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Abstract

In order to better study the Markov chain of track structure typical bilateral
birth-death process, nature has regular chain of in-depth study, this paper mainly
discusses some probabilistic properties of normal chain.
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1 Introduction

For the Markov chain of stochastic process model, bilateral birth-death
process is one of typical Markov chain. However, how to find out all solutions of
bilateral birth-death process attracts the interesting of many experts, and it needs a
lot of work. Academician Wang Zikun et. al proposed the method of combing the
function structure and probability methods, and this method is considered to be
more reasonable and attracted a lot of attention[1]-[3]. Therefore, it is necessary to
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study the probabilistic properties of normal chain corresponding to Q matrix. This
paper will discuss probabilistic properties of normal chain.

2 Preliminary notes
Let E={-,-2,-1,0,1,2,---}, a,b,i=0,£1,%2,---is a group of

positive, Q = (q, ) is bilateral birth-death matrix of E, where

b j=1+1

a j=i-1
qi,j: | . .

—(a +b) J=1

0 else

Let pimijn (t) be a minimal transfer function, which is identified by the bilateral

birth-death matrix Q = (q, ). And

5, if i=AjeE
ﬁj(t):{ p" (t) if i,jeE
1_kaimi:(t) if ieE,j=A

where A ¢ E,E = {A} UE, ﬁ., (t) is honest minimal transition function,

Q =(T,) is density of P, (t). For Vi,jeE, P, (1)=p" (). thus

q,,— = (, . Obviously, A isabsorbing state, and VieE,q, =0.
X :(Q,F,Ft,Xt,Q,PX), which is normal chain corresponding to
ﬁyj(t). Let T isthe n jump times of {Xt}, n=12,---, For convenience,

assume T =0.For Vie E,, 8 =inf {t|Xt = i}.
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Vi, jeE, t>0, E”(t)=P'{X =j,T >t}, thus

Ry M=e"s,
Fi,(jnﬂ):Pi{Xt = j’Tl Zt}—l_ Pi{xt = j’Tn Zt’Tl St’le < E}

=e s, + [ e D q,FY(t-s)ds,
keE

By the definition of minimal transfer function, lim Fi(j”) (t) = pimijn (t).

n—ow

{Xt =], T >t} T{Xt = j,5>t}, so that

P'{X, =j 6>ty =limE”(t)=p" () =P {X = j},

n—oo

and P’ {Xt ek, o> t} = {Xt € E}, that is almost certainly getting
o>t from X € E. Then, that is almost certainly getting X = A from

O <t.Therefore X =A isalmostin [J,).

3. Probabilistic properties of normal chain

Property 1 Pi{ém <5}: £74 ,iZm,Pi{§<§m}: Zi_zm.

Z—17 Z—17
m

m

Prove: For Ym,ne E,n>m+1, let

x =P'{5 <5 }i=mm+1--,n.
Obviously, X =0,x =1. And for Yi,m<i<n,

x =P {5 <& }

=P {X, =i-15 <5 }+P{X =i+16 <5 |
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| b
= P"{s <6 }+——P" {5 <5 }

a +b a +b
a b
= XI— + Xi+1
a +b a+b
Thus
a ...a
i m+1 m+2 i
X — X :_(Xi_xi-l):'”_ ( m+l_Xm)
bi m+1l m+2 ) i
--a
— m+l m+2 i Xm+1
m+1l m+2 o bi
so that
i-1 a a
X — Z m+1 m+2 k + l X
i m+1
k=m+1 bm+lbm+2 o bk
bb---b
_ 01 m _
- [ZI Zm]xm+l
alaz' am
= constant-[z —z |
Zi — Zm
Becauseof X =1,s0 x = .Let N — oo, get
Zn B Zm
i Z -7 i Z—-17 .
P{6<d }=—=",P{5 <5}= Ji>m.
7 — Zm Z— Zm
Property?2

P {5, <8} === P {5, <4} ==—"i=01m
YA YA

m m




The properties of probability of normal chain 437

Prove: Assume a >0,m>1. For Vi,i <m, let X = =} {5m < 6A}, e

that X = 1.According to Property 1, get

b
X =——X
0 1
a, +b,
a b _
X = X+ X ,1<i<m
a +b a +b
Thus,
a aa ---a
Xi+1_Xi—1:_l(Xi_Xi_l):”.:—l it OXO
bi bibi—l”'bO
_ aoal.”ai XO
bobl"'bi
1 Z
sothat, X =za X .If X =1ten X =-——,thatis X =—.
az Z
0 m m
i Z i Z,— & .
Therefore, P' {5 (6 } =—,P' {5 (5 } = i=021--.m.
Z Z

Note 1: property 1 and 2 describe the probability of z ,i =0,1,2,---.

Property3 Assume R < oo, let y =1- E' {e_wA } ,sothat limy =0.

i—>o

And ywi € E satisfies equations:
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' {ziukayo(zzk)w(zz)Zﬂk(lyk)
| pu— k=i k=1

%[ﬁﬂka—vo(z—zk)}z(z—zi)[gﬂk (1-yk)z—;}

The process of proving can be seen in reference [4].
Property 4 AssumeR < oo, so that

o { gﬂk(z—ZkF(Z—zi)iuk
£ {o =]
A %[gyk(z—zk)}(z_zl)[gﬂj_ﬂ

Prove: Based on Property 3, get

P'{o, <o} =limE'{e"™ } =1

Ao

-lo
s

1-e
A

While A 4 0,

T o, ,thus,

E{a}:nml_g{em}

40

Combining formula yi of property 3 and above formula, so that
) i-1
Z/uk (Z - Zk)+ (Z - Zi)zﬂk
o)}
Zi c N Zk
L Su-2)]eo2)| Sut]
Z k=i k=1 Z

We can get the following property from property 3 and 4.
Property5 If R =0, P’ {a = oo} =1.
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Property 6 For VK € E, P {0 = oo}> =1 or P’ {0 < oo} =1, and these

two kinds of probabilities are reflected by R = o0, &R < o0,

Note 2: Property 5 and 6 describe the probability of canonical measure.

4 Conclusion

Bilateral birth-death process is one of important Markov chain. It is widely
used in the actual models of chemistry, physics, medicine, etc. And bilateral
birth-death process has important theoretical significance. Thereby, to provide
theoretical basis for finding out all solutions of the irregular matrix Q based on the
research on probability property of normal chain corresponding to bilateral
birth-death matrix Q of set E.
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