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Abstract

Let (M,g) be an m-dimensional Riemannian manifold. For a point
p ∈ M and an unit vector X ∈ TpM , the Jacobi operator is defined
by JR(X)(·) := R(·,X)X, where R is the curvature operator. The
manifold (M,g) is called pointwise Osserman if, for every p ∈ M , the
spectrum of the Jacobi operator does not depend on the choice of X, and
is called globally Osserman if it depends neither on X, nor on p ∈ M .
In this paper, we give a necessary and sufficient condition such that a
conformal transformation preserves the Osserman condition.
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1 Introduction

Curvature is a fundamental notion in Riemannian geometry. The Jacobi op-
erator is an important tool for studying the curvature. If the Jacobi operator
has constant eigenvalues then the Riemannian manifold is said to be globally
Osserman manifold. The Osserman conjecture states [7] that any globally
Osserman space is two-point homogeneous space.
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The first result on the Osserman conjecture was published before the con-
jecture itself [1]. At present, the Osserman conjecture is proved almost com-
pletely, with the only exception when the dimension of the manifold is 16
and one of the eigenvalues of the Jacobi operator has multiplicity 7 or 8 [6].
The investigation of Osserman manifolds and related fields has been extremely
attractive and fruitful in recent years; we refer to [2, 3, 4], for more details.

A diffeomorphism φ : M → M is called a conformal transformation if there
is a positive function ψ on M such that φ∗g = ψ−2g. In this case we express φ
as φ : (M, ḡ) → (M, g), where ḡ = ψ−2g. The mapping φ is called an isometry
if ψ = 1 and if ψ is constant then φ is called homothety [5]. A classical
theorem of Liouville determines all possible conformal transformation between
the Euclidean space. As a generalization, we call a conformal transformation
φ : (M, ḡ) → (M, g) a Liouville transformation if Ricḡ = Ricg, where Ricg is
the Ricci curvature with respect to g. In [5] they proved that a globally defined
Liouville transformation of a complete Riemannian manifold is a homothety.

2 Preliminaries

2.1 Jacobi operator

Let (M, g) be an m-dimensional Riemannian manifold and R be the curvature
operator. For each unit vector X of the tangent space TpM at p ∈ M , we
consider the Jacobi operator JR(X) : TpM → TpM , defined by

JR(X)Y = R(Y,X)X, (1)

where Y ∈ TpM . The Jacobi operator is a self-adjoint operator. The Jacobi
operator is a useful for understanding the relation between the curvature and
the geometry of a Riemannian manifold (M, g). For instance, the eigenvalues
of the Jacobi operator represent the extremal values of the sectional curvature
of all planes containing X.

The manifold (M, g) is called pointwise Osserman if, for every p ∈ M , the
spectrum of the Jacobi operator does not depend on the choice of X, and is
called globally Osserman if it depends neither on X, nor on p ∈M .

2.2 Conformal changes of metrics

Let g be a Riemannian metric on a manifold M . Any fixed positive function
f on M gives rise to a new metric

ḡ = e−2f · g.
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One then says that g and ḡ are conformally related. For objets naturally
associated with metric g (such as the Levi-Civita ∇, the curvature tensor R,
Jacobi operator JR), we will use the self-explanatory symbols ∇̄, R̄, JR̄ denote
the analogous objects corresponding to ḡ.

Lemma 2.1. Let g and ḡ be two conformally related metrics on an m-
dimensional manifold. Then the Jacobi operators JR of g and JR̄ of ḡ satisfy

R̄(Y,X)X = R(Y,X)X −
[
g(Y,X)∇X∇f − g(X,X)∇Y ∇f

]

−
[
∇2f(Y,X) + (Y f)(Xf) − g(Y,X)g(∇f,∇f)

]
X

+
[
∇2f(X,X) + (Xf)(Xf) − g(X,X)g(∇f,∇f)

]
Y

+
[
(Y f)g(X,X)− (Xf)g(Y,X)

]
∇f, (2)

for all X, Y ∈ TpM .

Proof. The proof follows directly from the following standard formula for
the relation between the two curvature operators of ḡ and g. �

Lemma 2.2. Let ψ := ef . Then

∇2f(X, Y ) + (Xf)(Y f) =
∇2ψ(X, Y )

ψ
. (3)

Lemma 2.3. ( [5]) Two conformally equivalent metrics g and ḡ = ψ−2 · g
satisfy the relation

R̄ic = Ric

if and only the function ψ satisfies the equation

∇2ψ =
Δψ

m
· g and 2ψ · Δψ = m · g(∇ψ,∇ψ).

Proof. The Ricci tensors R̄ic and Ric of ḡ and g satisfy

R̄ic(X,Y ) = Ric(X,Y ) + (m− 2)[∇2f(X, Y ) + (Xf)(Y f)]

+ [Δf − (m− 1)g(∇f,∇f)] · g(X, Y ). (4)

If we assume that R̄ic = Ric, then from (4) we have:

(m− 2)[∇2f(X, Y ) + (Xf)(Y f)] + [Δf − (m− 1)g(∇f,∇f)] · g(X, Y ) = 0.

We write this equation in terms of ψ by using (3) and get

(m− 2)
∇ψ2(X, Y )

ψ
+

[Δψ

ψ
− (m− 1)

g(∇ψ,∇ψ)

ψ2

]
· g(X, Y ) = 0. �
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3 Main Results

Theorem 3.1. Let φ : (M, ḡ) → (M, g), where ḡ = ψ−2g be a conformal
transformation with Ricḡ = Ricg. Then φ preserves Jacobi operators. That is
JR̄ = JR where JR is the Jacobi operator with respect to g.

Proof. At each g-orthonormal frame {u1, · · · , um} on TM , we associate the
ḡ-orthonormal frame {v1, · · · , vm} with ui = e−fvi. Set X = ui, Y = uj with
g(ui, uj) = 1 if i = j and g(ui, uj) = 0 if i �= j. From Lemma (2.1), we have:

g(R̄(uj, ui)ui, uj) = R(uj , ui, ui, uj) +
[
∇2f(uj, uj) + (ujf)(ujf)

]
g(ui, ui)

+
[
∇2f(ui, ui) + (uif)(uif) − g(ui, ui)g(∇f,∇f)

]
g(uj, uj).

e−4fg(R̄(vj, vi)vi, vj) = R(uj, ui, ui, uj) +
[
∇2f(uj, uj) + (ujf)(ujf)

]
g(ui, ui)

+
[
∇2f(ui, ui) + (uif)(uif) − g(ui, ui)g(∇f,∇f)

]
g(uj, uj).

From Lemma 2.2, we have

ψ−2ḡ(R̄(vj , vi)vi, vj) = R(uj , ui, ui, uj) +
∇2ψ(ui, ui)

ψ
+

∇2ψ(uj, uj)

ψ
− g(∇ψ,∇ψ)

ψ2
.

If we assume that R̄ic = Ric, then from Lemma 2.3, we have

ψ−2ḡ(R̄(vj, vi)vi, vj) = R(uj, ui, ui, uj). �

The following proposition is related to the conservation of the Osserman
condition of the initial metric. We have

Proposition 3.2. Let (M, g) be a Riemannian Osserman manifold and φ
a Liouville transformation. Then (M, ḡ = ψ−2 · g) is also a space Osserman
and φ is a homothety.

Proof. The scalar curvatures S̄ and S of ḡ and g respectively satisfy

ψ−2S̄ = S +
2

m

Δψ

ψ
− g(∇ψ,∇ψ)

ψ2
.

From Lemma 2.3, we have:
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S̄ = ψ2 · S.

Since S̄ and S are both constants that are related by S̄ = ψ2 · S, it follows
that ψ is also a constant. This implies that φ is a homothety. �
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ences Mathématiques, AIMS-Sénégal.
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