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Abstract

In this paper, we derive some estimates for the 3D non-autonomous
linearization Brinkman-Forchheimer equation with singularly oscillating
forces together with the averaged equation.
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1 Introduction

Let p € [0,1) be a fixed parameter, Q C R? be a bounded domain with suffi-
ciently smooth boundary 0€2. We consider the 3D non-autonomous Brinkman-
Forchheimer equation with singularly oscillating forces that governs the motion
of fluid in a saturated porous medium:

up — vAu+ au+ Blulu+|u*u+ Vp = folt,z) +e " filt/e, ),
V-ou=0, ze€q,

u(t, z)|aq = 0,

u(r,x) =u.(z), 7 € R,
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Here u = u(t,z) = (ui(t, x),us(t, ), us(t,x)) is the velocity vector field, p is
the pressure, v > 0 is the Brinkman kinematic viscosity coefficient, o > 0 is
the Darcy coefficient, 5 > 0 and v > 0 are the Forchheimer coefficients.

Along with (1)-(4), we consider the averaged Brinkman-Forchheimer equa-
tion

wy — vAu -+ au + Blulu + ylulPu+ Vp = folt,z), = €Q,
V-u=0, z e,

U(tyx)’asz =0,

u(r,x) = u.(z), T € R.

formally corresponding to the case € = 0.
The function

fump:{ﬁgiyfﬂﬁka»gig<L o

represents the external forces of problem (1)-(4) for € > 0 and problem (5)-(8)
for € = 0 respectively.
The functions fo(z,s) and fi(x,s) are taken from the space L}(R, H) of

translational bounded functions in L7, (R, H), namely,

t+1
ol = sup [ 1 fols) s = 4. (10)
9 t+1 9 9
Al = sup [ 1) Pds = 223 (1)

for some constants My, M; > 0. We denote

O = My +2Me™?, 0<e<],
N Mo, e=0.

As a straightforward consequence of (9), we have
1502 < @~ (12)

Note that Q¢ is of the order e™” as ¢ — 0.

In this paper, we shall derive some estimates for the 3D non-autonomous
linearization Brinkman-Forchheimer equation with singularly oscillating forces
together with the averaged equation to arrive the convergence of corresponding
equations.
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2 Main Results and Discussion

Throughout this paper, C' will stand for a generic positive constant, depending
on {2 and some constants, but independent of the choice of the initial time
T € R and t.

The Hausdorfl semidistance in X from one set B; to another set B, is
defined as diStX(Bl, Bg) = supbleBl iIlbeGB2 Hb1 — bg“)(.

LP(Q2)(1 < p < 400) is the generic Lebesgue space, H*()) is the usual
Sobolev space. We set F := {ulu € (C5°(Q))?, divu = 0}, H is the closure
of the set E in (L*(2))? topology, V is the closure of the set F in (H}(Q2))?
topology.

The problem (1)-(2) can be written as an abstract form

up + vAu + au + B(u) = o(t, x), (13)
divu = 0, (14)

where the pressure p has disappeared by force of the application of the Leray-
Helmholtz projection P, B(u) = PF(u), F(u) = Blulu + v|u[*u. Clearly,
system (13)-(14) is equivalent to (1)-(2).

The existence and uniqueness of global solution for the initial boundary
value problem to (13)-(14) can be derived by standard method as in [8], [2] or
4]

Theorem 2.1 Assume o € L} (R, H), u, € H, then problem (13)-(14)

loc
possesses a unique global solution u(t,x) which satisfies

u € C([r,4+00); H)N L*(1,T; V)N L*(r,T; (L*(Q))%). (15)

Firstly, we shall consider the auxiliary linear equation with non-autonomous
singularly oscillating external force for 3D non-autonomous Brinkman-Forchheimer
equation and give some useful estimates in H and V.

Considering the linear equation for the 3D non-autonomous Brinkman-
Forchheimer equation with singularly oscillating forces as

Y + vAY + oY = K(t), Y=, =0, (16)
we obtain the following theorems.

Theorem 2.2 Assume K € L} (R, H), then problem (16) has a unique
solution

Y € L*((r,T); V)N C((7,T); H), (17)
oY € L*((r,T); V). (18)



46 Hongjun Wang and Xiaosong Wang

Moreover, the following inequalities
t
YOI < C [ @)K (s) s, (19)
t+1 9 ; 9 t+1 9
[ Glds < (V@ [ 1K) @)

hold for every t > T and some constant C = C(\) > 0, independent of the
wmitial time T € R.

Proof. Using Galerkin approximation method, we can deduce the existence
of global solution, here we omit the details.

Then multiplying (16) by Y and AY respectively, using the Poincaré in-
equality we get

1d
2dt

1d
2dt
= (K(1),Y) < éHK(t)H2 +alY[* (21)

Y12+ A2 Y2+ ol Y )P = S IV I+ VY|P + af Y2

and

1d

1d L d
2dt

§dt1
= (K(1),AY) < aHK(t)H2 +alAY[2 (22)

VY2 + A2 VY P + | VY|P = S IVY |2 + v AY [ + o VY|

By the Gronwall inequality, we can easily prove the lemma.
Setting K (t,7) = [ k(s)ds, t > 7, T € R, we have the following theorem.

Theorem 2.3 Let k € L7 (R, H). Assume that

loc

t+1
sup (KNG + [ 1K 7lds) < 2, (23)

t>T,TER

for some constant | > 0. Then the solution Y (t) to the following Cauchy
problem

Y; + vAY +aY =k(t/e), Y|, =0, (24)
with € € (0,1) satisfies the inequality
t+1
YOI + [ 1Y ()llds < €22, Ve >, (25)
¢

where constant C' > 0 is independent of K.
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Proof. Noting that

t/e

K.(t) = /Ttk(s/e)ds:s [ ks)ds = ek w/e,7/2), (26)

/e

we can derive the following estimates of K (t) from (23)

sup || Ke(t)|ar < le, (27)
7t+1 9 9 t+1 9
| K@) lds =& [ 1K (s/z,7/2) [ds (28)
t+1
< Cetsup{ [ 1K (s s
t>T1 t
< Cl2e2.

From Theorem 2.2, we have

[ e K s) s

< [ I s+ [ 5P+

< [ IR+ e [ R s)Pds + e [ Rus) s 4
< (1+€7C”+e*201’+"')HKE(S)H%E(R;H)

<

(1 _ o—Cv ) H ( )H%ﬁ(R;H)
1 t+1 )
< ———sup 1K ()| ds
(1 — e—CV) > Jt

< OPPe?, (29)

Hence, from the Poincaré inequality, (19)-(20) and (29), we derive

I¥ (0l < e, (30)
t+1 9 9 t+1 9
[ EEds < (IYOli+ [ 1K ©)ds)
< OPe?, (31)

Integrating (24) with respect to time from 7 to ¢, we see that Y (¢) is a
solution to the problem

OY (t) + vVAY (t) + aY (t) = K.(t), Y(t)|=r =0, (32)
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such that we can deduce that
) ) t+1 )
Y@+ VY O+ [ 1Y)l

t+1
—IYOR+ [ 1Y ($)llds
< ClP&? (33)

from (30) and (31). The proof for the Lemma is finished.
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