
D (1Y, P

j=0
As a particular case, fora =2p+1 and r =0,

n

D (=1 ek @pin); =

Jj=0

2+ Cpapr1 + (=1) " pr) ) + (=1)"(=2)"*1¢ apy1yn
1+ ék’2p+1 + (_2>2p+1 '

Then, if a = 2,7 = 1, the sum of the first odd alternated k— Jacobsthal
Lucas numbers is obtained as the following:

n

- —k + (=1)"Cron+3 + 4(—1)"Cr 2n41
> (Wi = 219

J=0

the sum of the first odd alternated classic Jacobsthal Lucas numbers is
obtained

& ” —1+ (—=1)"Cony3 + 4(—=1)"Cont1
D (—1Y ey = 10

J=0

As a particular case, for a =2p and r =0,
Sy = 2t B2 D it + (1) (276

Ck,2pj = 14 Gop + (_2)2p

Jj=0

Then, if a = 2,7 = 0, the sum of the first even alternated k— Jacobsthal
Lucas numbers is obtained

n

. k46 + (—1)"Cransa + 4(—1)"Cran
> (-1t - e

J=0

the sum of the first even alternated classic Jacobsthal Lucas numbers is
obtained

- - T+ (=1)"Conya + 4(—1)"¢y,
D (-1 = 5

J=0

Theorem 7 (A Relation Between Some k-Jacobsthal and k-Jacobsthal
Lucas Numbers)
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For r > 1,we obtain

j r—1
k,2™n ~
- = Hck,m. (35)
Jkn =0
Proof.
~ o 2Tn 2771 27‘—1n
jk:,2’"n o o " — 6 o or—1p, or—1p, [0 n— 6
-~ = T an = (0% + ﬁ ” n
Jkn a” — 5 o — 5
2r2n 27 "2n
~ r—2 r—2 o - ﬁ
et Ck72'r71n <a2 " + /62 n) n
a” — [
. ) o — g
— Ck727‘71nck727‘72n....—
an — pg"
~ ~ n n
= ck727-71nck,21-72n....(04 + ﬂ )
r—1
= Hck,Zjn
Jj=0
|

As a particular case, for r =1

Jk2n ~
~ = Ck,n
Jkn

Theorem 8 (A Relation Between Some k-Jacobsthal and k-Jacobsthal
Lucas Numbers)

For a > 0,we obtain

ék,(a+4)n - ék,an = jk,(a+2)n+1 [jk,2n—1 - jk,2n+1] + jk,(a—l—Z)n (k2 + 8) (36)
Proof.

6k,((1+4)7z - ék,an = jk,(a+4)n+1 + 2jk,(a+4)n—1 - jk,an+1 - ij,anfl

Jky(a+2)nt2n+1 + 20k (ar2)nt2n—1 — Jk,(a+2)n+(—2n+1) — 20k, (a+2)n+(—2n—1)
= Jk(a+2)nt1k2n41 + 20k (at2)ndk2n + 2 [k @+2)ns10k,2n—1 + 25k, (a+2)ndk,2n—2]
Tk (a+2) 10k, —2n4+1 — 20k, (a+2)nTk—2n — 2 [Tk, (a+2)nt 10k —2n—1 + 20k, (at2)nk,—2n—2]
= Jk(at2)nt1k2n+1 + 20k (at2)ndk2n + 2 [Tk, (at2)n+17k.20—1 + 20k, (a+2)nJk,2n—2]
— Ik (a+2)nt10k,2n—1 F 20k (a+2)ndb2n — 2 [k (a+2)n+178,2n41 — 20k, (at2)ndk,2n+2]
= Jk(at+2)n+1 Uk,2n+1 + 256,201 — Jk.2n—1 — 2Jk,2n+1]
Jrey(at2)n [20k,2n + 4Jk,2n—2 + 2k,2n + 4082042

= jk,(a+2)n+1 [jk,anl - jk,2n+1] +jk,(a+2)n (k2 + 8)
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Theorem 9 For

oﬂkﬁ“(“k)x‘ < 1, we get

- 1
ch aitrl = Z (Z) 1 — akﬁr—km'

k=0

Proof. By using geometric series and Binet formula, we have

iéz,ai+q~xi _ ZZ( ) az+r az—i—r)p—kxi _ i (Z) ark(ﬁ?‘)p—ki [aakﬁa(r_k)x}i
1=0

1=0 =0 k=0

p
_ p k qp—k\" 1
;@ () g

k=0
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