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Abstract

The concept of I-convergence was introduced by Kostyrko et al (2001).It

seems therefore reasonable to investigate the concept of I -convergence for the

double sequences in 2-normed spaces.In this article we define and investigate

ideal analogue of convergence for double sequences in 2-normed space and so we

extend this concepts to I2-limit points and I2-cluster points in this spaces.We

prove some basic properties.
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1. Introduction

The notion of statistical convergence was introduced first by Fast[7].The idea of

I-convergence was introduced by Kostyrko et al (2001) and also independently

by Nuray and Ruckle (2000) , as a generalization of statistical convergence
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(Fast (1951), Schoenberg(1959)).

Very recently some works on I-convergence of double sequences have also been

done (see [5,6,21,27]) . The concept of linear 2-normed spaces has been in-

vestigated by Gâhler in1960’s [11,12] and has been developed extensively in

different subjects by others[3,14,23,25].Note that the notion of the statisti-

cal convergence for the double sequences in 2-normed spaces was introduced

in papers [24] .It seems therefore reasonable to investigate the concept of I-

convergence for the double sequences in 2-normed spaces.

Throughout this paper N will denote the set of positive integers. Let (X, ‖.‖)
be a normed space. Let E be subset of positive integers N and j ∈ N.The quo-

tient dj(E) = card(E
⋂{1, ..., j})/j is called the j’th partial density of K.Note

that dj is a probability measure on P(N), with support {1, ..., j}[2,4,7,24].

The limit d(E)=lim j→∞dj(K) is called the natural density of E ⊆ N(if exists).

Clearly, finite subsets have natural density zero and d(Ec) = 1 − d(E) where

Ec = E − N , i.e., the complement of E [2,27].

Recall that a sequence (xn)n∈� of elements of X is said to be statistically con-

vergent to l ∈ Xif the setA(ε)={n ∈ N : ‖xn − l‖ ≥ ε}has natural density zero

for each ε > 0 in other words for each ε > 0,

lim
n

1

n
card({k ≤ n : |xk − l| ≥ ε}) = 0

and x=(xn)n∈� is called to be statistically Cauchy sequence if for each ε > 0

there exists a number N = N(ε) such that

lim
n

1

n
card({k ≤ n : |xk − xN | ≥ ε}) = 0

The convergence of a double sequence introduce by many manner[4,21,22].

By the convergence of a double sequence we mean the convergence in Pring-

sheim’s sense [22]. A double sequence x=(xjk)j,k∈� is called to be convergent in

the Pringsheim’s sense if for each ε > 0 there exist a positive integer N = N(ε)

such that for all j, k ≥ N implies |xjk − l| < ε . L is called the Pringsheim

limit of x.

Let A ⊆ N×N be a set of positive integers and let A(n, m) be the numbers

of (j, k) in A such that j ≤ n and k ≤ m. Then the two-dimensional concept

of natural density can be defined as follows.

The lower asymptotic density of a set A ⊆ N × N is defined as

d2(A) = lim inf
n,m

A(n, m)

nm
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If the sequence (A(n,m)
nm

)n,m∈� has a limit in Pringsheim’s sense then we say

that A has a double natural density and is defined as

d2(A) = lim
n,m

A(n, m)

nm

Next we recall the following definition ,where Y represents an arbitrary set.

Definition 1.1. A family I ⊆ P(Y ) of subsets a nonempty set Y is said to

be an ideal in Y if:

i) ∅ ∈ I
ii) A, B ∈ I implies A

⋃
B ∈ I

iii) A ∈ I, B ⊆ A implies B ∈ I
I is called a nontrivial ideal if X /∈ I.

Definition 1.2. Let Y �= ∅.Anon empty family F of subsets of Y is said to

be a filter in Y provided:

i) ∅ ∈ F.

ii) A, B ∈ F implies A ∩ B ∈ F.

iii)A ∈ F, A ⊆ B implies B ∈ F.

If I is a nontrivial ideal in Y ,Y �= ∅,then the class

F (I) = {M ⊂ Y : (∃A ∈ I)(M = Y − A)}
is a filter on Y ,called the filter associated with I.

Definition 1.3. A nontrivial ideal I in Y is called admissible if {x} ∈ I for

each x ∈ Y.

Definition 1.4. A nontrivial ideal I in N × N is called strongly admissible if

{i} × N and N × {i} belong to I for each i ∈ N.

It is evident that a strongly admissible ideal is admissible also.

Let I0={A ⊂ N × N : (∃m(A) ∈ N)(i, j ≥ m(A) ⇒ (i, j) ∈ N × N − A)}.
Then I0 is a nontrivial strongly admissible ideal and clearly an ideal I is

strongly admissible if and only if I0 ⊆ I.[5]

Let I ⊆ P(N) be a nontrivial ideal in N.The sequence (xn)n∈� in X is said

to be I-convergent to x ∈ X, if

for each ε > 0 the set A(ε)={n ∈ N : ‖xn − x‖ ≥ ε} belongs to I [1,17,19].

2. Preliminary Notes

The concept of I-convergence of double sequences in metric spaces X is

defined as follow.
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Definition 2.1. A double sequence x=(xjk)j,k∈� of elements of X is said to

be I-convergent to l ∈ X if for every ε > 0 we have A(ε) ∈ I,

where A(ε)={(m, n) ∈ N × N : ρ(xmn, l) ≥ ε}and we write it as

I − lim
m,n

xmn = l

The notion of linear 2-normed spaces has been investigated by Gâhler in1960’s

[11,12] and has been developed extensively in different subjects by others[3,14,23].

Let X be a real linear space of dimension greater than 1,and ‖., .‖ be a non-

negative real-valued function on X × X satisfying the following conditions:

G1)‖x, y‖ = 0 if and only if x and y are linearly dependent vectors.

G2) ‖x, y‖ = ‖y, x‖ for all x, y in X.

G3)‖αx, y‖ = |α|‖x, y‖ where α is real

G4)‖x + y, z‖ ≤ ‖x, z‖ + ‖y, z‖ for all x, y, z in X

‖., .‖ is called a 2-norm on X and the pair (X, ‖., .‖) is called a linear 2-

normed space. In addition, for all scalars α and all x, y, z in X, we have the

following properties :

1)‖., .‖ is nonnegative.

2)‖x, y‖ = ‖x, y + αx‖
3)‖x − y, y − z‖ = ‖x − y, x − z‖

Some of the basic properties of 2-norm introduce in [23].

As an example of a 2-normed space we may take X = R
2 being equipped with

the 2-norm ‖x, y‖ := the area of the parallelogram spanned by the vectors x

and y, which may be given clearly by the formula

‖x, y‖ = |x1y2 − x2y1| , x = (x1, x2) y = (y1, y2)(2.1)

Given a 2-normed space (X, ‖., .‖), one can derive a topology for it via the

following definition of the limit of a sequence: a sequence (xn)n∈� in X is said

to be convergent to x in X if limn→∞ ‖xn − x, z‖ = 0 for every z ∈ X .This

can be written by the formula:

(∀z ∈ Y )(∀ε > 0)(∃n0 ∈ N)(∀n ≥ n0) ‖xn − x, z‖ < ε

We write it as

xn
‖.,.‖X−−−→ x

Definition 2.2. A sequence (xn)n∈� is a Cauchy sequence in a 2-normed space

(X, ‖., .‖) if limn,m ‖xn − xm, z‖ = 0 for every z ∈ X.

Recall that (X, ‖., .‖) is a 2-Banach space, if every Cauchy sequence in X is

convergence to some x ∈ X.
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Definition 2.3. Let (X, ‖., .‖) be 2-normed space and x ∈ X.We say that x

is an accumulation point of X if there exists a sequence (xn)n∈� of distinct

elements of X such that xk �= x (for any k) and xn
‖.,.‖X−−−→ x

Lemma 2.4. [15]Let v = {v1, ..., vk} be a basis of X. A sequence (xn)n∈� in

X is convergent to x in X if and only if limn→∞ ‖xn − x, vi‖ = 0 for every

i = 1, ..., k. We can define the norm ‖.‖∞ on X by

‖x‖∞ := max{‖x, vi‖ : i = 1, ..., d = k}
Associated to the derived norm ‖.‖∞, we can define the(open) balls

Bv1,v2,...,vn(x, r)=Bv(x, r) centered at x having radius r by

Bv(x, r) := {y : ‖x− y‖∞ < r}
Lemma 2.5. [15]A sequence (xn)n∈� in X is convergent to x in X if and only

if limn→∞ ‖xn − x‖∞ = 0

Example 2.6. Let X = R
2 be equipped with the 2-norm ‖x, y‖:= the area

of the parallelogram spanned by the vectors x and y, which may be given

explicitly by the formula

‖x, y‖ = |x1y2 − x2y1| , x = (x1, x2) y = (y1, y2)

Take the standard basis {i, j} for R
2 .

Then, ‖x, i‖ = |x2| and ‖x, j‖ = |x1|, and so the derived norm ‖.‖∞ with

respect to {i, j} is

‖x‖∞ = max{|x1|, |x1|}, x = (x1, x2)

Thus, here the derived norm ‖.‖∞ is exactly the same as the uniform norm on

R
2.Since the derived norm is norm,it is equivalent to Euclidean norm on R

2 .

3. I2-limit points and I2-cluster points in 2-normed spaces

In [13] , the concepts of an ordinary limit points and I-limit points for a

single sequences was generalized in 2-normed spaces.

In this section ,we define I2-convergence for double sequence in 2-normed spaces

and so we extend this concepts to I2-limit points and I2-cluster points in this

spaces.For the following definition we were inspired by Pringsheims [22]

Definition 3.1. Let x=(xjk)j,k∈� be a double sequence in 2-normed space

(X, ‖., .‖).A double sequence x=(xjk)j,k∈� is said to be convergent to l ∈ X if
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(∀z ∈ X)(∀ε > 0)(∃N ∈ N)(∀j, k ≥ N) ‖xjk − l, z‖ < ε

We write it as

xjk
‖.,.‖X−−−→ l

A double sequence x=(xjk)j,k∈� is said to be bounded if for each nonzero

z ∈ X and for each j, k ∈ N there exists M > 0 such that ‖xjk, z‖ < M .

Note that a convergent double sequence need not be bounded.

Now we define the I2 and I∗
2 -convergence for double sequence x=(xjk)j,k∈�

as follows:

Definition 3.2. A double sequence x=(xjk)j,k∈� in 2-normed space (X, ‖., .‖)
is said to be I2-convergence to l ∈ X,if for all ε > 0 and nonzero z ∈ X,the set

A(ε) = {(j, k) : ‖xjk − l, z‖ ≥ ε} ∈ I2

In this case we write it as

I2 − lim
j,k

xjk = l

Remark 3.3. Put Id= {A ⊂ N × N : d2(A) = 0} . Then Id is an admissible

ideal in N × N and Id2-convergence becomes statistical convergence[24].

Remark 3.4. Not that if I is the ideal I0 then I2-convergence coincide with the

usual convergence(Definition 3.1).

Remark 3.5. If x=(xjk)j,k∈� is I2-convergent,then (xjk)j,k∈�need not be con-

vergent .Also it is not necessarily bounded.This actuality can be seen from the

next example.

Example 3.6. Let (X, ‖., .‖) be 2-normed space introduced in Example 2.6

and the x=(xjk)j,k∈� be defined as

(1,1) otherwise

and let l = (1, 1).

Then for every ε > 0 and z ∈ X

{(j, k), j ≤ n, k ≤ m : ‖xjk−l, z‖ ≥ ε} ⊆ {1, 4, 9, 16, ..., j2, ...}×{1, 4, 9, 16, ..., k2, ...}.
Hence

the cardinality of the set {(j, k), j ≤ n, k ≤ m : ‖xjk − l, z‖ ≥ ε} ≤ √
j
√

k for
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each ε > 0.

This implies d2({(j, k), j ≤ n, k ≤ m : ‖xjk − l, z‖ ≥ ε}) = 0 for each ε > 0

and z ∈ X.We have

Id2 − lim
j,k

xjk = l

.

But x=(xjk)j,k∈� is neither convergent to l nor bounded.

Remark 3.7. The following corollary can be verifies that if x=(xjk)j,k∈� be

I2-convergent to l ∈ X, then l is determined uniquely.

Corollary 3.8. let x=(xjk)j,k∈� is a convergent double sequence in 2-normed

space (X, ‖., .‖) and l1, l2 ∈ X.If I2-limj,k ‖xjk − l1, z‖ = 0 and

I2-limj,k ‖xjk − l2, z‖ = 0 then l1 = l2.

proof:Let l1 �= l2,hence there exists z ∈ X such that 0 �= l1 − l2 and z are

linearly independent.Put

‖l1 − l2, z‖ = 2ε, withε > 0

Now

2ε = ‖l1 − xjk + xjk − l2, z‖ ≤ ‖xjk − l1, z‖ + ‖xjk − l2, z‖
Therefor

{(j, k) : ‖xjk − l2, z‖ < ε} ⊆ {(j, k) : ‖xjk − l1, z‖ ≥ ε} ∈ I

Hence {(j, k) : ‖xjk − l2, z‖ < ε} ∈ I that is contradict with nontrivial I.

Corollary 3.9. If (xjk)j,k∈�,(yjk)j,k∈� be double sequences in 2-normed space

(X, ‖., .‖) and I2-limj,kxjk = a,I2-limj,k yjk = b then

(i)I2-limj,k xjk + yjk = a + b

(ii)I2-limj,k αxjk = αa ,where α ∈ R

proof(i):Let ε > 0. For each nonzero z ∈ X we have

{(m, n) ∈ N×N : ‖(xmn+ymn)−(a+b), z‖ ≥ ε} ⊆
(
{(m, n) ∈ N×N : ‖xmn−a, z‖ ≥ ε

2
}

⋃{(m, n) ∈ N × N : ‖ymn − b, z‖ ≥ ε
2
}
)
∈ I

Hence {(m, n) ∈ N×N : ‖(xmn +ymn)−(a+b), z‖ ≥ ε} ∈ I and the statements

is follows.

(ii)The statement is an easy consequence of (i)
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Definition 3.10. Let K ⊆ N×N such that for each (j, k) ∈ N×N there exists

(m, n) ∈ K such that (m, n) > (j, k) with respect to the dictionary ordering.If

x = (xjk)j,k∈� is a double sequence in X, then we call

(x)K = {xmn : (m, n) ∈ K}as a subsequence of (xjk)j,k∈�.

Definition 3.11. An element l ∈ X is said to be limit point of a double

sequence (xjk)j,k∈� in 2-normed space (X, ‖., .‖) if there exists a subsequence

of x which is convergent to l.

Example 3.12. Let (X, ‖., .‖) be 2-normed space introduced in Example 3.6

and the x=(xjk)j,k∈� be defined as

(1,k) otherwise

and let l = (1, 1).

We put K = {(m, m) : m ∈ N}. Then (x)K is subsequence of x = (xjk)j,k∈�
and l = (1, 1) is a limit point of a double sequence (xjk)j,k∈�.

Definition 3.13. Let x = (xjk)j,k∈� be adouble sequence in 2-normed space

(X, ‖., .‖). An element l ∈ X is said to be an I2-limit point of (xjk)j,k∈� if

there exists a set M = {(mj , mk) : j, k ∈ N} ⊆ N × N such that M /∈ I and

limmj ,mk
xmjmk

= l

We now introduce the notations L2
x and I(Λ2

x) to denote the set of all limit

points and I-limit points of (xjk)j,k∈� respectively.

Example 3.14. If we consider double sequence (xjk)j,k∈� introduced in Ex-

ample(3.12)and I = {A ⊂ N × N : d2(A) = 0} then I(Λ2
x) = ∅.

Otherwise,there exists M = {(mj , mk) ∈ N×N : j, k ∈ N} such that d2(M) > 0

By definition x = (xjk)j,k∈� we have mj �= mk ⇒ xmjmk
= (1, mk)

and

‖xmj ,mk
− β‖∞=max{|1 − b1|, |mk − b2|} where β=(b1, b2).

If mj = mk ⇒ xmjmk
= (1, 1)

and

‖xmj ,mk
− β‖∞=max{|1 − b1|, |1 − b2|}
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On other word d2(M) = limm,n
M(m,n)

mn
> 0

Hence lim ‖xmjmk
− β‖∞ �= 0.

We show in Example 3.12 and 3.14 that in general, L2
x and I(Λ2

x) may be

quit deferent.

Definition 3.15. An element α ∈ X is said to be an I2-cluster point of a

double sequence x = (xjk)j,k∈� in 2-normed space (X, ‖., .‖) if for each ε > 0

and nonzero z ∈ X the set {(j, k) : ‖xjk − α, z‖ < ε} /∈ I.

We denote the set of all I2-cluster points of x by I(Γ2
x).

Theorem 3.16: Let I be a strongly admissible ideal.Then for any double

sequence x = (xjk)j,k∈� in (X, ‖., .‖) we have I(Λ2
x) ⊆ I(Γ2

x).

proof: Let α ∈ I(Λ2
x). Then there exists a set

M = {(mi, mj) ∈ N × N : j, k ∈ N}
such that

limmj ,mk
‖xmjmk

− α, z‖ = 0 for each z ∈ X. (1)

Let ε > 0.By(1)there exists n0 ∈ N such that:

for all mj , mk ≥ n0 we have ‖xmjmk
− α, z‖ < ε for each nonzero z ∈ X.

So,for each nonzero z ∈ X we have

{(j, k) : ‖xjk−α, z‖ < ε} ⊇ M\{(mj , mk) : either mj ≤ n0 − 1 or mk ≤ n0 − 1}.
Since I is strongly admissible,so

{(j, k) : ‖xjk − α, z‖ < ε} /∈ I for each z ∈ X

This implies α ∈ I(Γ2
x) ,which completes the proof.

Corollary 3.17: Let (X, ‖., .‖) be finite dimensional 2-normed space and

I ⊂ N × N be a admissible ideal.Then for each double sequence x = (xjk)j,k∈�
in (X, ‖., .‖) the set I(Γ2

x)is closed in X.

proof:Let y ∈ I(Γ2
x). Put ε > 0 then there exists l ∈ I(Γ2

x)
⋂

Bv(y, ε). Choose

δ > 0 such that Bv(l, δ) ⊆ Bv(y, ε). Hence we have

{(m, n) ∈ N×N : ‖y−xmn, z‖ < ε} ⊇ {(m, n) ∈ N×N : ‖l−xmn, z‖ < δ} /∈ I

Therefor {(m, n) ∈ N × N : ‖y − xmn, z‖ < ε} /∈ I and y ∈ I(Γ2
x).

Corollary 3.18: Let (X, ‖., .‖) be 2-normed space and M2
2 be the set of all

bounded double sequence of X with norm

‖x‖ = supm,n‖xmn, z‖ for each z ∈ X, where x = (xmn)m,n∈�
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Then M2
2 is a norm linear space.

Theorem 3.19:Let (X, ‖., .‖) be a 2-Banach space.If I be a nontrivial ad-

missible ideal of N × N and M2
I denoted the set all bounded I2-convergent

double sequences of X then the set M2
I is a closed linear subspace of the norm

linear space M2
2.

proof: From Corollary(3.9) we see that M2
I is a linear subspace of M2

2.

Therefor we only show that M2
I is closed in M2

2.

Let xp ∈ M2
I (p = 1.2, ...) and limp ‖xp−x, z‖ = 0 for each z ∈ X and x ∈ M2

2.

We clime that x ∈ M2
I .

Since xp ∈ M2
I ,for each p there exists an element ap ∈ X such that

I2-limm,n xp
mn = ap (p = 1, 2, ...) , where xp = (xmn)m,n∈�.

We now prove the following statements:

(i)There exists a ∈ X such that ap
‖.,.‖X−−−→ a.

(ii)I2-limm,n xmn = a, where x = (xmn)m,n∈�.
The result will then follows from (i) and (ii).

Proof of (i):

We have xp ‖.,.‖X−−−→ x ∈ m2. Hence, for each ε > 0 and z ∈ X,there exists

n0 ∈ N such that, for each q ≥ r ≥ N0, we have,

‖xq − xr, z‖ < ε
3

Now since xq, xr ∈ m2
I , so I2-limm,n xq

mn = aq and I2-limm,n xr
mn = ar.

Therefore

Aq = {(m, n) ∈ N × N : ‖xq − aq, z‖ < ε
3
} ∈ F (I) for each z ∈ X

Ar = {(m, n) ∈ N × N : ‖xr − ar, z‖ < ε
3
} ∈ F (I) for each z ∈ X

Then Ar ∩Aq ∈ F (I). Since I is nontrivial and admissible so Ar ∩Aq must be

infinite set.Choose (m0, n0) ∈ Ar ∩ Aq and therefore,for each z ∈ X

‖xq
m0n0

− aq, z‖ < ε
3

and ‖xr
m0n0

− ar, z‖ < ε
3

Hence

for each z ∈ X and q ≥ r ≥ N0 we have,

‖aq − ar, z‖ ≤ ‖aq − xq
m0n0

, z‖ + ‖xq
m0n0

− xr
m0n0

, z‖ + ‖xr
m0n0

− ar, z‖ < ε

So (ap)p∈� is a Cauchy sequence in 2-Banach space X and so it must converge

to an element a ∈ X. Hence ap
‖.,.‖X−−−→ a.

Proof of (ii):

Let δ > 0.Since xp ‖.,.‖X−−−→ x there exists q ∈ N such that

‖xq − x, z‖ <
δ

3
for each z ∈ X(3.1)
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The number q can be chosen in such a way that together with (3.1) the in-

equality ‖aq − a, z‖ < δ
3

for each z ∈ X also holds.

Because I2-limm,n x
(q)
mn = aq,hence

Aq = {(m, n) ∈ N : ‖xq
mn − aq, z‖ < δ

3
} ∈ F (I) for each z ∈ X.

Now for each (m, n) ∈ Aq we have:

‖xmn − a, z‖ ≤ ‖xmn − x
(q)
mn, z‖ + ‖x(q)

mn − aq, z‖ + ‖aq − a, z‖ < δ
3

+ δ
3

+ δ
3

< δ

Hence

Aq = {(m, n) ∈ N × N : ‖xmn − a, z‖ < δ} ∈ F (I) for each z ∈ X

This implies that:

{(m, n) ∈ N × N : ‖xmn − a, z‖ ≥ δ} ∈ I for each z ∈ X

Therefore I2-limm,n xmn = a. This completes the proof of the theorem.
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