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1 Introduction

The Mock theta functions appeared in Ramanujan’s last letter to G.H. Hardy
in January 1920 and he quoted "I discovered very interesting functions recently
which I call 'Mock’ #-functions. Unlike the ’false’ #-functions they enter into
mathematics as beautifully as the ordinary #-functions”. The first detailed
description of these functions was given by G.N. Watson [5] in 1935, in his
presidential address to the London mathematical society. Many facet of these
Mock theta functions are being investigated by the mathematicians working
in the field of basic hypergeometric functions, specially works of R.P. Agarwal
(13, 14], G.E. Andrews [6], R.Y. Denis and S.N. Singh [15], Remy Y. Denis,
S.N. Singh and S. Ahmad Ali [16], Remy Y. Denis, S.N. Singh and S.P. Singh
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[17, 18], A.K. Srivastava [1], B.Srivastava [2, 3], M. Pathak and P. Srivastava
9], Pankaj Srivastava and Anwar Jahan Wahidi [10], and etc have shown that
the theory of Mock theta function can be best studied through the basic hy-
pergeometric functions.

Generating functions were first introduced by *Abraham de moivre’ [4] in 1730.
According to Herbert Wilf [7] 7 A generating function is a clothesline on which
we hang up a sequence of numbers for display”. Generating functions play an
important role in the investigation of various useful properties and can also be
used with good effect for the determination of asymptotic behavior.

Some g- generating functions connected with basic multiple hypergeometric se-
ries have been given by Themistocles M.Rassias, S.N.Singh and H.M.Srivastava
[20]. In view of the importance and usefulness of the generating functions, we
have extended the idea of generating functions for the Mock theta functions.
The generating functions for Mock theta functions will provide a new platform
for further investigation.

Recently, B. Srivastava [2, 3] has defined generalized functions for mock theta
functions of order two and order ten and authors [11] have also introduced
generalized function for mock theta function of order two given by Hikami.
In the present article, we have established certain generating functions for par-
tial mock theta functions of order two and order ten by making use of identity
due to Srivastava [1].

2 Definitions and Notations

We shall use the following g-symbols:
For [¢| <1 and |¢"| < 1,

(a;q)n = nf[l(l —aq®), n> 1.
L

(a5q")n = 51:[0(1 —aq™), n > 1.

(a;9)0 =1, (a;¢")o = 1.

(@90 = 10_0[0(1 —aq™).

A generalized basic hypergeometric function with base q is defined as:

a1, a9, ..., 0 q, 2 > a1;q)n---(ar; q)n in(n—1)/2 n
o MR | = 3 e ez, ()
1,02,...,05;4 n=0 (bh(J)ny (b57Q)n(q; Q)n

and the series on the right hand side of (1) converges for |¢| < 1, |2| < oo and
lq| < 1,]z| < 1, when i = 0.
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Also,

m

4 a1, A2, - - Ar; G, 2 _ Z (a1; @n--(ar; @)n in(n—1)/2 n
L bibesbsd | = (b @)y - (s @)n(a5 @) ’
denotes partial sum of the generalized basic hypergeometric series.
Definitions and notations of mock theta functions that shall be used in our
analysis are as:
Mock theta function of order two:
MeclIntosh [12] defined following mock theta functions of order two:

0o (n+1)2 2 0o L (n+1)(_ 2.2
q (—¢:¢*)n "% )
Alg) =) =>

= (@q )n+1 = (@G P)an
n=0 (q q )n+1 n=0 (q;q2)n+1 ’

i (=1)"q" (4:4)n
n=0 (_q2a q2>72’b
and Hikami [8] gave the following Mock theta function of order two:

p(q) =

= 0" (=4 Dn
Ds(q) = > ————.
@ nz::o U
Mock theta functions of order ten:
Mock theta functions of order ten defined by Ramanujan [19] as:

) n+1)/2

n(
slg)=> &

= (@41
00 (nt1)(n+2)/2

v ZW

% n?
- C]
Z

n:o —dq,; Q)2n
(—1)gn
) = z:%) (= @)2nt1 '

If F(q) =32, f(g;n) is a mock theta function, then the corresponding partial
mock theta function is denoted by the truncated series F,(q) = >0 _, f(q; n).

3 Known Results

In order to establish our main results, we shall use the following known results:
Srivastava [1] has established the following identity:

n n n

m n—1 T
Z&TZ(Sm:Z(SmZCszLZQTHZ(Sm. (2)
r=0 m=0 m=0 r=0 r=0 m=0
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B. Srivastava [2]| defined the following generalized functions for mock theta
functions of order two:

1 & (B q)n(—q; ¢2)pg Tt

Ak, ) = (k5 @)oo 2

(3)

"0 (:6%)2 41
1 & (k5 )n(—¢% qP)ng™ e
B(k,a) = . 4
(k, ) (k; Q)oonzz:o (456%)2 14 @)

I D@ 4)u(=1) g )
(k§ Q>oo n—0 (_q2; q2)721
Recently, authors [11] have introduced generalized function for mock theta

function of order two given by Hikami and developed its properties. The
generalized function is as:

pu(k, o) =

1 & (B (=4 0)ng™
D5(k7 Oé) N (kS Q)oo nz::() (QS q2)n+1 . (6>

For £k =0 and o = 1, these functions reduce to mock theta functions of order
two viz. A(q), B(q), pu(q) and Dj(q) respectively.

We have used the following generalized functions for mock theta functions of
order ten given by B. Srivastava [3] as:

1 00 (k’, q)nqn(nfl)/2+na

o) = g &

0 n=0 (¢ ¢*)ns1

(7)

1 ) k, q nqn(n+1)/2+na
blboo) = o 3 .

0 =0 (¢ 4®)nt

(8)

1 [e%¢) (k,;q)n(_l)nan—n—&—na

Xk o) = s &

= (=4 9)2n

(9)

1 e’} (k;q)n(_l)nqn2+n+na

k@) = (k;q) 2

10
00 1p=0 (_Q;Q)Qn—i—l ( )

For k = 0 and a = 1, these functions reduce to mock theta functions of order

ten viz. ¢(q),v(q), X(q) and x(q) respectively.

Taking the partial sum of the above functions from 0 to r, we get generalized

functions for partial mock theta functions of order two A, (k, o), B,.(k, ), p,(k, &), Ds,.(k, &)
and order ten ¢, (k, ), ¥ (k, ), X,.(k, ), x»(k, &) respectively.
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4 Main Results

In this section, we shall establish the generating functions for the partial mock
theta functions of order two and order ten respectively.

The identity (2) has been used to develop our main results and for o, = 2",
identity (2) yields

n n—1 T n
Y O A (1 =2)) 2" =D 0n2™, 2] <L (11)
m=0 r=0 m=0 m=0
4.1 Generating function for partial mock theta func-
tions of order two:

2
(k@) m (—q3¢>)mg™ TmlatD+1 .

(a) If we take 4, = 1= n (11) and after simplifica-

(5:9) 0 [ E
tion, we get
q
2"Ap(k,a) + (1 — 2z Ak, @)
rzo T (1= 92(k; 9

" [ kyi\/Q, —i/T, @ G, ¢z ] . (12)

q3/2 q3/2 3/2 . —q /2;q

Taking the limit n — oo, (12) yields the following generating function for
partial generalized mock theta function of order two A, (k, «).

1 ki@, —iy/a, 0,4z ]S,
A k & zZ .
Z RCETECTING, l ¢ =", 4", —¢**: ¢ Z:%

3 ’ 1 T, =T, 60, 6% | o~
;::oAT(Q)z = (1 — q)Q 304 [ q3/2,—21/3;2,q3>é,_—q3/2' 2 LZ:OZ . (13)

4

Where A,(q) is the partial mock theta function of order two and (13) is the
generating function for A.(q).

2 mao
(b) If we take §,, = ( L (i) (=% )mg™ 7% ) (11) and after simplification,

k;q)co (6:9%)7 41
we get
n—1 1
2"Bp(k,a) + (1 -z B, (k,«a)z"
rzo T (1= 92k 9
kai ) —1 1454, (OH_I)Z
b4 4, —4,4:49,9 ' (14)

P = PR =2 ¢
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Taking the limit n — oo, (14) yields the following generating function for
partial generalized mock theta function of order two B, (k, a).

3 1 kyiq, —iq,q;q, 4% | ¢
BT k,Od ZT = ) ’ [ S 3 Zr.
rz:;) ) (EmECm [ ¢ = ¢ =% ¢ Z%

Taking k£ = 0 and o = 1, we get

1 iq, =i, 4; ¢, °% | =
) ) ) ) 27" 15
5 304 l TV V. S ;::o (15)

;Br(q)zr RRCETIE

—q)
Where B,(q) is the partial mock theta function of order two and (15) is the
generating function for B, (q).

m m2_m mao
(c) If we take 6, = (k;)oo (k;q)m(q;q?:";;;g))zq M in (11) and after simplifica-
tion, we get

n—1 1

2" (k@) + (1 — 2) Z%Mr(k, a)z" = (k; q) oo

iq, —iq, iq, —iq; ¢*

Taking the limit n — oo, (16) yields the following generating function for
partial generalized mock theta function of order two pu,(k, ).

= 1 kal 7_. 7;7_04 S r
S ks = b [ VI RS
r=0 r=0

(k; @)oo iq, —iq,iq, —iq; ¢*

Taking £ = 0 and o = 1, we get

S (@) = 56 l W =G 49, —a2 ] e (7
r=0 r=0

1q, —1q,1q, —1q; q

Where (1,(q) is the partial mock theta function of order two and (17) is the
generating function for u,(q).

d) If we take 4, = Lt Fdn(CaOnd™ 5, (11) and after simplification, we
‘ (k3000 (©:¢*)m+1
ge

n—1 1

Z"Dsp(k,a) + (1 —2) Y Dy, (k,a)2" = W, 034,472 ] (18)
r=0 n

(1—q)(k; q)oo3¢2 l @2, —¢*?

Taking the limit n — oo, (18) yields the following generating function for
partial generalized mock theta function of order two Ds,.(k, ).

. 1 k,q,—q;q,9°% .
Ds. (ko) = ———— NP 2",
;) sr(k: @) (1- q)(k;q)oog@ [ % —g*? Z:%
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Taking £k =0 and a = 1, we get
[e.e] , : > o0 ,
ZD5T(Q)Z = 202 l q b 3q/2 ] Zz . (19>
r=0 (1 - ) ’ r=0

Where Ds,.(q) is the partial mock theta function of order two and (19) is the
generating function for Ds,(q).

4.2 Generating function for partial mock theta func-
tions of order ten:

(a) If we take 4, =& ;) (k;q)m(té'.r;;*;—z/?m/a in (11) and after simplification, we
get
1 k,q;4,q%=
2o (k,a)+ (1 —2) ) op(k,a)z —qﬁ[ T (20
(k. ) + Z TP T Sl N LV )

Taking the limit n — oo, (20) yields the following generating function for
partial generalized mock theta function of order ten ¢,(k, «).

1 k,a:4,4%% |+
Qbr k‘ OZ - ¢ [ s 4y 4y ‘| o7
Z T (1 )k 0w ¢*? —q*?%q EZ:O
Taking k£ = 0 and o = 1, we get
- 1 992 |+
()7 = —— Z". 21
1;)¢ (q) 1-9q) 102 [ P2, % g ] TZ:% (21)

Where ¢,(q) is the partial mock theta function of order ten and (21) is the
generating function for ¢,(q).

_ 1 (kiQmgmUmt D/ Zme
(b) If we take 4y, = (k) oo (6:¢*)m+1
get

n (11) and after simplification, we

a+1)

) 1 k.q;:q,q
2" Pn(k, @) + (1 - 2) Z%k@ m@l ¢**, —¢*%q

Taking the limit n — oo, (22) yields the following generating function for
partial generalized mock theta function of order ten ¢, (k, a).

L (22)

1

k,q;q,q
(K, _—
Z¢ a (1 —q)(k q) 202 l q3/2,—q3/2;q

(at1)

Taking £ = 0 and o = 1, we get

o0 1 o0
00 = i 10| o BEAT |3 )
r=0 ’

4 r=0
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Where ,.(q) is the partial mock theta function of order ten and (23) is the
generating function for ¢, (q).

1 (k) m
(c) If we take d,, = To= ot
we get

(_l)mqm —m+ma

in (11) and after simplification,

(S 1 K, q; 4, —q"
"X (k) + (1—2) 3 X, (k A (24
z ( C() ( 2)72 ( C() (k q) [Zﬂ, —Z\/é,lq,—lq;(f ]n ( )

Taking the limit n — oo, (24) yields the following generating function for
partial generalized mock theta function of order ten X,.(k, «).

ZX ()7 = 2) llf —W]f qu’q’_zq(f 5 B_ojz

r=0

Taking k£ = 0 and o = 1, we get

r=0

i;oxr@zr [ T i/ i i ¢ ]i (25)

Where X, (q) is the partial mock theta function of order ten and (25) is the
generating function for X,.(q).

m m2 m-+mao
(d) If we take 6, = (k.;) (k;Q)mE:;)q)gm; " in (11) and after simplification,
we get

n—1 1

O (e )
Zan(k,a> 1—2 ZXT k a kaQa q, —q z

T U+ ke | ivE —ivaig, —ig; ¢

Taking the limit n — oo, (26) yields the following generating function for
partial generalized mock theta function of order ten y..(k, «).

1 k7 q (a+2) 0 .,
»4)oo 1\/4q, —1/q, 19, —iq; q =

Taking £k =0 and o = 1, we get

;7_32 Oor
| . L b Y (27)

;XT(Q) iv/Q, —i\/Q,1q, —iq; q =

(1+Q)

Where x,(q) is the partial mock theta function of order ten and (27) is the
generating function for y,(q).

(26)
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