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Abstract

The object of this paper is to define JSR maps by using the notion of property (EA) and
prove a common fixed point theorem for four maps in complete fuzzy menger space .
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1. INTRODUCTION

The notion of probabilistic metric space is introduced by Menger in 1942 [10] and the
first result about the existence of a fixed point of a mapping which is defined on a Menger space
is obtained by Sehgel and Barucha-Reid.

A number of fixed point theorems for single valued and multivalued mappings in menger
probabilistic metric space have been considered by many authors [2],[3],[4],[5].[6].[7]. In 1998,
Jungck [8] introduced the concept weakly compatible maps and proved many theorems in metric
space. Hybrid fixed point theory for nonlinear single valued and multivalued maps is a new
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development in the domain of contraction type multivalued theory ([4],[7],[11],[12],[13],[14]).
Jungck and Rhoades [8] introduced the weak compatibility to the setting of single valued and
multivalued maps. Singh and Mishra introduced (IT)-commutativity for hybrid pair of single
valued and multivalued maps which need not be weakly compatible.

Recently, Aamri and El Moutawakil [1] defined a property (EA) for self maps which contained
the class of noncompatible maps. More recently, Kamran [9] extended the property (EA) for a
hybrid pair of single valued and multivalued maps and generalized the (IT) commutativity for
such pair.

The aim of this paper is to define a new property which contains the property (EA) for hybrid
pair of single valued and multivalued maps and give some common fixed point theorems under
hybrid contractive conditions in fuzzy meger space.

2. PRELIMINARIES
Let us define and recall some definitions:

Definition 2.1 A fuzzy probabilistic metric space (FPM space) is an ordered pair (X,F,)
consisting of a nonempty set X and a mapping F, from XxX into the collections of all
distribution functions F,eR for all a. € [0,1]. For x, y € X we denote the distribution function F,
(x,y) by Foxy)and Fyx y) (u) is the value of Fyy) atuinR.
The functions F, ), for all a. € [0,1] assumed to satisfy the following conditions:

(@) Fuxy=1Vu>0iffx=y,

(b) Fuxy (0)=0Vx,yinX,

(C) Fa(x,y) = Fa(y,x) Vv X Y in X,

(d) IfFyxy (u=1and Fuy, (v)=1thenFyy,u+v)=1Vx,y,zinX and

uv >0

Definition 2.2 A commutative, associative and non-decreasing mapping t: [0,1] X [0,1]—
[0,1] is a t-norm if and only if t(a,1)=a for all ac[0,1], t(0,0)=0 and t(c,d) > t(a,b) forc > a, d >
b

Definition 2.3 A Fuzzy Menger space is a triplet (X,F,,t), where (X,F,) is a FPM-space.t is a t-
norm and the generalized triangle inequality
Foxn (@+v) 2t (Fyx ) (0), Foryy (v))  holds forall X, y,zin X u, v>0and a. € [0,1]

The concept of neighborhoods in Fuzzy Menger space is introduced as

Definition 2.4 Let (X,F,,t) be a Fuzzy Menger space. If xeX, € >0 and A €(0,1), then (e,A) -
neighborhood of x, called Uy (g,A), is defined by
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Uy (eA) = {ye X: Fyxy(€)>(1-1)}

An (g,\)-topology in X is the topology induced by the family {Uy (e,A): x € X, €> 0, a.€
[0,1] and Ae(0,1)} of neighborhood.

Remark: If t is continuous, then Fuzzy Menger space (X,F,t) is a Housdroff space in (g,A)-
topology.
Let (X,F,,t) be a complete Fuzzy Menger space and AcX. Then A is called a bounded set if

lim inf Fa(x,y) (u) =1
u—oo X, yeA

Definition 2.5 A sequence {x,} in (X,F,t) is said to be convergent to a point x in X if for every
e>0and A>0, there exists an integer N=N(g,A) such that x, €Ux(e,A) for all n > N or
equivalently F, (X,, X; €) > 1-A for all n > N and o€ [0,1].

Definition 2.6 A sequence {X,}in (X,F,t) is said to be cauchy sequence if for every € > 0 and
A > 0, there exists an integer N=N(g,A) such that F,(Xp,Xpm; €) > 1-A ¥V n, m > N for all ae[0,1].

Definition 2.7 A Fuzzy Menger space (X,F,,t) with the continuous t-norm is said to be complete
if every Cauchy sequence in X converges to a point in X for all ae [0,1].

Definition 2.8 Let (X,F,,t) be a Fuzzy Menger space. Two mappings f, g :X—X are said to be
weakly comptable if they commute at coincidence point for all ae [0,1].

Lemma 1 Let {x,} be a sequence in a Fuzzy Menger space (X,F,,t), where t is continuous and
t(p,p) = p for all pe[0,1], if there exists a constant k(0,1) such that Vp >0 and ne N

T(Fo (Xn:Xn+15 kp)) 2 t(Fo(Xn-1,Xn; P))s
for all ae[0,1] then {x,} is cauchy sequence.

Lemma 2 If (X,d) is a metric space, then the metric d induces, a mapping F,: XxX—L defined
by F, (p, @) = Hu(x- d(p, q)), p, q € R for all ae[0,1]. Further if t: [0,1] X [0,1]— [0,1] is defined
by t(a,b) = min{a,b}, then (X,F,,t) is a Fuzzy Menger space. It is complete if (X,d) is complete.

Definition 2.10: Let (X, F,,t) be a Fuzzy Menger space. Maps s: X — X and T: X—CB(X)
(1) sissaid to be T weakly commuting at xe X if ssx € Tsx.
(2) are weakly compatible if the commute at their coincidence points,
1.e. if sTx = Tsx whenever sxe Tx.
(3) are (IT) commuting at xe X if sTx < Tsx whenever sxe Tx.
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Definition 2.11: - Let (X, F,,t) be a Fuzzy Menger space. Maps f, g: X—X are said to satisfy the
property (EA) if there exists a sequence {X,} in X such that

lim fx, = lim gx, =z € X
n—oo n—oo

Definition 2.12: -Maps f: X—X and T:X—CB(X) are said to satisfy the property (EA) if there
exists a sequence {x,} in X, some z in X and A in CB(X) such that

lim fx, =z € A = lim Tx,.
n—o0 n—o0

Definition 2.13: -Maps f,g,S,G: X—X. The pair (f,S) and (g,G) are said to satisfy the common
property (EA) if there exist two sequences {X,},{yn} in

X and some z in X such that

lim Gy, =lim Sx, =lim fx, = lim gy, =z
n—soo n—soo n—soo n—soo

Definition 2.14: -Maps f,g: X—X and S,G:X—CB(X). The maps pair (f,S) and (g,G) are said to
satisfy the common property (EA) if there exist two sequences {x,},{yn} in X and some z in X,
and A,B such that

lim Sx, = A and lim Gy, =B, =lim fx, = lim gy, =z € AnB.

n—oo n—oo n—oo n—oo

Definition 2.15:- Let (X, F,,t) be a Menger space. Let f and g be two self maps of a menger
space. The pair {f,g} is said to be f~-JSR mappings iff
M t(Fo (f2Xn, gXn,p)) 2 . t( Fo(ffXn,fXn,p))

where p = lim Sup or lim inf and {X,} is a sequence in X such that

lim fx, =lim gx, = z for some ze X and for all t(p,p) > p.
n—oo n—oo

Example Let X = [0,1] with d(x,y) =[x-y| and f,g are two self mapping on X defined by fx
=2/(x+2), gx = 1/(x+1) for x € Now the sequence {x,} in X is defined as x, = 1/n ,neN. Then

we have lim fx, =lim gx, =1
n—oo n—oo

[fgxn-gxn| — 1/3 and |ffx,-fx,| — 2/3 as n—oo. Clearly we have

[fgxn-Txy| < |ffxp-fXq|.
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Thus pair {f,g} is f-JSR mapping. But this pair is neither compatible nor weakly compatible or
other non commuting mapping S. Hence pair of JSR mapping is more general then others.

Let f: X—X self map of a menger space (X, F,t) and S: X — CB(X) be multivalued
map. The pair {f,S} is said to be hybrid S-JSR mappings for all A(p,p) >p iff

U t(Fo (StXn,fXn,p)) = p A(Fo(SSXn,SXn,p))

where p = 1lim Sup or lim inf and {x,} is a sequence in X such that
lim fx, =z € A =1lim Sx, .
n—oo n—oo
Let ¢ : R—R"be continuous and satisfying the conditions
(1) ¢ is nonincreasing on R,
(i1) ¢(t) > t, for each te (0,00).

3. MAIN RESULTS

Theorem 3.1: Let (X, F,,t) be a Menger space. Let f,g: X—X and S,G: X— CB(X) such that
(D (£,S) and (g,G) satisfy the common property (EA),

(I f(X) and g(X) are closed,

(III) Pair (f,S) is S-JSR maps and pair (g,G) is G-JSR maps,

(IV) t(Ho(Sx,Gy.kp))

Z(I)[l‘nll’l { t(F(x(fX,gy,P)),t(F(x(fX,SX,P)),t(F(x(gy,Gy,p)),t(Fa(fX,Gy,P)),t(F(x(SX’gy’P)) } ]
Then f, g, S and G have a common fixed point in X.

Proof: By (I) there exist two sequences {x,} and {y,} in X and ue X, A, B in CB(X) such that

lim Sx, = A and lim Gy, =B, and lim fx, = lim gy, =u e ANB.

n—oo n—oo n—oo n—oo

Since f(X) and g(X) are closed, we have u = fv and u = gr for some v,re X.

Now by (IV) we get

t(Ho (Sxa,Gr.kp)) 20[min{t(Fo(fxn,gr,p)),t(Fa(fxn,Sxxs ,p)),t(Fo(gr,Gr,p)),

t(Fo (fxn,Gr ,p)), t(Fo (Sxn,gr,p))}]

On taking limit n—oo, we obtain

t(Hq (A,Gr.kp))

> ¢[min{ t(Fo(fv,gr,p)), t(Fu(tv,A,p)), t(Fq (gr,Gr,p)), t(Fo (fv,Gr p)), t(Fo (A,gr,p))}]
= ¢ t((Fo (gr,Gr,p)))
> t(Fo(gr,Gr.p)) > Fo(gr,Gr,p)

Since gr =fv € A and Fy(gr,Gr,p) > Ho(A,Gr,p) > Fo(gr,Gr,p).

Hence gre Gr

Similarly

t(Ho(Sv,Gyn.kp)) Z0[min{t(Fo(fv,gyn.p)), t(Fa(fv,Sv,p)), t(Fa(gyn,Gyn,p)),
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t(Fa(tv,Gyn,p)), t(Fu(SV,gyn,p))}]
t(Ho(Sv,B.kp)) 2¢[min{t(Fu(tv,gr,p)), t(Fu(tv,Sv,p)), t(Fu(gr,B,p)), t(Fu(tv,B,p)),
t(Fo(Sv,gr,p))}]
>0 ((Fo(fv,Sv,p)))
> t(Fo(fv,Sv,p)) > Fy(fv,Sv,p)
Since fv =gr € A and
t(Fo(fv,Sv,p)) > t(Ho(Sv,B,p)) > t(Fu(fv,Sv,p))
We get fve Sv.
Now as pair (f,S) is S-JSR maps therefore fpe Sp
and similarly as pair (g,G) is G-JSR maps therefore gue Gu
t(Fo(fXn,gu,p)) = t(Ho(Sx4,Gu,kp))
> O[min{t(Fo(fxn,gu,p)),t(Fo(fXn,Sxn,p)), t(Fo(gu,Gu,p)), t(Fo(fxn,Gu,p)), t(Fo(Sxa.gu,p))}]
On taking limit n—oo, we obtain
t(Fo(u,gu,p)) 2¢[min{t(Fo(u,gu,p)),t(Fo(u,A,p)), t(Fa(gu,Gu,p)), t(Fa(u,Gu,p)), t(Fu(A,gu,p))}]
>¢[min{t(Fo(u,gu,p)),t(Fu(u,A,p)), t(Fu(gu,Gu,p)), t(Fa(u,Gu,p)),t(Fu(A,u,p/2)+ Fo(u,gu,p/2)) }]
By triangular inequality and as ue AN B, we obtain
t(Fu,gu,p) > t(Fu,gu p)
=gu=u.
Again
t(Fo(fu,gxy,p)) = t(Ho(Su, Gx,,p))
>¢[min{t(Fo(fu,gxs,p)), t(Fo(fu,Su,p)), t(Fa(gxn,Gxn,p)), t(Fu(fu,Gxy,p)), t(Fu(Su,gxn,p))}].
On taking limit n—eo, we obtain
t(Fo(fu,u,p)) 2¢[min{t(Fo(fu,u,p)), t(Fo(fu,Su,p)), t(Fo(u,Gu,p)), t(Fu(fu,B,p)), t(Fu(Su,u,p))}]
t(Fo(fu,u,p)) >0[min{t(Fy(fu,u,p)), t(Fu(fu,Su,p)), t(Fa(u,Gu,p)), t (Fe(fu,u,p/2)+
Fo(u,B,p/2)), t(Fo(Su,u,p))}].
By triangular inequality and as ue ANB, we obtain
Fo(fu,u,p) > Fy(fu,u,p)
=fu=u.
Hence u = fu € Su and u=gu € Su.

Example: Let X = [1,00) with usual metric .Define S: X—X as Sx = 2+x/3 and T: CB(X) — X as
Tx = [1,2+x]. Consider the sequence {x,} = {3+1/n}. Then all conditions are satisfies of the
theorem and hence 3 is the common fixed point for all ae[0,1].

Theorem 3.2: Let (X, d) be the metric space. Let f, g: X — X and S;, G; are sequences of
functions from X into CB(X) such that

(D &, Si) and (g, Gj) satisfy the common property (EA),

D) f(X) and g(X) are closed,

(III) pair (f, S;) is Si-JSR maps and pair (g, G;) is G;-JSR maps,
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(V) t(Ho(Six.Gjy.kp)) 20[min{t(Fu(fx,gy.p)), t(Fu(fx.Six.p)), t(F(gy.Gjy.p)).

t(Fo(fx,Gjy,p)), t(Fu(Six,gy.p)) }]

Then f, g, S; and G; have a common fixed point in X.

Proof: Same as theorem 2.1 for each sequences S; and G;.
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