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Ruled Surfaces with Striction Scrool in IR3
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Abstract

W.Wunderlich [4] obtained some definitions and characterizations
for the ruled surfaces with striction scroll in 3-dimensional Euclidean
Space.

In this study, by acquiring the equivalents, which are in the 3-
dimensional Minkowski space, of the concepts which are defined, the
apex segments, the apex angles and distribution parameters of the pair
surfaces have been calculated.
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1 Introduction and Preliminary Notes

Consider the non-developable ruled surface φ with base line e. Let the striction
curve k, with parametric equation z = z (s), be its base curve. Let e1 be the
unit vector of φ in the direction of e and {e1, e2, e3} be an orthonormal frame
at the central point Z. The relation between these frame vectors and their
derivatives with respect to the arc parameter of the striction curve is
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e
′
1 (s) = κ (s) e2 (s) , e

′
2 (s) = −κ (s) e1 (s)+τ (s) e3 (s) , e

′
3 (s) = −τ (s) e2 (s) .

A parametrization for φ can be written in the following form φ (s, r) =
z (s) + re1 (s) .

Definition 1 κ =
∥∥ e

′
1 (s)

∥∥ is called the natural curvature, τ =
〈
e
′
2, e3

〉
is

called the natural torsion and λ =
∥∥ e

′
2

∥∥ =
√

κ2 + τ 2 is called the Lancret
curvature of φ, [4].

In addition, the direction of the central tangent vector e3, accepting the
same striction line k as its base curve, forms a ruled surface φ∗.A parametriza-
tion for φ∗ can be written as follows φ∗ (s, r) = z (s) + re3 (s) .

Definition 2 The ruled surface φ∗, formed by the direction of central tangent
vector, is called the striction scroll of φ . Conversely, φ is called the striction
scroll of φ∗, [4].

Definition 3 Let z
′
be the tangent vector of the striction line k. The angle

between z
′
and the line e is called the striction angle and denoted by σ,[4]. This

angle satisfies

z
′
= e1 cosσ + e3 sinσ
The distribution parameters of φ and φ∗ are [2]
Pφ = sinσ

κ
, Pφ∗ = cos σ

τ
.

Corollary 1 The absolute value of the distribution parameters of the ruled
surfaces φ and φ∗ are equal, [2]. Namely,

| Pφ| = | Pφ∗| .

2 RULED SURFACES WITH STRICTION SCROLL

IN IR3
1

Let φ be a spacelike ruled surface given by φ (s, r) = α (s) + re1 (s) where its
base line and base curve are spacelike.

In this paper, the striction curve of the spacelike ruled surface φ will be
taken as the base curve. Let {e1, e2, e3} be an orthonormal frame at the central
point Z and let the parametric equation of the striction curve k be z = (s). In
this case, for the parametric equation of the spacelike ruled surface φ, we can
write φ (s, r) = z (s) + re1 (s)

Since φ is a spacelike ruled surface, the central normal e2 is a timelike
vector. Since e3 = e1 × e2, the central tangent vector is spacelike.
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Let {e1, e2, e3} be a Frenet frame of a nondevelopable ruled surface. The
relation between these frame vectors and their derivatives with respect to the
arc parameters of the striction curve is

e
′
1 (s) = κ (s) e2 (s) , e

′
2 (s) = κ (s) e1 (s) + τ (s) e3 (s) , e

′
3 (s) = τ (s) e2 (s)

Here, κ =
∥∥ e

′
1 (s)

∥∥ is called the natural curvature, τ =
〈
e
′
2, e3

〉
is called

the natural torsion and λ =
∥∥ e

′
2

∥∥ =
√

κ2 + τ 2 is called the Lancret curvature
of the spacelike ruled surface φ .

In addition, the direction of the central tangent spacelike vector e3, accept-
ing the same striction line k as its base curve, forms a spacelike ruled surface
φ∗. A parametrization for φ∗ can be written as follows φ∗ (s, r) = z (s)+re3 (s) .

The spacelike ruled surface φ∗, formed by the direction of the central tan-
gent vector, is called the striction scroll of φ . Conversely φ is called the
striction scroll of the spacelike ruled surface φ∗.

Let z
′
be the tangent vector of the striction line k. The angle between z

′

and the base line of the spacelike ruled surface φ is called the striction angle
and denoted by σ. This angle satisfies z

′
= e1 cosσ + e3 sinσ.

The Darboux vector of the striction line is w = −τe1 + κe3(2.1)
and the angle between this vector and the line e is equal to the striction

angle in opposite direction, [2]. Thus, the Darboux vector of the striction line
can be expressed by w = e1 cosσ − e3 sinσ.(2.2)

From (2.1) and (2.2) κ cosσ − τ sin σ = 0(2.3)
and by using the Lancret curvature λ =

√
κ2 + τ 2 and (2.3) relations, we

get κ = ∓λ sin σ , τ = ∓λ cosσ.

Corollary 2 The distribution parameters of φ and φ∗ are

Pφ = sinσ
κ

, Pφ∗ = − cos σ
τ

.

Corollary 3 The absolute value of the distribution parameters of the ruled
surfaces φ and φ∗ are equal. Namely,

| Pφ| = | Pφ∗| .
Corollary 4 Since

〈
z
′
, e

′
3

〉
= 0 the base curve of φ∗ is a striction line. Hence,

we obtain the spacelike ruled surfaces φ and φ∗ from a pair of ruled surfaces
having the same striction line.

Corollary 5 Let κ∗, τ ∗, λ∗ be the natural curvature, the natural torsion, the
Lancret curvature of φ∗, respectively. The relation between κ∗, τ ∗, λ∗ and κ, τ , λ
is

κ∗ = τ , τ ∗ = κ, λ∗ = λ.
Let the striction line k be periodic. In this case, the spacelike ruled surfaces

φ and φ∗, accepting this curve as their base curve, are closed. Hence we can
talk about the apex angles and the apex segments of φ and φ∗. Under these
conditions, the following corollaries are given.
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Corollary 6 . The apex angle of φ is

λφ = 2

∮
τ sin2 σds

Corollary 7 The apex angle of φ∗ is

λφ∗ = −2

∮
κ cos2 σds.

Corollary 8 The apex segment of φ is

Lφ =

∮
cos σds.

Corollary 9 The apex segment of φ∗ is

Lφ∗ =

∮
sin σds.

Corollary 10 Let us take any timelike ruled surface with a timelike base
line and let its base curve be its striction curve. Also let {e1, e2, e3} be an
orthonormal frame of the striction curve at the central point Z. In this case,
since the unit vector e1 in the direction of the base line is timelike, e2 and
e3 must be spacelike. As the normals of the scroll surfaces are the same, the
direction of the central tangent vector e3 does not form a ruled surface.

Corollary 11 Let us take any timelike ruled surface with a spacelike base
line and let its base curve be its striction curve. Also let {e1, e2, e3} be an
orthomormal frame of the striction curve at the central point Z. In this case,
since the unit vector e1 in the direction of the base line is spacelike, e2 must be
spacelike and e3 must be timelike. A ruled surface with a timelike base curve
and a timelike directrix can not be formed in IR3

1. As a result, we can not
obtain any ruled surface with striction scroll.
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