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Abstract

In this paper, we study some properties of lower and upper T- rough normal sub
groups based on a set valued homomorphism T from a group G, to the set of all

non-empty subsets of a group G,. We also, prove the isomorphism theorem for
lower and upper T-rough subgroups of G, and G,. We introduce the concept of

the kernel of the set-valued homomorphism and proved that it is a normal
subgroup of G,. As a main result of this paper, we prove the analog of the

fundamental theorem of homomorphism of groups to the set valued
homomorphism of groups.
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1 Introduction
Z. Pawlak [20], in his pioneering paper, introduced the theory of

rough sets as a tool to model uncertainty, vague and incomplete information
system. Since then, the theory of rough sets attracted many researchers in
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mathematics, computer science and engineering. Originally rough sets are
described as lower and upper approximations based on equivalence relations.
Later, generalized rough sets were considered based on arbitrary relations by
W. Zhu [27].

Algebraic systems on rough sets were considered by
mathematicians like R. Biswas, S. Nanda, N. Kuroki, P. P. Wang, B. Davvaz and
many others. R. Biswas and S. Nanda [1] introduced the concept of rough groups
and rough subgroups. N. Kuroki [15] introduced the notion of rough ideal in a
semigroup. N. Kuroki and P. P. Wang [16] studied the lower and upper
approximations in a fuzzy group. Rough sets and rough groups were also
considered by N. Kuroki and J. N. Moderson [17]. B. Davvaz have introduced
roughness in many algebraic systems. Considering ring as a universal set,
B. Davvaz [3] introduced the notion of rough ideals and rough sub rings with
respect to an ideal of the ring. In [12], O. Kazanci and B. Davvaz introduced the
notion of rough prime ideals and rough primary ideals in a ring. The authors
V. Selvan and G. Senthil Kumar [23, 24] have studied the roughness of ideals and
fuzzy ideals in a semiring. In [7], B. Davvaz introduced the concept of set valued
homomorphism and T-rough sets in a group. In [26], S. Yamak, O. Kazanci and
B. Davvaz introduced the generalized lower and upper approximations in a ring
based on set valued homomorphism of rings. S. B. Hosseini et al [8,9] have
studied some properties of T- rough sets in semigroups, commutative rings.

In this paper, we consider the set-valued homomorphism on groups

and study some properties of it. In [7], B. Davvaz proved that if T :G, — P*(GZ)
is a set-valued homomorphism from a group G, to the set of all non-empty
subsets of a group G, and if H is a normal subgroup of G,, then the upper
approximation of H , viz, U; (H) is a normal subgroup of G,. In section 3 of this
paper, assuming H a normal subgroup of G, containing T(el), where g, is the
identity element of G,, we prove that the lower approximation of H  viz, L (H)
is also a normal subgroup of G,. Also, if f :G, - G, is a homomorphism from a
group G, onto a group G, and if T,:G,—>P (G,) is a set-valued
homomorphism then T,:G, > P (G) defined by
Tl(x):{g1 eGl‘ f(g)eT,(f (x))},VXEG1 is a set-valued homomorphism
and if H is a normal subgroup of G, containing T (e, ) we further prove that
G,/L. (H)=G,/L (f(H)) and G,/U; (H)=G,/U, (f(H)). In section 4,
we introduce the concept of kernel of a set-valued homomorphism
T:G, > P'(G,) and prove that it is a normal subgroup of G,. As a main result

of this paper, we prove the analog of the fundamental theorem of homomorphism
of groups for the set-valued homomorphism.
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2 Preliminaries

The set-valued mappings, the lower and upper approximation with respect
to a set-valued mapping and the set-valued homomorphism of groups are
introduced by B. Davvaz and can be found in [7]. We recall them for the sake of
completeness.

Definition 2.1 [7] Let X and Y Dbe two non-empty sets and B < Y. Let

T:X > P (Y) be a set-valued mapping, where P"(Y) denotes the set of all
non-empty subsets of Y. The lower and upper approximations of B under T is
givenby L (B)={xeX|T(x)cB}; U;(B)={xeX|T(x)nB=a|

Definition 2.2 [7] Let X and Y be two non-empty sets and Be P"(Y). Let
T:X > P(Y) be a set-valued mapping, then the pair(LT(B),UT(B)) is

referred to as the generalized rough set of B induced by T.
Definition 2.3 [7] A set-valued homomorphism T from a group G, to a group G,

is a mapping from G, into P*(Gz) that preserves the group operation, that is,
T(ab)=T(a)T(b)and (T(a))" ={x*| xeT(a)|=T(a"),forall a, beG,.

Example 2.4 Every homomorphism of groups can be considered as a set valued

homomorphism of groups. For, if f:G, — G, is a homomorphism of groups

then T, :G, > P"(G,)defined by T,(x)={f(x)}, VxeG, is a set-valued

homomorphism from G, to P"(G, ).

For more examples of set-valued homomorphism of groups, one can refer [7].
Definition 2.5 [7] Let G be a group. Let 8 be a congruence of G, that is, € is an

equivalence relation on G such that (a,b)ee implies (ax, bx)eH and
(xa, xb)e @ for all x € G. We denote by [a]

containing the element a € G.
Example 2.6 Let G be a group, H a normal subgroup of G. For a,be G, we

define a=b(modH )if and only if ab' eH. Then the relation = is

congruence relationon G .
Proposition 2.7 [7] Let & be a congruence ona group G . If a, b e G then

() [a], [b],=[ap], and (i) [a*] ={[a,}"
Corollary 2.8 [7] Let & be a congruence on a group G . Define T:G — P*(G)

, the &-congruence class

by T(x)=[x],, VxeG.Then T is a set-valued homomorphism.
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Definition 2.9 [7] Let T be a set-valued mapping from G, into P"(G,). The
mapping T is said to be lower semi-uniform if for each subgroup B in G, , the
set L. (B) is a subgroup of G,. The mapping T is said to be upper semi-uniform
if for each subgroup B in G,, the set U, (B) is a subgroup of G,. A set-valued

mapping T is said to be uniform if it is upper and lower semi-uniform.
Theorem 2.10 [7] Every set-valued homomorphism is uniform.

Definition 2.11 Let G,, G, be two groups, T:G, — P'(G,) be a set-valued
homomorphism and H be a normal subgroup of G,. If L (H) is a normal
subgroup of G,, then H is called the lower T-rough normal subgroup of G, and
if U, (H) is a normal subgroup of G, then H is called the upper T-rough normal
subgroup of G,. If L; (H) and U, (H) are normal subgroup of G,, then we call
(LT (H),U; (H )) a T-rough normal subgroup.

3 Isomorphism theorem for T-rough Groups

Let G, G, be two groups, H be a normal subgroups of G, and
T:G - P*(Gz) be a set-valued homomaorphism. In [7, Theorem 3.11] B.Davvaz
proved that U; (H) is a normal subgroup of G,. In the following theorem,
assuming H a normal subgroup of G, containing T (e, ), where e is the identity
element of G, we prove that L. (H ) is also a normal subgroup of G,.
Theorem 3.1 Let G, G, be two groups, H be a normal subgroup of G,
containing T(e,) and T:G, - P’(G,) be a set-valued homomorphism. Then
L. (H) is a normal subgroup of G,.
Proof. By [7] Theorem [4.10], if H is a subgroup of G, then L, (H) is a
subgroup of G,. Suppose 9, € G, and xe L, (H ) then T(x)c H.
T(gl’lxgl) = T(gl’l)T(x)T(gl) c T(gl’l)H T(9,)
= T(gl‘l)T(gl)H , since H is normal in G,
=T(9,'9,)H =T(e)H =H .
Thatis, g, xg, € L. (H ), which proves that L, (H) is a normal subgroup of G, .
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Corollary 3.2 Let G, and G, be two groups, T:G, - P*(Gz) be a set-valued

homomorphism and H a normal subgroup of G, containing T (e, ), then H is a

T -rough normal subgroup.
Theorem 3.3 Let G, and G, be two groups, f :G, — G, be an epimorphism and

T,:G, > P"(G,)be a set-valued homomorphism. If f is one-to-one and
Tl(x):{gleGl‘ f(gl)eTz(f(x))},VXeG1 then T,: G, —>P"(G,) is a set-
valued homomorphism.
Proof. Let ueT,(xy). Then f(u)eT,(f(xy))=T,(f(x)f(y))
=T,(f(x))T,(f(y)). That is f(u)=ab, for some aeT,(f(x)),
beT,(f(y)). Since f is onto, there exists c¢,d e G such that
f(c)=a, f(d)=b.Hence, f(u)=f(c)f(d) ceT(x) anddeT/(y).
Therefore, u=cd, which implies that ueT/(x)T(y). Hence,
T,(xy) < T,(x)T,(y). Conversely, assume that zeT,(x)T,(y). Then z=cd
for some ceT(x) and deT/(y) and so, f(c)eT,(f(x)),
( (y)). Therefore, f(cd)="f(c)f(d) e T,(f(x))T,(f(y))
( )f(y)) = T,(f(xy)) which implies that, z=cdeT,(xy).
Therefore, T(x) T.(y)c ( y) Hence, T,(xy)=T,(x)T,(y).
(x

We have, ceT,(x ) < GT(f( 1)) C>f(C)ETz((f(X))il)

& f(c)e(Tz( f (X)))_l <:>(f(c))71e T,(f(x)) < f(ct)eT,(f(x))
& cleT(x) & ce (T(x)) . Therefore, Tl(x‘l):(Tl(x))_l V¥ xeG, .
Thus, T, is a set-valued homomorphism.
Theorem 3.4 Let G, and G, be two groups, f:G, — G, be an onto
homomorphism and let T,:G, - P"(G,) be a set-valued homomorphism. If
Tl(x)z{gl eGl‘ f(g)eT,(f (X))},VXeGl and A is a non-empty subset of
G,, then

(i) f(Ur,(A))=Ur, (T(A))

(i) f(L (A)) = L (f(A)). Moreover, if f is one-to-one then

equality holds.

Proof. (i) Let ye f(U; (A)). Then there exists xeU; (A) such that

y=f(x).As xeU; (A), T,(x)n A= D. Hence, there exists a € A with
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aeT,(x). Thus f(a)eT,(f(x)) and f(a)e f(A), which implies that
T,(f(x))nf(A)=@. Therefore, y=f(x)eU, (f(A)). Conversely, if
yeU, (f( )) then since f is onto, there exists xeG, such that
=f(x)eU, (f(A)). That is, T,(f(x))nf(A)=D. Hence there exists
ZET( (x))nf(A). Thus, z=f(a) for some a e A. That is,

z="f(a)eT,(f(x)). Hence, aeT,(x)nA, so that T,(x)nA=@. This
proves  that  xeU;(A) and y=f(x)ef(U;(A)). Hence,
Us, (F(A)) < f(Uy (A)). Thus f(Us (A))=Uqg (f(A)).
(ii) Let y e f (L (A)). Then there exists x e L; (A) such that y = f (x). Now,
let weT,(f(x)). Since f is onto, there exists zeG, such that f(z)=w.
Thus, w= f(z)eT,( f(x)), which implies that zeT,(x). As xe L, (A), it
follows that zeT (x)cA. Thus, w=f(z)ef(A). Hence,
T,(f(x))< f(A) which proves that y=f(x)eL, (f(A)). Conversely, let
yel, (f(A)). Then T,(y)c f(A). Since f is onto, there exists xeG,,
such that y = f (x ) Therefore T, (f( ))g f(A). Now, let ueT,(x). Then
eT,(f(x))< f(A). Thus, there exists a A such that f(u)=f(a).
Slnce f is an one-to-one, u=a e A. Therefore, T,(x)c A. Thatis, xe L (A).
Hence y=f(x)e f(L;(A)), which proves that L. (f(A))< f(L;(A)).
Thus, (L (A))=Ly, (f(A)).
Theorem 3.5 Let G, and G, be two groups, f be an isomorphism from G, onto
G, and T,:G, - P"(G,) be a set-valued homomorphism. Let H be a subgroup
of G If T,(x)={g, € G| f(9,) eT,((x))},¥xeGy, then
(i) U, (H) isasubgroup of G, ifand only if U, (f (H)) is asubgroup of G,.
(i) U, (H) isanormal subgroup of G, if and only if U, (f(H)) is a normal
subgroup of G,.
(i) L, (H) isasubgroup of G, ifand only if L, (f(H)) is a subgroup of G,.
(iv) L. (H) is anormal subgroup of G, if and only if L ( f(H )) is a normal
subgroup of G,.
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Proof. Since f :G, — G, isanisomorphism, a subset A is a subgroup of G, iff
f (A)is a subgroup of G,. Hence the proof follows from Theorem 3.4.

Theorem 3.6 Let G, and G, be two groups, f be an isomorphism from G, onto
G, and let T,:G,—>P(G,) be a set-valued homomorphism. If

Tl(x)z{gl eG ‘ f(g, ETZ(f(X))},VXeGl and A a normal subgroup of G,
containing T, (e, ) then

i G G .. G G
(i) L=~ 2 and (i) L =~ 2
LTl(A) LTz( (A)) UTl(A) UTz( f (A))
H . GZ —
Proof. Define ¢:G, _)—LTz(f(A)) by ¢(9,)=L, (f(A)) f(g), where g, G,

Clearly, ¢ is well defined.
Let g,,g, €G,. Then ¢(glgl'): L. (f(A))f (glgl')

=L

T

= L. (f(A)f(g) LTz(f(A))f(gl'),since L. (f(A))isnormalin G,
:¢(m)¢(m)

Therefore, ¢ is homomorphism.

Ker ¢ ={g, € G| ¢ 0,)=L,(T(A))}

9<G| L, (F(A))f(g)=1Ly(1(A))]

{
{geG‘f (0) e (f(A)}={o.eG| o el (A)} =L, (A)
(f(

(f(A))f(g,)f (gl'), since f is a homomorphism

Let L, Since f is onto, there exists g, € G, such that

2

f(A))-g, S
“Lf(A)
f(g9,)=9,. Hence, L (f(A))g, =L, (f(A)f(9,))=¢(g,). Therefore, ¢

is onto.

By fundamental theorem of homomorphism of groups,
G . G, That is, Gy G,

kerg L. (f(A)) L. (A) L, (f(A)

The proof of (ii) is similar to the proof of (i).
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4 Isomorphism theorem for set-valued homomorphism of Groups

In this section, we introduce the concept of the kernel of set-valued
homomorphism of groups and establish the isomorphism theorems of groups in
the context of set-valued homomorphism of groups.

Let G, and G, be two groups and T:G, - P"(G,) be a set-valued
homomorphism. Define K ={XEG1‘ T(x)=T(e) } where e, is the identity
element of G,. K is called the kernel of T
Theorem 4.1 K is a normal subgroup of G, .

Proof. Let X,y e K. Then T(x)=T(e ) and T(y)=T(e, ). Since T is a set-
valued homomorphism, T(xy)=T(x)T(y)=T(e,)T (e )=T(e ). Therefore,
xyeK. Also, T(x*)= [T(x)] ' =[T(e)] =T (e)=T(e,), which proves
that x'eK. Now, if g,eG and xeK then T(g,xg,*)
=T(9)T(X)T(9,*) =T(9.)T(e)T(9,*) =T(0,6,9,%)=T(e). That s,
g,xg, " € K . Hence, K is a normal subgroup of G,.

Theorem 4.2 Let G, and G, be two groups. If T:G, > P(G,) is a set-valued
homomorphism then T (G, ) = T (9,) is a subgroup of G,

Proof. Lety,Y, e UqT(gl) . Then there exists g,, g, € G, such that
9:€

Y1 ET(gl) and yzeT(glr)-Then V1Yo ET(gl)T(g;) :T(glgly)
< U T(g,). Therefore, y,y, e T(G,) and yl‘leT(gl)flzT(gl‘l)

0.€ G

c U T(g,).Hence, T(G,) isasubgroup of G,.

g€ G
Lemma 4.3 Let G, and G, be two groups and T:G, - P"(G,) a set-valued
homomorphism, then e, e T (e, ), where e, e, are the identity elements of G,
and G, respectively.
Proof. Let g, € G,, and let T(g,)={X.%,....% } =G,, then [T(gl)]fl
={x" %"t} < G,. We have e, =xx"eT(g,)T(9,")=T(9,0,")
=T(e). Thatis,e,eT(e).
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Lemma 4.4 Let G, and G, be two groups and T :G, - P"(G,) a set-valued
homomorphism. For A < G,, define T(A)= uAT(a). If A is a subgroup of

G,, then T (A) is a subgroup of G, .
Proof. Let x, x,e€G, such that x, x,eT(A). Then x eT(a) and
x, €T (a,), for some a,a, € A. Thus, xx, €T (a)T(a,)=T(aa,)cT(A),
and " [T (a,)] =T(a™*)cT(A).Hence, T(A) isasubgroup of G,.
Corollary 4.5 T (e,) is a subgroup of G,.

If T:G,—»>P(G,) is a set valued homomorphism then define

*

T7(G,)={T(9,)| 9, €G,}. It can be easily seen that T"(G,) is a group under the

operation given by T(g,)e T(9;)=T(9,9;).
Theorem 4.6 Let G, and G, be two groups and T :G, — P"(G, ) be a set-valued

homomorphism with kernel K. Then % =T7(G,).
Proof. Defineamap v : % —T(G,) by w(9,K)=T(g,), where g, €G,.

Suppose g,K =g,K.Then g,g, ' e K = T(glgl"l) =T(e)
r_q ’ -1 4
jT(gl)T(917 )ZT(81)3 T(gl)(T(gl )) :T(el):> T(gl):T(gl)

= y(gK)= !//(gl'K)
Hence, v is well defined.
Clearly w is onto, since the pre image of T(g,)eT (G,) is g,K. That is,

w(9,K)=T(g,). Next, let g,9, €G, , then y/(glK-gl'K):t//(glgl'K)
=T(glgl') =y (g,K )z//(gl'K). Therefore, w is homomorphism.

Now, suppose y/(glK)=y/(g1'K) :>T(gl)=T(gl') :>T(g1)T(gl"1)
=T(e) :>T(glgl'1) =T(g)=0,0, 'eK=9K=g'K .

Therefore, w is one-to-one. Thus, we have proved that % = T*(Gl) :

Theorem 4.7 Let T:G, - P(G,) be a set-valued homomorphism with kernel

K. Then T isa homomorphism from the group G, onto the group T"(G, ),
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where T7(G,) is the set of all subsets of the form T(g,) with g, €G,. For a
subgroup H of T°(G,), let H be defined by, H ={X€Gl‘ T(x)e I—_I}. Then
H is a subgroup of G, and H oK if H is a normal in T(G,) then H is
normal in G,. Moreover, this association setup a one to one mapping from the set
of all subgroups of T*(Gl)onto the set of all subgroups of G, which contains K.
Proof. Let T:G, —»T (G,)= P (G,), H anormal subgroup of T"(G,) and
let H Z{XEGl‘ T(x)e H_}. If xeK then T(x)=T(e)eH, since T(e) is
the identity element of T"(G,) and H is a subgroup of T"(G,), which implies
that xeH. Thus, KcH. Now let x,yeH then T(x),T(y)eH, which
implies that T(xy)=T(x)T(y)eH . Therefore, xyeH. Also, if xeH, then
T(x’l):(T(x))_1 € H.Thatis, x"eH.Hence H isasubgroup of G,. Next if
9,€G,heH, then T(g,"hg,)=T(g,")T(h)T(g,)eH, since T(h)eH
and T(g,)eT (G,) and H isanormal subgroup of T"(G,).  Therefore,

g, 'hg, € H . Thus we have proved that, H is a normal subgroup of G,. Since
KcH, the set valued homomorphism T:G,—P"(G,), induces a

i H -
homomorphism of H onto H. Thus, ?; H . Conversely, let L be a subgroup

N

of G, with K < L and let E:{Ae P (G )‘ A=T(1), for somefeL}. Then

*

it can be seen that L is a sub group of T'(G,). Let H :{yeGl‘ T(y)e E}.
Then, clearly, LcH, since T(¢)eL for some /eL. On the other hand if
heH then T(h)eL. By definitionof L, T(h)=T(¢), forsome ¢eL. Thus,
T(het)=T(MT (M) =T(M[T(O)] =T()[T()] =T(er?) =T(e).
That is, ht™ e K c L. Therefore, heLl =L. Hence H c L , which implies
that H =L.

Theorem 4.8 Let T:G, > P'(G,) be a set-valued homomorphism so that

T:G,»>T(G,) is an onto set-valued homomorphism. Let N be a normal
G
N

*

T(6)

subgroup of T"(G,) and let N I{XEGI‘ T(x)e I\_l}. Then =

~

Equivalently, % ==
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Proof. Define a mapping v : G, - ! (Nel) by w(9,)=NT(g,). Vg, €G,.

=N
Let T(g,)eT (G,). Since T is onto from G, to T"(G,), a typical element

NT(g,) of ! (NGl) is of the form NT (g,)=w(g,). Hence,  is onto.
Now, we have z//(glgl'): NT(glgl')z NT(gl)T(gl')
=NT(g,) NT(gl'), since N is a normal subgroup of T™(G,).

:l//(gl)l//(gl'),for all g, g, €G,.
Hence y is a homomorphism.
Also, K ery :{g1 €G,| w(g,)= N_} :{g1 eGl‘ NT(g,)= N}

={0,€G| T(a)eN} = N.
T (G .
Hence, %; (N_l) By Theorem 4.6, we have T (Gl);%
and by Theorem 4.7, N:E_ Thus, i;w
K N N/K
5 Conclusion

Rough sets are the modern tool for modeling the incomplete information
system. The group is of the most basic algebraic system in which many of the
physical and real world problems are modeled. So, we have considered the
roughness in groups with respect to a set-valued homomorphism T from a group
G, to the set of all non-empty subsets of another group G,. We established the

connection between lower and upper approximations of normal subgroups G, and
G,. We also proved the isomorphism theorem for the set valued homomorphism

of groups. The isomorphism theorem we have proved for groups can be extended
to any algebraic systems. So, we certainly believe that this paper will generate
interest among researchers to extend the results of classical algebraic systems to
the rough algebraic systems.
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