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On the Third Order Rational Difference Equation
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Abstract

In this paper we will give the solutions of the rational difference equa-
. _ Tn Tp—2 _ ey
tion xp41 = pomy (e ey E U 0,1, ...Where initial values xg , z_1,
and x_o are nonnegative real numbers with bxg x_9 # —aand z_1 # 0
. Moreover we investigate some properties for this difference equation

such as the local stability and the boundedness for the solutions .

Mathematics Subject Classification: 39A10

Keywords: stability, boundedness, solvability, periodic

1 Introduction

Recently there has been a lot of interest in studying the boundedness charac-
ter and the periodic nature of nonlinear difference equations. For some results
in this area, see for example [1-11]. Difference equations have been studied in
various branches of mathematics for a long time. First results in qualitative
theory of such systems were obtained by Poincaré and Perron in the end of
nineteenth and the beginning of twentieth centuries. The systematic descrip-
tion of the theory of difference equations one can find in books [1,6,10].
Cinar [5]gave that the solution of the difference equation

Tn—1

Tyl = —— .
-1+ TpTn—1

Karatas et al.[8] gave that the solution of the difference equation

Tn—5

Tpy1 =
I+ Tp—2Tn—5
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Alogeili [2] has obtained the solutions of the difference equation

o Tn—1
Tpt1 = )
a— TpTp-1q

In this paper we will give the solutions of the rational difference equation

Tp Tp—2

l‘n—l(a + bxn xn—2) ’

(1)

Tnt1 =

n = 0, 1, ..where initial values zy , x_;, and x_5 are nonnegative real num-
bers with bz x_9 # —a and z_; # 0. Moreover we investigate some properties
for this difference equation such as the local stability and the boundedness for
the solutions .

2 Solvability of the difference eq(1) when a =
1, b=1:

The following theorem give the solution of the difference equation

T Tp—2

l‘n—l(]- + Ty, xn—2)

T+l = (*>
Theorem 1 Suppose that {x,} be a solution of equation (*) where the initial
values xqo , x_1, and x_o are nonnegative real numbers . Then the solutions of
equation (*) have the form

B (14 (40 —3)xg o) ]
Tan-1=T-1 H (1+4i—1)zg 2_2)] @)

_ lj[ + (48 —2)zo 2_5) 5)

(14 (4d) xp z_2)
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where n = 1,2, ....
Proof.

For n = 1 the result holds. Now suppose that n > 0 and that our assump-
tion holds for n — 1. That is;

n—1 r . .
(14 (4i —4)xg x_2)

Tap—6 = T_ - 7

=6 2 i1 _(1+(4Z—2)$0 .117,2)_ (>
n—1 r . .
(1+ (44 —3)zg x_2)

Tap—5 = T_ - 8

in—5 1 11 I+ (& —1) 7o) ] (8)
]_+ 42-2)1‘0 T_ 2)

n—4 — 9

Tan—a o ]‘_le|: ]_+ 42 ZEO xT_ 2) ( )

Now we will try to prove that the eqs(2-5) hold at n .
Using Eq(7) , Eq(8) and Eq(9) we have

Tan—4 Tan—6
Tan—5(1 + Tapn—g Tan—g)

Tan—3 =

" [Q+ai-2) ) [ Qai-1) )
1—2)x0 T_2 1—4)T0 T2
{xo zl;ll [ 1+ (40)zo 7—2) }} {m—Q I1 [(1+(4z‘—2)x0 332):|}

i=1

T [ (1+4i—3)z0 2_2)
fo 1T [sties]

1
n—1
(1+(4i—2)zg = (1+ Do v_2)
(1 + {:L’o Zl;[l [ (1+(4i)xoox_2§ }} { 1;[ [(1+ xg z_ Z)] })
. ZE()ZE_Q/ (1 + (4n - 4) Ty T_2 )

= —
(14+(4i—3)zg z_2)
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ol -2 1
B ( T4 ) (I+(@dn—4)xg xo) (1 +x02_o/(1+ (4n—4) 20 T_3))

n—1

[
- (:1:;3:12) 1+ (4n — 4) xi 7 +x0x2§ [8122:3 ig iiﬂ
- (22) e T [y

- (o) s [ ]

=1

Using Eq(2) , Eq(8) and Eq(9) we have

Tan—3 Lan—5
Tapn—a(1 + Typ_3Tan—s)

Tan—2 =

1=

" i) )
1—2)xg T_2
{xo 1;[1 [ (+(@E)z0 o—2) ]}

To_2 ﬁ (14(4i—5)z0 z_2) . ”1:[1 (1+(4i—3)z0 z_2)
1 (1—z0 =_2) = (1+(4i—3)z0 z_2) -1 L [ (41w 2-2)

1
n n—1
ToT_ (14+(4i=5)zo =_2) (14+(4i—3)zp z_2)
[1 + {x_1(10x02x_2) H |:(1+(4i73)x2 x_i)i|} {96_1 21;[1 [(1+(4F1)x2 x_iﬂ H

=1

X

zox_2 (14+(4n—5)xo z_2) (1—z0 T_2)
(1—m0 z—2)(1+(4n—3)z0 z—2) (1+(4n—5)zo z_2)

z nﬁl (1+(4i—2)xo T_2) 1+ zox—2 (14+(4n—5)xo z_2) (1—z0 T_2)
0 i (1+(42)zo z—2) (1—mo z—2)(1+(@n—3)z0 z—2) (1+(4n—5)zo z_2)
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dn—3)zo w_2)

{(1+(4ni§§xo 7 2) } n (14 (4d) o z_2)
- [1+{(1+( Lol H H {(1+(4i—2)$0 332)}

_ z—s { (L+ (i) 2o 2-2) }
M+ @4n—3)zg v 90 +xox_o | L[ (14+(4i—2)z0 x_2)

Using Eq(2) , Eq(3) and Eq(9) we have

Lgn—2 Tan—4
Tyn—3(1 + Tapn—2Tan_4)

Tan—1 =

T (14 (4i-4) ) " (4 (i-2) )
1—4)xrog Tr_2 1—2)T0 T2
{*’”’2 I [(1+(4¢—2>x0 H)] } {”’0 1;[1 [ ()20 7—2) ]}

ToT_29 n (14(4i—5)xo x_2)
{331 (1—zo z_2) H |:(1+(4i—3)ac0 ac,g):| }

T (1 (4i—4) ) T [axui-2) )
i—4)xg T_2 17 4)T0 T2
[1 + {m 1 [W]} {fo ! |ty H

(A+(4n—zo z_ 1 [ (+(@i—zp z_9)
Tr_1 (]. — X9 ZE_Q) |:(1+(4n—2)x3 T_ 2 ] { 1:[ [ (14(49) acooa: 2§ }}

n n—1
(1+(4i—=5)zo z_2) (1+(4n—4)zo z_2) (1+(4i—4)zo 2_2)
{H [(1+(4¢—3>x73 xi)]} ll + o T [<1+<4n—2>x3 xj)] {Hl [—(1+(4i)$—00:672§ }H

(A+@n—4)zo z_2) 1
1 (1 — Xy .%72) [(1-"—( )xg T_ z)} { 1+(4n—4)xg z_2 }

& (14(4i—5)xp xz_2) (1 (n Do z_2) 1
(11 [t )V 1 o [t L)

e (- x_g)[(lHnmm}ﬁl (4 — 3) o w_g):|

(4i—5 -
[1—|—x0 T_9 [(1+(4n Syr0 T 2)H i—1 L )To T_2)
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1 (1 =20 7_5) ﬁ{ (4i — 3) g xg)}

:[(1+(4n—1 Yxo T_9) + (48 —5)xzg T_2)

=1

(1 -z 2_9) ﬁ{ (4i — 3) g xg)}

(1—x0x2 + (4i—1)zg z_2)

=1

o T[]

Using Eq(2) , Eq(3) and Eq(4) we have

Tan—1 Lan—3
Tan—2(1 + Tan—1 Tan—3)

Tan =

x (1+(4i=5)zo x_2)
(171001_2) { zH |:(1+(4z 1)13 x_ z)]}

=1
[(H( 5)zo o z)] })
(14+(4i—1)z0 z—2)

T [ Qdi=t)ze 2) _wzs )T
zl;ll [ (4i—2)zo - 2)i| (1 + (1—z9 z_2) { zl;[l

Zo
(1+(4n—1)z0 z—2)

1 w ToT o
Zl;ll [(1—&- 2)xo T 2)] (1 -+ (1+(4n—1)zo z— 2))

: s |

((14—(47’1,—1)33'0 T_9 +.ﬁl?033' 2 i1

n

v e

=1

. ﬁ 4Z—2 .117033'2)
N paley (14 (44)xp x_2)

Hence the proofis complete .
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Lemma 2 Let p = xg x_o. We have the following relations between the solu-
tions in eqs(2-5)
i) Tan-3 Tap-1 = m
”) Tan Tin—2 = Tinﬂ
i) L _ 1 =1
Tan Tan—2 Tan—3 Tdn—1
Proof.

i) Form Eq(2) and Eq(4)we have

[ mean 0oy o)

_ P (1—p)(1+3p)...... (14 (4n—5)p)
(1—=p)1+3p)(1+T7p)....... (1+(M4n—1)p)

_ P (1-p) _ p
(I-=p)1+M@n—-1)p) (1+@4n—1)p)

ii) From Eq(3) and Eq(5) we have

Tan Tap—2 =

O {CICE Y (e T e

=1

. . 1+ 42 33'0.1172)

=1
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(D) (1 4+4p) oo (1+ (4n—4)p) _ p
(144p) (1 +8p) e (14+@n)p) 1+ 4n)p

iii) By easy calculations from i) and ii) .

" Tan_ 1+ (4n—1
Remark 1 We note that —2an ®an—2  _ 14+ (4n=1) p
T4n—3 Tan—1 14+ 4n p

Remark 2 We note that |x4,-3 T4n_1] — 0 as n— oo .

Remark 3 We note that |t4, T2 —0 as n— oo .

3 Solvability of the difference eq(1) when a =
I, b=—1:

The following theorem give the solution of the difference equation

Ty Tn—2

xnfl(l — Ty xn72> ’

Tp4+1 =

Theorem 3 Suppose that {x,} be a solution of Equation (1) and zo = h,
1=k and x_y =r.Let p=1x9 x_o. Then the solutions of equation (1) have
the form

1+p ﬁ{ Z:?)i”

=1

T i— )
s = @)y

T [ =i =3)p)]
Tano1 = h H (T—(@i—1)p),

=l H [(1<—1 - @)23)/))]

where n = 1,2, ....
Proof. By using the mathematical induction as in theorem 1.
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4 Solvability of the difference eq(1) when a # 1

The following theorem give the solution of the difference equation(1) where
a # 1 and for any value of b.

Theorem 4 Suppose that {x,} be a solution of Equation (1) and xy = h,
x_1=k,x_9=r and p=xgr_y. Then the solutions of equation (1) have the
form

="t SR S—
" k(a+bp) a2+ 2abp
_ k(a+bp) _ h(a®*+2abp)
I3 = Ty =

ad + (2a2 4+ 1) bp at+ (2a® +a+1)bp

n a4i75+bp{2a4z 6+1 aa7}
Tan—3 = —
s k(a+bp).1_£ a4’3—|—bp{2a4’4+1“4 5}

7

o 4i-1 | 1—a*—2
[]a"+0bp12a + oo
=l

LTon—2 =T —

Z];[l a**2+bp {2@4’ 3 4 1oal? a4; }

n

Ha4i—3+bp{2a4z 4+%}
=2
Tan—1 = k 1

H 4i— 5+bp{2a4z 6+ a4’ 7}

n a41—2+bp{2a41 3+ 1— aa4}
xn:h i—
! H a%l +bp {241 + =2

=1

where n = 2,3, ....
Proof. By using the mathematical induction as in theorem 1.

Lemma 5 The solutions {x,} of the difference eqs (1) and (*) have no prime
period two solution
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Now we recall some notations and results which will be useful in our study.
Definition 1 The difference equation
Tpi1 = F(Tn, Tn1, s tnyg), n=0,1,.. (10)

is said to be persistence if there exist numbers m and M with 0 <m < M < oo
such that for any initial conditions z_j, x_g11,...,2_1, 2o € (0,00) there exists
a positive integer N which depends on the initial conditions such that

m<x, <M forall n>N.

Definition 2 (i) The equilibrium point of Eq.(10) is locally stable if for every
€ >0, there exists 6 > 0 such that for all x_p,x_j11,...,0_1,2¢ € I with

|T_p — T+ |21 — T| + ... + |20 — T <0,

we have
|z, —T| <e forall n>—Fk.
(ii) The equilibrium point T of Eq.(10) is locally asymptotically stable if

7 is locally stable solution of Eq.(10) and there exists v > 0, such that for all
T_fy g1, T_1,To € I with

lv_p —T| + |2 g1 — T+ ... + |10 — T| < 7,
we have

lim z, =T7.

n—oo

The linearized equation of Eq.(10) about the equilibrium Z is the linear
difference equation

k —_ _
OF(Z,T,...,T)
Yn+1 = Z ax—yn—z
i=0 ne
Theorem A [9] Assume that p,q € R . Then
[+ gl <1

is a sufficient condition for the asymptotic stability of the difference equation

Tpt1 — PTp — qTp—1 =0, n=0,1,....
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5 Local Stability of the Equilibrium Points

In this section we study the local stability of the solutions of Eq.(1).
We first give the equilibrium points of Eq(1).

Lemma 6 The equilibrium points of the difference eq (1) are 0 and £,/ “—21

Proof.

52

' Z(at )

7’ (a+b7%) =77

T (—14a+bz°) =0
thus the equilibrium points of the difference eq (1) are 0 and £,/ “—21 )

Remark 4 When a =1 , then the only equilibrium point of the difference eq

(*) is0.

Theorem 7 The equilibrium points T ==+, / “;blare locally asymptotically sta-

ble if a = 1 and in this case |a — 2a%| < 4a®> — 6a + 1 .

Proof.
We will prove the theorem at the equilibrium point 7 = +,/ ‘%1 and the
proof at the equilibrium point 7 = —,/ “—gl by the same way.

let f:(0,00)> — (0,00) be a continuous function defined by

uw
flu, v, w) = v (a + buw)
Therefore it follows that
Of(w,v)  v(a+buw)w —uw (vbw) aw
du v2 (a + buw)? v (a + buw)®
Of (u,v) —uw

ov w2 (a+ buw)
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of (u,v) au

ow v (a + buw)®

At the equilibrium point 7 = ,/“—;1 we have

of(z, 7, T) a a
= 7 = 7 =D
W (arb () o)
of(z,z,7) —a
o (2a-1) P
of(T, T, T) a
= 5 — D3
dw (2a — 1)
Then the linearized equation of Eq.(1) about 7 = /% is

Ynt1 — P1Yn — P2Yn—1 — P3Yn—2 = 0.

a N a a
Yn+t1 — YT 5\ Yn-1— 3
a1 Qa1 (20— 1)
Whose characteristic equation is
N a 9 a a

(2a — 1) T2 (2a—1)*

By the generalization of theorem A we have

Ip1| + |p2| + |ps] < 1

'& <1

(2a — 1)°

+‘(2a_f1)'+‘(2ai1)2

ja +|=a(2a = 1)| + |a| < (2a —1)°

’a—QaQ} <4a®> —6a+1

7Yn—2 =

T. F. Ibrahim

0
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6 Boundedness of solutions

Here we study the boundedness of Eq.(*) .
Theorem 8 FEvery solution of Eq.(*) is bounded from above .

Proof: Let {z,}>2 , be a solution of Eq.(*). It follows from Eq.(*) that

T o Tp Tp—2 o Ty Tp—2 < 1
n+1 — = <
xn—l(l + Zn xn—2) Tp—1+ Tp—1Tp Tn-2 Tn-

Then
1

Tp—2

forall n>0.

Ty <

This means that every solution of eq(*) is bouneded from above by M =

max(%,i,ﬁ).
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