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Abstract

We consider n independent stochastic processes( X;(t),t € [0,T;],i = 1,...,n),
defined by a stochastic differential equation with diffusion coefficients depending
nonlinearly on a random variable @;.The distribution of the random effect @;
depending on unknown parameters which are to be estimated from the continuous
observations of the processes X;(t) . When the distribution of the random effects
is exponential, the asymptotic properties of the maximum likelihood estimator
(MLE) are derived when n tend to infinity. We also discussed the asymptotic
properties of the estimator when the random effect is Gaussian.
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1 Introduction

Stochastic differential equations (SDEs) are a natural choice to model the
time evolution of dynamic systems which are subject to influence. In the recent
years, the stochastic differential equations with random effects have been the
subject of diverse applications such as pharmacokinetic/pharmacodynamics, neuronal
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modeling (Delattre and Lavelle, 2013[2], Donnet and Samson, 2013[6], Picchini
et al. 2010[10]). In biomedical research, studies in which repeated measurements
are taken on series of individuals or experimental animals play an important role,
models including random effects to model this kind of data enjoy an increasing
popularity. Maximum likelihood estimator (MLE) of the parameters of the
random effect, is generally not possible, because of the likelihood function is not
available in most cases, except in the specific case of SDE (Ditlevsen and De
Gaetano (2005) [5]) and [10].

Many references proposed approximations for the unknown likelihood function,
for general mixed SDEs an approximations of the likelihood have been proposed
(Picchini and Ditlevsen, 2011[9]), linearization (Beal and Sheiner (1982)[1]), or
Laplace's approximation (Wolfinger, (1993)[12]).

Delattre et al.(2012)[4], studied the maximum likelihood estimator for
random effects in more generally for fixed T and n tending to infinity and found
an explicit expression for likelihood function and exact likelihood estimator by
investigate the linear random effect in the drift together with a specific
distribution for the random effect. Almost researcher studied the random effect in
the drift not in diffusion except Delattre et al.(2014) [3] who use the random
effect in the diffusion coefficient with a specific distribution and focus on
discretely observed SDEs.

In the present paper we focus on stochastic differential equation with
random effect in diffusion term and without random effect in drift term. We
consider n real valued stochastic processes( X;(t),t € [0,T;],i = 1,...,n ), with
dynamics ruled by the following SDEs:

Xm(t) = b(Xl(t))dt + U(Xl(t),Q)l))dWl(t) ) Xl(O) = Xi, i=1,...,n (1)

Where W, ..., W,, are n independent wiener processes, @;,..,0, aren i.i.d.
R*-valued random variables, @, , ..., ®,, and W;, ..., W,, are independent and x!,
i=1,..,n are known real values. The functions b(x) (drift term) and
o(x) (diffusion term) are known real valued functions. Each process X;(t)
represents an individual, the variable @; represents the random effect of individual
i , the random variables @, , ..., @,, have a common distribution g(¢, 8)dv(¢) on
R* where 6 is an unknown parameter belonging to a set ® ¢ R% where v is a
dominating measure.

Our aim is to estimate 8 from the continuous observations ( X;(t),t €
[0,T;],i =1,...,n), we focus on a special case of nonlinear random effect in the

diffusion coefficient in the model (1), i.e. o(x, @;) :% o(x) , where g is a
known real function and @; is an exponential and Gaussian, we find an explicit
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likelihood formula and the maximum likelihood estimator of 8 . We will use also
the sufficient statistics U; and V; as in [4]:

T; T;

b(Xl(S)) _
Ui—fdei(s) , Vi—bf

0

—bZ(Xi(s)) S i=1 n
o2(X;(s)) ' T

We prove the consistency and the asymptotic normality of the maximum
likelihood estimator of 6 (MLE of 9).

The organization of our paper is as follows. Section 2 contains the notation
and assumptions that we will need throughout the paper. The explicit likelihood
function and a specific distribution for the random effect are introduced in section
3. In section 4 we study the consistency and asymptotic normality of the
maximum likelihood estimator when the random effect is exponential distribution.
In section 5 we introduce Gaussian one dimensional nonlinear random effect.

2 Notations and Assumptions

Consider n real valued stochastic processes (X;(t),t=0) ,i=1,..,n
with dynamics ruled by (1). The processes Wy, ..., W, and the random variables
@4, ..., 0, are defined on a common probability space (Q,F, P).Consider the

filtration (F;,t = 0) defined byF, = o(@;, Wi(s),s<ti=1,..,n. ASF, =
o(0;, W (s),s < OVF} with Ff = (@, 0;, Wi(s),s <t,j # i) independent of
W, , each process W;is a (F:t = 0)—-Brownian motion. Moreover, the random
variables @; are F, — measurable.

We assume that:

H1 the function o belongsto c?(R x R*) and forallx e R, 0 < g <
a?(x,p) < of .

Under H1 the process (X;(t)) is well define and (@;, X;(t)) adapted to
filtration (F,,t = 0) . The n processes(@;, X;(t)), i =1,...,n are independent.
For all ¢, and all x* € R, the stochastic differentialequation:

dx?(©) =b(x?)dt + o(X?, @)dW;(t) , X7 (0) = (2)
Admits a unique strong solution process (X;”(t),t = 0) adapted to filtration

(F: t = 0) . We deduce that the conditional distribution of X; given @; = ¢
identical to the distribution of X7
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3 Likelihood, specific distribution for the random effects

3.1 Likelihood

We introduce the distribution le'Ti of (X7 (t),t€[0,T;]) .Let Pi =

9(p, 9)dv(cp)®Q(’;l‘T" denote the joint distribution of (@;, X;(t)) and let Q}
denote the marginal distribution of (X;(t),t € [0,T;]). Let us consider the
following assumption:

dr (o AP ®)

H2 Fori=1,..,nandforallg,¢’, Q, <fo a2(x7(©).0")

dt < +00> =
1.

Proposition 3.1 under H1-H2 and let ¢ € R*, we have, the distribution
Q(’;l'T" are absolutely continuous w.r.t. Q% = Qf’T" with density:

i T; T;
do, " ~ ~ b(X;(s)) 1 (P (X()
in (Xl) - LTi(XL" (P) = exp J O_Z(Xi(s)) dXL(S) 2 bf O_Z(Xi(s)) ds

(3)

(see Liptser and Shiryaev[7]), which is admits a continuous version Q° a.s.
Proof: (see the proof of proposition 2) in [4].

By independent of individuals, P, = ®!-,P} is the distribution of
@,X()), i=1,..,n and Qg = ®L,Qp is the distribution of the
sample(X;(t),t € [0,T;],i =1, ...,n).

We can compute the density of Q, w.rt. Q = ®,Q" as follow:

dQg

a7u0=fLm&wmwﬁmwm=mwﬁ>

Rt

The distribution Q4 admits a density given by:
dQ .
d—B(Xl, o Xy) = Hli(Xi,B)
Q ;
=1
And the exact likelihood of whole sample ( X;(¢t),t € [0,T;],i = 1,...,n)is

40 = | [1cx.0)
i=1



Asymptotic properties of MLE in stochastic differential equations 279

3.2 Specific distribution for the random effects

In this section we consider model (1) with nonlinear random effect in the
diffusion coefficient a(x, @) = ia(x) where ¢ € R* and b(.),oa(.) are known

functions. We assume that:
T;

f b2(X;(s))
o2(X;(s))

xi,T-
ds <,Q," " —a.s.
0

for all ¢. And for i=1,..,n;T;=T,x' =x, so that (X;(t),t €[0,T],i=
1,...,n)arei.i.d. We will use the well define statistics as follow:

T T

B b(X;(s)) B b2(X;(s))
Ui‘of 22X () ) 'V‘"of X)) P )

So that the density A;(X;, ) is given by:

1
15,0 = [ 9.0 exp (970~ 507 ) dv(e) 5)
Rt

For a general distribution g(¢, 8)dv(¢p) of the random effect @; , there is no
explicit expression for 1;(X;, 8) above.

We propose a specific distributions (exponential (8) and Gaussian (0, w?),
where w? is unknown) for the random effects, which will give an explicit
likelihood. In this section we shall use exponential distribution and in section 5 we
shall use Gaussian distribution. In the next proposition an explicit expression for
A;(X;,0) is obtained when the distribution of the random effects is exponential
with unknown parameter # € ® = R*, the true value is denoted by 6,.

Proposition 3.2 suppose that g(¢, 8)dv(p) = exp(0), 8 > 0 and its density
Be=%9, then

0V2m 62
e P Gy

Proof: since 4,(X;,0) = [, (¢, 6) exp ((pZ(Ui — %Vi)) dv(¢), so we must

Al' (Xiﬁ 0) =

compute first g(¢p, 8) exp ((pZ(Ui — %Vi)) which is equal to exp ((pZ(Ul- —
%Vi)) .Bexp(—¢0)

From the exponent we have:
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1 -1
¢* (Ui - gVi) —0p =—(V; = 2U)¢p* — ¢

— Lev — o1 2 26
= — Wi =20y [<p +Vi_2Ui<p]

—;(Vi_ZUi)[((p_ : )? — z ]

Vi—2U; (Vi—2U;)?

- ) 62
= 71(Vi—2Ui)(<P_ )?

Vi—2U; 2(V;—=2Uy)

We set:

1 —
v,—2u, T

0
v, — 20,

of =(V;—2U)7' =

- 02
Then  2;(X;,6) =6 [, exp(71 (V; — 2U) (¢ — m)*. exp (Z(Vi_zui)) @
o2 62

And the conditional distribution of @; given X; is V' (m;, a?). In order to find
MLE 8, the log-likelihood function is

Ly 6) = logA,(0)

— n 6? Vam
= log[li=1 6 exp (Z(Vi—ZUi)) " JVi—2U;

=Y~ log LA logd™ + Y% 6%

Vi—2U; =15w;-20;) (6)
And hence,
Ln®) _vn 1, 6 A~ \n
2 = 2i=1(G T Vi—ZUl-) and the MLE of 8 is 6 = / - - (7)
=1y;-2v;

4 properties of maximum likelihood estimator of 0

In this section we shall study the properties of 8 (consistency and asymptotic
normality), the following assumptions and results are important for our purpose
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Let we assume

BiO) = G +75) ®)

be a random variable and the score function is

9B

L=y, Bi(6). 9)
Proposition 4.1 Let § € R, Eo(8;(0)) = 0 and var(B;(6)) = E(BZ()),where
Ey means the expectation w.r.t. Py.

Proof: Weset B,(0) = B4,

1
Since 1,(X1,0) = Z—gf , Q5 = fCT/h(Xp 0)dQ!' = 1, where C; is the space of

real continuous functions (x(t),t € [0, T;]) defined on [0, T;].

By interchange derivation w.rt. 8 and integration w.rt. Q' we have

oA, _
fCT%dQl =0.
Since % = exp (2 (Vie_zzui)) : \/% (Vi_ewi + %),then % = 1,.5:(0)
and hence:
Jo, 3adQ" = [, A1 B1(6)dQ"

= E(B1(0))

=0.
Since var(,) = E(B1*) — (E(B))? . var(By) = E(B,?) .

Remark 1 by using the law of large numbers and the central limit theorem , it is
easy to prove that the random variable %;—eﬁn(g) converges in distribution to
normal (IV'(0,1(0)) asn tend to infinity for all 8 under Qg ,where 1(8) is fisher
information, and the random variable —%aa—;/:n(e) converges in probability to
1(6)= E(B,%(8)) ( the covariance of B;(8)).

Further the assumptions H4-H6 in [4] we need the following assumption
before verification of the asymptotic properties of the maximum likelihood
estimator of the parameter 6.

H3 there is an open set My s.t. 8 € My C O.
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4.1 consistency of MLE

We consider the theorem 7.49 and 7.54 of Schervish (1995) [11] and verify the
conditions in this theorem for our purpose.

Theorem 1 [11]:
Let {x, }n=1 be conditionally i.i.d given 8 with density f; (x|6) with respect to
a measure v on a space(y!, B). Fix 6, € 12, and define, foreach M € Qand x €
Xt I
. f1(x16,)
Z(M,x) =in log—————
Foeulod g )

Assume that for each 6 + 6,, there is an open set Ny such that 8 € Ny and that
Eg,Z(Ng, X;) > —oo. Also assume that f; (x|.) is continuous at & for every 6, a.s.

[Ps,]-

Then if 8, is the MLE of 6 corresponding to n observations. It holds that
lim 8, = 6, as. [Py, ].

n—->oo

Trisha Maitra el. (2014) [8] used this theorem for the same purpose.
We note that for any x , f;(x|0) = A,(x,0) = A(x,0) . Which is clearly
continuous in 8. In our case we compute for every 6 # 6,:

OV O
fi(x16o) _ JVi—2u; 220
fl(xle) o221 ex ( g2 )
JVi—2U; P —2m)

90 602 — 62

=5 PG, —zup

)

And hence
log 11C100) _ 6o, 60" — 67
f1(x16) 0 2(V; —2Uy)
0o g . . 0,°-62 | .
We note that EQOIOQ; is finite and by using lemma (1) in [4], E(m) IS

also finite, and by using H3, follows that Ey Z(Ng, X;) > —oo, hence lim 0, =
n—->oo
0, a.s. [Pg,].
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4.2 Asymptotic normality of MLE

Proposition 4.2 Assume H1-H2 and H4-H6 in [4], the maximum likelihood
estimator of @ satisfies as n tend to infinity,v/n(8,, — 6,) =% N (0, ﬁ).

Proof:
Since MLE 8 is maximizer of

L,(6) = %Z log A(x;, 8) , L,(8) = Z(logl(xi, 6)) =0
i=1 i=1

By using the Tayler formula;

0 =Ly (6,) = L(6,) + Ly (8,)(B, — 6,), where §; € [8,,6,],

) L’n(eo) ) \/—L;L(eo)
(6: = 6,) = — T and V(B — 6,) = —% (10)

Since 6, is the maximizer of L,,(8) , we have:
L'(6,) = Eg,l'(X,0,) =0 , (I'(X,6,) = (logA(x;,0))")
Andso,  Eg,1"(X,0,)=Eq, = logA(x;, 6) = —I(6,)
The numerator in (1)
VAL (8) =V (31, 0xi, 00) = 0)
=Vt (22 Cx ) — B, '(X1,00) ) >4 N (0,var (' (X,,0,))
(11)
Converge in distribution by CLT. From the denominator in (1) we have for all 6,

L, (6) =% 211" (X;,0) Convergeto Eq 1" (X4,0) by the law of large
numbers.

Since 8, € [8,,6,] and 8,, - 6, , we have §; — 8,,.
Sowehave Ly (8;) - Eg,l'(X1,6,) = —1(6,)

R ACHEN

var(l'(X41,0,)
ey o VO

(16,))*

hence

)
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and since
varg, (I'(X1,6,)) = (Eg, (I'(X,6,))*) — (Eg, ' (x, 6,))?
= 1(6,) -0

By substituting in (10), we have:

V8, — 6,) > N (0, ﬁ)

5 Gaussian one dimensional nonlinear random effect

In this section we discuss the case when the random effect is Gaussian |,
when u = 0 and w? is unknown (g (¢, 8)dv(p) = N(0,w?)), that is mean

- - - 1 __1 2
the density function is 5o, eXP (sz(p ) So by an analogous method of

proposition 3.2 we get the joint density function of (@;, X;) w.r.t. dp®dQ" as
follow:

1
\/(A)Z(Vi - ZUL) +1

gi(Xi: 9) =
And the conditional distribution of @; given X; is Gaussian as follow:

(1)2
N|O,
< wz(Vi - ZUl) + 1)

And the likelihood function is:

n
-1
£,(0) = = > log(w?(V; = 2U) + 1),
i=1

And so,

n
0L,(6) -1 V; — 2U;
dw? 2 Liw? (V= 2U) +1
=

Let we assume that:

v, — 2U;

. 2 =
al(w ) G)Z(VL—ZUL)‘F].

And the score function is

9L,(0) —1v
T(z)=72“f<‘°z>

=1
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Remark we can investigate the properties of the random variable a;(w?) as in
section 4 and by using theorem 1, proposition (4), assumptions H1-H3 and the
assumptions H4-H6 in [4], the consistency and asymptotic normality of MLE &2
will be hold.
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