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Abstract

In 1984, C. Shibata has studied the properties of Finsler space
(Mn, L∗) whose fundamental metric function L∗(x, y) is obtained from
L by the relation

L∗(x, y) = f(L, β)

where, f is positively homogeneous function of degree one in L and β.
This change of Finsler metric function has been called a β-change. The
geometry of a Lagrange space over a real, finite-dimensional manifold
M has been introduced and studied as a sub-geometry of the geometry
of the tangent bundle TM by R Miron. In the present paper we have
studied Lagrange space due to β-change and obtained fundamental ten-
sor fields for these space and also the variational problem of Lagrange
spaces. The results follow the classical ones and some results of R.
Miron concerning Lagrange spaces.
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1 Introduction

Let F n = (Mn, L) be a n-dimensional Finsler space, whose Mn is the n-
dimensional differentiable manifold and L(x, y) is the Finsler fundamental
function. In general, L(x, y) is a function of point x = (xi) and element of
support y = (yi), and positively homogeneous of degree one in y. Matsumoto
[6] introduced the transformations of Finsler metric given by,

L
′
(x, y) = L(x, y) + β(x, y)

L
′′2(x, y) = L2(x, y) + β2(x, y)
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where, β = bi(x)yi, bi(x) are components of covariant vector which is a func-
tion of position alone. He has obtained the relation between the imbedding
class numbers of (Mn, L

′
), (Mn, L

′′
) and (Mn, L). Generalizing these trans-

formations C. Shibata [3] has studied the properties of Finsler space (Mn, L∗)
whose fundamental metric function L∗(x, y) is obtained from L by the relation

L∗(x, y) = f(L, β)

where, f is positively homogeneous function of degree one in L and β. This
change of Finsler metric function is called a β-change.

The geometry of a Lagrange space over a real, finite-dimensional manifold M
has been introduced and studied as a sub-geometry of the geometry of the tan-
gent bundle TM by R Miron [9]. This geometry was developed together with
his collaborators in [7], [8], [9]. Compared to Finsler geometry, in Lagrange
geometry, assumption of homogeneity has been relaxed, i.e. Finsler geome-
try is a particular case of Lagrange geometry where fundamental function is
homogeneous. Geometric problems derived from the variational problem of a
Lagrangian were previously studied by J. Kern [4].

In the present paper we have studied Lagrange space due to β-change and
obtained fundamental tensor fields for these space and also the variational
problem of Lagrange spaces.

2 Lagrange metrics

In this section we give the definitions of the notion of a regular, differentiable
Lagrangian over the tangent manifolds TM and T̂M , where M is a differen-
tiable, real manifold, of dimension n. Let (TM, τ, M) be the tangent bundle of
a C∞-differentiable real, n-dimensional manifold M. If (U, φ) is a local chart on
M, then the coordinates of a point u = (x, y) ∈ τ−1(U) ⊂ TM will be denoted
by (x, y). R. Miron [9] given following defintions:

Definition 1. A differentiable Lagrangian on TM is a mapping L : (x, y) ∈
TM −→ L(x, y) ∈ R, ∀u = (x, y) ∈ TM , which is of class C∞ on T̂M =
TM \(0) and is continuous on the null section of the projection τ : TM −→ M ,
such that

gij =
1

2

∂2L(x, y)

∂yi∂yj
(1)

is a (0, 2)-type symmetric d-tensor field on TM.

Definition 2. A differential Lagrangian L on TM is said to be regular if
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rank‖gij(x, y)‖ = n, ∀(x, y) ∈ T̂M

For the Lagrange space Ln = (M, L(x, y)) we say that L(x, y) is the funda-
mental function and gij(x, y) is the fundamental (or metric) tensor. We will
denote by gij the inverse matrix of gij . This means that

gikgjk = δi
j .

Now we can give the definition of a Lagrange space.

Definition 3. A Lagrange space is a pair Ln = (M, L) formed by a smooth,
real, n-dimensional manifold M and a regular differentiable Lagrangian L on
M, for which the d-tensor field gij from (1) has constant signature on T̂M .

Next, we give some examples of Lagrange spaces that are reducible to Finsler
spaces:

1. Every Riemannian space (M, gij(x)) determines a Finsler space F n =
(M, F (x, y)) and consequently a Lagrange space Ln = (M, F 2(x, y)), where

F (x, y) =
√

gij(x)yiyj

The fundamental tensor of this Finsler space coincides to the metric tensor
gij(x) of the Riemannian manifold (M, gij(x)).

2. Let us consider the function

4

√
(y1)4 + (y2)4 + ...... + (yn)4

defined in a preferential local system of coordinates on T̂M . The pair F n =
(M, F (x, y)), with F defined in above is a Finsler space. The fundamental
tensor field gij can be easily calculated. This was the first example of Finsler
space from the literature of the subject. It was given by B. Riemann in 1854.

Now we give example of Lagrange spaces, which are not reducible to Finsler
spaces

3 The following Lagrangian from electrodynamics

L(x, y) = mcγij(x)yiyj + 2e
m

Ai(x)yi + U(x)

where γij(x) is a pseudo-Riemannian metric, Ai(x) a covector field and U(x) a
smooth function, m, c, e are the well-known constants from physics, determine
a Lagrange space Ln.

4 Consider the Lagrangian function
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L(x, y) = F 2(x, y) + Ai(x)yi + U(x),

where F (x, y) is the fundamental function of a Finsler space, Ai(x) are the
components of a covector field and U(x) a smooth function gives rise to a
remarkable Lagrange space, called the Almost Finsler-Lagrange space (shortly
AFL space).

The variational problem can be formulated for differentiable Lagrangians and
can be solved in the case when we consider the parameterized curves, even if
the integral of action depends on the parameterization of the considered curve.
Here we consider the variational problem with fixed endpoints[5].

Let L : TM −→ R be a differentiable Lagrangian on the manifold M, which
is not necessarily regular. A curve c : t ∈ [0, 1] −→ (xi(t)) ∈ U ⊂ M having
the image in a domain of a chart U of M, has the extension to T̂M given by

c∗ : t ∈ [0, 1] −→ (xi(t), dxi(t)
dt

) ∈ τ−1(U).

The integral of action of the Lagrangian L on the curve c is given by the
functional

I(c) =
∫ 1

0
L(x(t),

dx

dt
)dt (2)

Consider the curve cε : t ∈ [0, 1] −→ (xi(t)+ εvi(t)) ∈ M , which have the same
endpoints xi(0), xi(1) as the curve c, vi(0) = vi(1) = 0 and ε is a real number,
sufficiently small in absolute value, such that Imcε ∈ U . The extension of the
curve cε to TM is

c∗ε : t ∈ [0, 1] −→ (xi(t) + εvi(t), dxi

dt
+ εdvi

dt
) ∈ τ−1(U)

The integral of action of the Lagrangian L on the curve cε is,

I(cε) =
∫ 1
0 L(x + εv, dx

dt
+ εdv

dt
)dt

A necessary condition for I(c) to be an extremal value I(cε) is

dI(cε)
dε

|ε=0 = 0

In order that the functional I(c) be an extremal value of I(cε) it is necessary
that c be the solution of the Euler-Lagrange equations,

Ei(L) = ∂L
∂xi − d

dt
( ∂L

∂yi ) = 0, yi = dxi

dt
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3 The fundamental tensor of a Lagrange space

with β-change

In the year 2001, B. Nicolaescu [2] studied the lagranges spaces with (α, β)-
metric and variational problem for this metric in the year 2004 [1].In the year
2011, Pandey and Chaubey [10] considered these problem for the (γ, β)-metric,
where γ3 = aijk(x)yiyjyk is a cubic metric and β = bi(x)yi is a one form
metric on TM. Generally bi is the electromagnetic potential of Ln. The tensor
Fij = ∂jbi − ∂ibj is the electromagnetic tensor field.

Definition 4 A Lagrange space L∗n = (M, L∗(x, y)) is called with β-change
if the fundamental function L∗(x, y) is a function L, which depends only on
L(x, y) and β(x, y),

L∗ = L(L(x, y), β(x, y))

Here, we shall use the following notations throughout the whole paper,

∂̇iL = ∂L
∂yi , ∂̇iβ = ∂β

∂yi , ∂̇i∂̇jL = ∂2L
∂yi∂yj , LL = ∂L

∂L
, Lβ = ∂L

∂β

LLL = ∂2L
∂L2 , LLβ = ∂2L

∂L∂β
, Lββ = ∂2L

∂β2 .

Now we have

Proposition 3.1 For the lagrange space Ln, following relations holds good:

∂̇iL = L−1yi, ∂̇i∂̇jL = 2∂̇jyi − L−3yiyj, ∂̇iβ = bi(x), ∂̇i∂̇jβ = 0 (3)

where yi = gijy
j

Now, we introduce the moments of the Lagrangian L∗(x, y) = L(L, β(x, y)),

pi = 1
2

∂L∗
∂yi = 1

2
(LL∂̇iL + Lβ∂̇iβ)

Thus we have

Proposition 3.2 The moments of the Lagrangian L∗(x, y) is given by

pi = ρyi + ρ1bi (4)

where ρ = 1
2
L−1LL, and ρ1 = 1

2
Lβ.

The two scalar functions defined in (4) are called the principal invariants of
the Lagrange space Ln.
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Proposition 3.3 The derivatives of principal invariants of the Lagrange space
Ln are given by

∂̇iρ = ρ−2yi + ρ−1bi, ∂̇iρ1 = ρ−1yi + ρ0bi (5)

where, ρ−2 = 1
2
L−2(LLL − L−1LL), ρ−1 = 1

2
L−1LLβ, ρ0 = 1

2
Lββ.

The Energy of a Lagrangian is given by

EL∗ = yi ∂L∗
∂yi − L∗

Thus we have

Proposition 3.4 The Energy of a Lagrangian with β-change is given by

EL∗ = L−1LL + βLβ − L (6)

Now we can determine the fundamental tensor gij of the Lagrange space with
β-change, as follows:

Proposition 3.5 The fundamental tensor g∗
ij of the Lagrange space with β-

change is given as

g∗
ij = 2ρgij + ρ0bibj + ρ−1(biyj + bjyi) + ρ−2yiyj (7)

The above equation can be rewritten as

g∗
ij = 2ρgij + cicj

where ci = q−1yi + q0bi and q−1, q0 satisfy the equations ρ0 = (q0)
2,

ρ−1 = q0q−1, ρ−2 = (q−1)
2 and gij = 1

2
∂2L

∂yi∂yj .

Proposition 3.6 The reciprocal tensor g∗ij of the fundamental tensor g∗
ij is

given by

g∗ij =
1

2ρ
gij − 1

(1 + c2)
cicj (8)

where ci = 1
2
ρ−1aijcj and cici = c2 and gij is reciprocal of the gij.

4 Eular-Lagrange equations in Lagrange spaces

with β-change

The Eular-Lagrange equations of the Lagrange spaces with β-change are,

Ei(L) = ∂L
∂xi − d

dt
( ∂L

∂yi ) = 0, yi = dxi

dt

considering the relations
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∂L
∂xi = LL

∂L
∂xi + Lβ

∂β
∂xi ,

∂L
∂yi = LL

∂L
∂yi + Lβ

∂β
∂yi

d
dt

( ∂L
∂yi ) = dLL

dt
∂L
∂yi +

dLβ

dt
∂β
∂yi + LL

d
dt

( ∂L
∂yi ) + Lβ

d
dt

( ∂β
∂yi )

By direct calculation, we have

Ei(L) = LLEi(L) + LβEi(β) − ∂L
∂yi

dLL

dt
− ∂β

∂yi

dLβ

dt
, yi = dxi

dt

where dLL

dt
= LLL

dL
dt

+ LLβ
dβ
dt

and
dLβ

dt
= LβL

dL
dt

+ Lββ
dβ
dt

.

Thus we have

Ei(L) = LLEi(L) + LβEi(β) − ∂L
∂yi (LLL

dL
dt

+ LLβ
dβ
dt

) − ∂β
∂yi (LβL

dL
dt

+ Lββ
dβ
dt

)

As well have

Ei(β) = Fir
dxr

dt

where

Fir = ∂Ar

∂xi − ∂Ai

∂xr

is the electromagnetic tensor field. Finally we have the following relation

Ei(L) = 2LρEi(L) + 2ρ1Fir
dxr

dt
− ∂L

∂yi (LLL
dL
dt

+ LLβ
dβ
dt

) − ∂β
∂yi (LβL

dL
dt

+ Lββ
dβ
dt

)

Proposition 4.1 The Euler-Lagrange equation in the Lagrange space L∗n are,

Ei(L) = 0, yi =
dxi

dt
(9)

For every smooth curve c on the base manifold M, the energy function of the
Lagrangian L∗(x, y) can be written as

dEL∗
dt

= −[ ∂L
∂xi − d

dt
( ∂L

∂yi )]y
i = 0, where yi = dxi

dt

or dEL∗
dt

= −Ei(L)dxi

dt

Thus using proposition (4.1) we have

Theorem 4.1 For a differentiable Lagrangian L∗(x, y), its energy function
EL∗ is conserved along the solution curves c of the Euler-Lagrange equations
Ei(L) = 0, yi = dxi

dt
.

If we have the natural parametrization of the curve ∈ [0, 1] −→ (xi(t) ∈ M),
then L(x, dx

dt
) = 1. Then we get
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Proposition 4.2 In the canonical parametrization the Euler-Lagrange equa-
tions in L∗n spaces are

Ei(L) = 2LρEi(L) + 2ρ1Fir
dxr

dt
− ∂β

∂yi
(LβL

dL

dt
+ Lββ

dβ

dt
) (10)

Proposition 4.3 If the 1-form β is constant on the integral curve c of the
Euler-Lagrange equations, then (10) rewrite as the Lorentz equations of the
space L∗n

Ei(L) = 2LρEi(L) + 2ρ1Fir
dxr

dt
(11)

Remark: If we consider a Riemannian metric α =
√

aij(x)yiyj in place of L

then all the result reduces to the result obtained in [1, 2] and if we consider

a cubic metric γ = 3

√
aijk(x)yiyjyk in place of L then all the result reduces to

the result obtained in [10].

Acknowledgment:Author V. K. Chaubey is very much thankful to
NBHM-DAE of Goverment of INDIA for their financial assistance as a

Postdoctoral Fellowship.

References

[1] B. Nicolaescu:Lagrange spaces with (α, β)-metric, Applied Sciences
(electronic, http:www.mathem.pub.ro/apps),Vol. 3(1)(2001), 42-47.

[2] B. Nicolaescu: The variational problem in Lagrange spaces endowed
with (α, β)-metric, Proceedings of the 3rd International colloquium,
Mathematics in Engineering and Numerical Physics, Romania, 2004, 202-
207.

[3] C. Shibata: : On invariant tensors of β-Changes of Finsler metrics, J.
Math. Kyoto Univ., 24(1984), 163-188.

[4] J. Kern: Lagrange Geometry. Arch. Math., 25, (1974), 438-443.

[5] M.F. Gelfand, S.V. Fomin: Calculus of variations. Dover Publications
(2000).

[6] M. Matsumoto: On some transformations of locally Minkowskian space,
Tensor N. S., Vol. 22, 1971, 103-111.

[7] R. Miron: A Lagrangian theory of relativity, I, II. An. St. Univ. Al.I.
Cuza Iasi, 32, 7-16, 37-62 (1986).



Lagrange spaces with β-change 2371

[8] R. Miron: Lagrange Geometry. Math. Comput. Modelling, 20 (4-5),
(1994), 25-40.

[9] R. Miron and M. Anastasiei: The Geometry of Lagrange spaces,
Theory and Applications, Kluwer Acad. Publ. 1994.

[10] T. N. Pandey and V. K. Chaubey: The variational problem in La-
grange spaces endowed with (γ, β)-metric, International Journal of Pure
and Applied Mathematics, Vol. 71(4), 2011, 633-638.

Received: September, 2012


