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                                                            Abstract 
 
In this paper a new subclass of uniformly convex functions with negative coefficients 
defined by Dziok- Srivastava linear operator is introduced. Characterization properties 
exhibited by certain fractional derivative operators of functions and the result of 
modified Hadmard product are discussed for this class. Further class preserving 
integral operator , extreme point and other interesting properties for this class are also 
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1. Introduction and Definitions 
 
Let S denote the class of functions of the form 
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Which are analytic and univalent  in the unit disk }1:{ <= zzU . Also denote by T 
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which are analytic and univalent in U.  
For functions 
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in the class T , the modified Hadamard product  21 ff ∗  of )(1 zf  and )(2 zf  is defined 
by   

 

(1.4)                                       ∑
∞

=

−=∗
2

2,1,21 ))((
n

n
nn zaazzff  

 
       A function Szf ∈)(   is said to be   β -uniformly starlike functions of order α  
denoted by )(αβ S−  iff 
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for some 0,)11( ≥<≤− βαα and all , )( Uz∈  , and is said to be β -uniformly convex 
of order α denoted by 
     )(αβ K−  iff  
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for some  0,)11( ≥<≤− βαα  and all )( Uz∈  . 
The class  ),()(0 αα SS =−  and ),()(0 αα KK =− where ),(αS and )(αK are 
respectively the well-known classes of starlike and convex functions of order 

).10( <≤αα  
The classes ),(αS  and )(αK  were first  studied by Reborston [14] , Schild [1] , 
Silverman [7] , and others . While the class )(αβ S− and )(αβ K−  were introduced 
and studied by Goodman [2] , Ronneing [5] , and Minda and Ma [4]. 
Let 
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hypergeometric  function is defined by 
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where n)(α  is the Pochhammer symbol defined by  
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Corresponding to the function  
),...,;...,,();,...,;,...( 1111 mlmlml Fzzh ββααββαα = the Dziok-Srivastava operator 

[9] , l
mH  ),...,;,...( 11 ml ββαα   is defined by 
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It is well know [12] that 
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To make the notation simple , we write , 
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We note that special cases of the Dziok-Srivastava operator ][ 1α
l
mH include the 

Hohlov linear operator [16] ,the Carlson-Shafer operator [3] , the Ruschweyh 
derivative operator [21] ,the Srivastava- Owa fractional operators [22] , and many 
others .  

 
   Now using ][ 1α

l
mH  we define the following subclass of analytic function . 

Definition 1 :For A , B arbitrary fixed real number , ,11 <<≤− αB  a function  
Tzf ∈)(  defined by (1.2) is said to be in the class ],,,[ γαBAS l
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Where  , .0,10,10 ∪=∈<≤<≤ NNn oγα  
The condition (1.12) is equivalent to   
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Where 
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we observe that , by specializing the parameters A, B , ml ,,γ and α , the class 
],,,[ γαBAS l

m  generalizes and extends other classes studied and introduced by various 
authors as Silverman 
and Silvia[8] , Aouf and Cho[12] , and others . Note , that for A= - B = 01 == ml , 
and ,11 =α the class ],,,[ γαBAS l

m reduced to the class of −α prestarlike functions 
,α which was introducedby Sheil-Small et al [18]. 

 
 Among several interesting definitions of fractional integrals given in the literature 
(cf.,e.g.,[20],[10] ,and [9] ), we find it be convenient , to recall here the following 
definition 
 
Definition 2:   For real numbers ,,0, δβ > and η , the fractional integral operator 

ηδβ ,,
,0 zI  is defined by 
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for ,1),0max(0 −−>> ηδβ kand  where f(z) is an analytic function in a simply 
connected region of the z-plane containing the origin , and the multiplicity of 

1)( −− βtz  is removed by requiring ),log( tz − to be real when it is easy to observe that , 
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zD  is the fractional integral operator considered by Owa [19] . 

 
Lemma 1: [9, p.415, lemma 3] 
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2. Coefficient estimates 
Theorem 1 : A function f(z) defined by (1.2) belongs to the class   ),,,( γαBAS l

m  if 
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and ),( nC γ is given by (1.11) . The result is sharp . 
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Hence by maximum modulus principle ),,,()( γαBASzf l
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Since zz ≤)Re(   for any z , we fined from (2.3) that  
 
 
 



1164                                                                                                     A. Shakor S. Teim 
 
 

 (2.4)    

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

<

−
−−−−+−−

−
−

∑

∑
∞

=

∞

= 1

)!1(
)(),()}1)(()1({)1)((

)!1(
)(),()1(

Re

2

2

n

n
n

n

n
n

za
n

nnCBAnBzBA

za
n

nnCn

φγαα

φγ
 

 

Now choosing , the value of  z  on the real axis so that 
)(][
))(][(

1

1

zH
zHz

l
m

l
m

γ

γ

φα
φα ′

 is real , then 

upon clearing the denominator  in (2.4) and letting  1→z  through real values we have 
 

∑
∞

=

−−≤
−

−
2

)1)((
)!1(

)(),()1(
n

n BAa
n

nnCn αφγ  

 

                                              +∑
∞

= −
−−−−

2 )!1(
)(),()}1)(()1({

n
na

n
nnCBAnB φγα  

 
Which gives the desired assertion (2.1) . 
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3. Characterization Properties 
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 Corollary 3.  Under the conditions stated in (3.7) , let the function f(z) defined by (1.2) 
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Theorem 4.  
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That is  ,if 
 
 
(4.11)
 

)!1)(()1(2),()()])(1()1()1[(
)!1()()1()1)(2(21 22

2

−−−−−−−−−
−−−−−

−=
nBAnCnBABn

nBABn
αγφα

αδ  

 
Under the stated  conditions in the theorem , we observe that the function )(nφ  is a 
decreasing for n )2( ≥n , 
 and thus (4.11)is satisfied if δ  is given by (4.8) 
 
  
5. Extreme points of the class ],,,[ γαβAS l

m  
 
Theorem 6 . Let zzf =)(1  and 
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(5.1)              

)2,(,
),()()}1)(()1)(1{(

)!1)(1)(()( 2 nz
nCnBABn

nBAzzf n γφα
α

−−+−−
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−=  

Then ],,,[)( γαβASzf l
m∈  if and only if it can be expressed in the form 

(5.2)             ,)()(
2

11 ∑
∞

=

+=
n

nn fzfzf λλ  

 Where 0≥nλ  and 1
1

=∑
∞

=
n

n
λ and )(nφ is given in (2.2) . 

Proof . Let (5.2) hold , then by (5.1) we have                                                                          
  

                   ∑
∞

= −−+−−
−−−

−=
2] ),()()]1)(()1)(1[(

)!1)(1)((
)(

n

n
n

nCnBABn
znBA

zzf
γφα

λα
 

 
Now  

                                   n
n

a
n

nCn
BABn

)!1(
),()(

)1)(()1)(1(
2 −

−−+−−∑
∞

=

γφ
α  

 

                                   =  n
n

a
n

nCn
BABn

)!1(
),()(
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12

))(1())(1(
n

n
N
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                                       ))(1( BA−−≤ α  

Hence by Theorem 1 , ],,,[)( γαβASzf l
m∈  

 Conversely , suppose  ],,,[)( γαβASzf l
m∈ . Since 

                                
                                     

)2(
),()()]1)(()1)(1[(

)!1)(1)((
≥

−−+−−
−−−

≤ n
nCnBABn

nBAan γφα
α  

Setting 
 

 

          nn a
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)(),()]1)(()1)(1[(
−−−

−−+−−
=

α
φγα
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and ∑
∞

=

−=
2

1 1
n

nλλ    we get(5.2) .This is complete the proof of theorem . 

 



Subclass of univalent uniformly convex functions                                                 1171 
 
 
 
6. Closure properties  
Theorem 7. Let the function )(zf j defined by (1.3) be in the class ],,,[ γαβAS l

m . 
Then the function h(z) defined by 

                                      n

n
n zdzzh ∑

∞

=

−=
2

)(  

belongs to ],,,[ γαβAS l
m  , where 

 

                                    )0(1
,

1
, ≥= ∑

=
jn

m

j
jnn aa

m
d  

Proof .Since ],,,[)( γαβASzf l
mj ∈  , it follow from Theorem 1 that 

(6.1) )1)((
)!1(

)(),()]1)(()1)(1[(
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Where )(nφ  is given by (2.2) . therefore 

n
n

d
n

nnCBABn
)!1(

)(),()]1)(()1)(1[(
2 −

−−+−−∑
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=

φγα
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∞
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−−+−−

=
1

,
2

1
)!1(

)(),()]1)(()1)(1[(
j

jn
n

a
mn

nnCBABn φγα

 
 
                                 .)1)(( α−−≤ BA   

by theorem(6.1) , which show that ],,,[ γαβAS l
m . 

 
 
 

7. Integral transforms 
 

Recently , Jung , Kim and Srivastava [11] introduced the following one-paramete  
family of integral operators 

 

(7.1)                                  )0(,)()(log
)(

2)(
0

1 >
Γ

= ∫ − σ
σ

σ
σ

σ
z

dttf
t
z

z
zfI   . 

 
Theorem 8 .Let the function f(z) defined by (1.2) be the class ],,,[ γαβAS l

m  . Then 
the integral transform (7.1) belongs to ],,,[ γαβAS l

m  . 
Proof.  Using (1.2) and (7.1) we get  

 

                                            n
n

n
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n

zzfI ∑
∞

=
⎟
⎠
⎞
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⎝
⎛
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2 1
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Therefore 
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n
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a
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nnCBABn σφγα
⎟
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⎞

⎜
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)(),()]1)(()1)(1[(
2 −
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=

φγα  

                                             
                                            )1)(( α−−≤ BA  

Which implies that  ],,,[ γαβAS l
m .  
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