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Abstract
In this paper a new subclass of uniformly convex functions with negative coefficients
defined by Dziok- Srivastava linear operator is introduced. Characterization properties
exhibited by certain fractional derivative operators of functions and the result of
modified Hadmard product are discussed for this class. Further class preserving
integral operator , extreme point and other interesting properties for this class are also
indicated .
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1. Introduction and Definitions

Let S denote the class of functions of the form
(1.1) f(z)=2+)a,
n=2

Which are analytic and univalent in the unit disk U ={z: |z| <1}. Also denote by T
the class of the form

(1.2) f()=2-Ya,z" (zeU) (a, 20),

which are analytic and univalent in U.
For functions
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(1.3) f, ()=2-Ya, 2" (a,,20), (j=1,2)

in the class T , the modified Hadamard product f, = f, of f,(z) and f,(z) is defined
by

(L.4) (f* £,)D)=2-Ya,, a,,2"

A function f(z)eS issaidtobe g -uniformly starlike functions of order «
denoted by S —S(«) iff
2f'(z)
fz)

z f'(2)
15 Res——2—a >
o e 20
for some a(-1<a<1),£>0andall ,(zeU) , and is said to be g -uniformly convex
of order « denoted by

p-K(a) iff

z f"(2)

z f"(2)
f'(2)

forsome «a(-1<a<1),$>0 andall(zeU) .

The class 0-S(a)=S(a), and 0-K(a)=K(a),where S(a),and K(a)are
respectively the well-known classes of starlike and convex functions of order
a (0<a<]l).

The classes S(«), and K(«) were first studied by Reborston [14] , Schild [1] ,
Silverman [7] , and others . While the class f—S(«)and S — K(a) were introduced

and studied by Goodman [2] , Ronneing [5] , and Minda and Ma [4].
Let

(1.7)
S (@) =S(a) T, K'(a@)=K(&) T ,L-S" () =[B-S()] T,

and

p—K'(a) =[-K(@)]NT

For o, eC(i=123...,1) and g, €C—-{0,-1-2,..}(j =1,2 ,3,...,m) , the generalized
hypergeometric function is defined by

(@), (), 2"

B)np, mEmEimeN. ={0.12,..)

(1.8),F (o) cra; Byroonn Bry) = Z
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where («), is the Pochhammer symbol defined by

(19)(a), =

I'(a+n) |1, n=0
'@ |a(@+l)(@+2)..(a+n+l) ,neN=12,..

Corresponding to the function
h(ey ....a; Brvos B 2)=2 F (..., ; By, B,) the  Dziok-Srivastava operator

91, H! (o ...a,;B,,....5,) is defined by

(110)  HY (@ @i B B) F(@)=N(@ i3 B B D) * £ (2)

n

_ o () (@) z
- ; (ﬂl)n—l"'(ﬂm)n—l o (n _1)'

It is well know [12] that

(1.11) alHrIn (+1..a; B0 B) T(2) = Z[Hrln(a1 @43 Py Ba) (D))

(o =) Hylay a3 B ) T(2)
To make the notation simple , we write ,

Hila] (@) =H} (e ety By ) ()
We note that special cases of the Dziok-Srivastava operator H! [a,]include the

Hohlov linear operator [16] ,the Carlson-Shafer operator [3] , the Ruschweyh
derivative operator [21] ,the Srivastava- Owa fractional operators [22] , and many
others .

Now using H ,'n [e,;] we define the following subclass of analytic function .
Definition 1 :For A, B arbitrary fixed real number , -1<B < a <1, afunction
f(z) eT defined by (1.2) is said to be in the class S'[A, B,a, ] if it satisfies

H [, +1]8, (2)

" 1+[(A-B)(1-«)+B]z
Y H [, (2)

1.12
( ) 1+ Bz

, (2€E)

+1l-a, <

Where ,0<a<1,0<y<1,ne N, =N uUO.
The condition (1.12) is equivalent to
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‘ 2(Hplolg, ()

‘<1 ,ZeE

(113) Hnlo:4, (2) . |
B+ (A—B)(1—c) 8 ~Hol@lé,(2)
Hule14,(2)
Where
(1.14) $,(2)=(F+5,)(2) =22 a.C(rn)7’

we observe that , by specializing the parameters A, B ,»,I,mand «, the class
S![A,B,a,y] generalizes and extends other classes studied and introduced by various

authors as Silverman
and Silvia[8] , Aouf and Cho[12] , and others . Note , that for A=-B = I=1m=0,

and «a, =1, the class S![A, B,a,y] reduced to the class of a—prestarlike functions
a, which was introducedby Sheil-Small et al [18].

Among several interesting definitions of fractional integrals given in the literature
(cf.,e.q.,[20],[10] ,and [9] ), we find it be convenient , to recall here the following
definition

Definition 2:  For real numbers £ >,0,5, and #n, the fractional integral operator
152" is defined by

ZMj(z-t)ﬂ-l F(B+6—n:1-1)f M)dt
rgy T

for p>0and k >max(0,06 —n)—-1, where f(z) is an analytic function in a simply
connected region of the z-plane containing the origin , and the multiplicity of
(z—t)”" is removed by requiring log(z —t), to be real when it is easy to observe that ,
(1.15) 17" f(2) =D, f(2) , (B>0) .

Where D;” s the fractional integral operator considered by Owa [19] .

(1.15) 1707 f(z) =

Lemma 1: [9, p.415, lemma 3]

If 4>0,and k>0 —n -1 then

(1.16) 1550 7% = F'k+)r'k-o+n+1) ks
‘ I'k-o+)I'(k+pB+n+1)

2. Coefficient estimates
Theorem 1 : A function f(z) defined by (1.2) belongs to the class S! (A, B ,a,y) if

and only if

2.1) i [(h-DA-B)+ (Aan_)(ll)'— a)IC(y,ng(na, _ (A= B)(1—a), were
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() ()
2.2 =
&2 2O ) B
and C (y,n) is given by (1.11) . The result is sharp .

Proof . Assuming that (2.1) holds and | z | =1, then form (1.13) and (1.10) we have
|2(Hifo, o, @) -HL [2]s, @)

g(n) a 7"—
(n-nr "

'S (n-1) C(.n)

+ B -1~ (A-B)(1-a)}C(rm) -2 4 o |

(-’
<
> {0-B)n-D) + (A= B)L-2)}C(rn) £ 2, ~ (A~ B)L-)
<0.

Hence by maximum modulus principle f(z)eS! (AB ,a,7).
Conversely , assume that f(z) is in the class Sr'n(A, B,a,y) . Then

2(Hylolg, (2))
(2.3) Hnlelg, (2) - 1 Seu.
B+ (A— B)(l—a) -B Z( Im[al]¢y(z))
H [ ]¢,(2)
— (n—- )I 2

Since | Re(z)|<| z| forany z, we fined from (2.3) that
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(2.4) Re

(A-B)L-c) 2+ {B( -1 - (A~ BL-a}C(r) 27) oz

z(H! 7))’
Now choosing , the value of z on the real axis so that ( {“[al]¢7( ) is real , then
H.[2]4,(2)

upon clearing the denominator in (2.4) and letting z —1 through real values we have

> (0-DC(n £ a, < (A~ BYL-a)

+ (B0 -D) - (A B)1- )l m) s,

Which gives the desired assertion (2.1) .
Finally , we note that equality in (2.1) holds for the function

(2.5) f2)=z-— (A-B)d-a)(n-1)! o
{A-B)(n-1)+(A-B)1-a)}C(r,n¢(n) a,

3. Characterization Properties
q p
Theorem 2. Let a,>0(i=1,23, ...p)and b, >0(j =1,2.3,...,g) such that [ [b; =] [ &,

.Also let the function f( z) defined by (1.2) satisfy

q o
(3.1) 3 [(n-D@A-B)+(A-B)I-a)IC(r.n)¢(N)a, _ H :
. (1-a)(A-B)(n-1)! - lﬂ[a.

i=1

for -1<a <1 , then

HP[ey] f(2)€S,[A B, a, 7] where ¢(n) is given by (2.2).
Proof . From (1.10)

qu[al]f(z):qu(al,..., b,..., q) f(z)_z—25(n)a z"
Where
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@@y,
@3 = b (=D

,(n=2)

Under the conditions stated in the theorem , we observe that the function &(n) is
non- increasing , that is ,it satisfies the Inequality

o(n+1) <o(n) forall n>2 ,and thus we

ﬁai

(3.4) 0<d(n)<5(2) =3

[ 1b;

j=1

Therefore , (3.1) and (3.4) yield

(35) i [(n-1)@-B)+(A-B)A-a)]C(r,n¢(n)a,s(n)
' = (1-a)(A-B)(n-1)!

<52y Un=DA=B) +(A=B)L=a)]C(r.n)g(n)a,
= (1—a)(A-B)(n—-1)!

<1
Hence by Theorem 1, we conclude that

H[e,1f (z) €S,[A B, a 7]

Remark 1. The equality in (3.1) is attained for the function f(z) defined by

(A—B)(l—a)lﬂ[lei[bj

f(z2)=2- | 5 z°
1-B)+(A-B)1-2)C(7.2) []a []a
i=1 i=1

Corollary 2. Let A, u,ne R such that

3.7) 23>0, 1< 2, max(A, u)—2< < A#=3)

Also , let the function f(z) defined by (1.2) satisfy

9 $L0-90-B) + (A~ B)AL- )] Crn)é(m)a, _ 2= 1)@+ =2)

= (A-B)A-a)(n-1)! 2(2+1m - )
for —-1<a<1,B>0 , thenJy/"f(z)e B-S"(a).

Proof .form Theorem 2 , by setting p = 3 aq = 2

a=la,=2,a,=2+n—-pu,b=2-u,b,=2+n-21 andl=1,m=0, o, =1.
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Corollary 3. Under the conditions stated in (3.7) , let the function f(z) defined by (1.2)
satisfy

(3.9) $ [ =1(=B) + (A=B)A-@)IC(r (e, (2= p)(2+n-12)
2 @l-a)(A-B)(n-1)! 2(2+1 - )

for—1<a <1,B>0 then, J54"f(z)e B-k'(a).

Proof. The corollary follow from Theorem 2 Dby setting p=3 ,q=2

a=1la,=2,a,=2+n—u, b=2-u, b,=2+n-1 and1=1, m=0, «, =2.

4.Results Involving Modified Hadamared product.

Theorem 3. Let ¢, >0,(1=12,..,1) andB; >0,(j=123,..m) such
M |

that J]B;=]]a .Also for the functions f,(z) (j=1,2) defined by
j=1 i=1

(1.3) et f(2) eS.[AB,a,&] and f,(z) e S[A/B,a,{]  then

f* f,(2)€ Sy[A B,a,4]

1-aa-)A-B) B,
(4.1) §=1- =

@+B-8)@+B-O)] [ - @-£)A-C)A- B[ B,

Proof . To prove the theorem it is sufficient to show that

> [(n-1)1-B)+(A-B)A-0)IC(y,2)¢(n)a,, a,

42) Z[( )A-B)+(A-B)A-8)IC(r.2)¢(n)a,, a,, <1
= (1-0)(A-B)(n-1)!

where ¢(n) is defined in (2.2)and ¢ is defined in (4.1). Now by virtue of Cauchy-

Schwarz inequality and Theorem 1, it follow that

(4.3)
i [(N-1)(1-B)+(A-B)1- 1’ [(n-D(L-B) +(A-B)(1-)]* C(r.n)¢(n)\fa,,a,,
[(1-&)(1-<)(A-B)2(n-1)!

<1

Hence (4.2)is true if

i [(n-D)@-B)+(A-B)L-0)IC(r.2)¢(n)a,, a,, Py
~ (1—5)(A—B)(n-1)! =




Subclass of univalent uniformly convex functions 1167

i [(n-1)(1-B)+ (A-B)1-&I2[(n-1)(1- B) + (A- B)1- )12 C(r,2)¢(n)|/a,.a,,

[(L-&)(1-¢)(A-B)]? (n-1)!
<1

or equivalently

Vanida, <{(h-1H@I-B)+(A-B)(1- é)}z{(n D@A-B)+(A-B)1- é)}2
(4.4)
(1-5)(A-B)
(n-1)(1-B)+(A-B)1-5)’

By virtue of (4.3) ,(4.2) is true if

Ja- f)(l {)(A-B)  (n-1)!
(n—1)(-B)+(A-B)(1- 5)}2{(n 1)(1-B)+(A-B)(L- ;)}2¢(n)c<y2)

<{(n-D(-B)+(A-B)1-OP{(n-1)(1-B)+(A-B)1-{)}*}

(1-5)(A-B)
(n-D(@1-B)+(A-B){1-6)

Which yields

(1-m@-B)A-5)A-L)(n-1)!
{(1 B)(n-1)+(A-B)1-5)HA-B)(n-1)+(A-B)1-)}(N)C(r.2) - (1-)(A-B)1-£)(n-1)!

Under the stated conditions in the theorem , we observe that the function ¢(n) isa

decreasing for n  (n>2)and thus (4.5) is satisfied if ¢ is given by (4.1) .Finally the
result is sharp for

m

|18,
fl(Z)=Z— (A_ B)(l_g) j=1

[A-B)+(A-B)1-2)C(r.2) 1'—[a_

i=1

2
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m

[18,

fZ(Z)=Z— (A_B)(l_é,) JI:l ZZ
[A-B)+(A-B)1-2)C(r.2) 1

i=1

Theorem 4.
Under the conditions stated in theorem 3, let the functions f,(z) (j =1, 2) defined by

(1.3) ,be inthe class S![A B,a,y] then f, xf,(z)eS.[A B,a,y] where

a—afﬂrB)(A—BHﬁBj

(46) o=1- | m
(2+B—a)2(Hai)— 1-a)* (A—B)(H B;)

Proof . The result follows by setting a=¢& .

Theorem 5 .Under the conditions stated in Theorem 3 , let the functions f;(z) (] =1
,2) defined by (1.3) , be in the class S![A, S,a,y] . Then

(4.7) h(z)=z-) (ai,+a},) 2°
n=1

isin the class S![A, B, a, 7] , where

2(1-a)*(1-B) (A—B)ﬁ B,
(4.8) 5=1- =

(2+8-a)([]a)- 2 t-a) (A-B)[]B)

Proof .In view of Theorem 1, it is sufficient to prove that

(4.9) i [(n-1)(1-B)+ (A-B)L-a)IC(y,mp(n) (a,,”+a’,) o
= (L-5)(A-B)(n-1)!

Where ¢(n) is defined in (2.2) and ¢ is defined in (4.8) as f,(z) eS [A Byl (]
=1,2), Theorem 1, yields
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S (-DA-B)+ (A-B)U-a) ) [ .
(1-a)(A-B)(n-1)! "2

n=2

5[ (-00-B) - (A-B)-o) Cunigtr) a, .
- (1-a)(A-B)(n-1)! .

n=2

hence

@iy 3LO-DE-B)+(A-BL-a) Coumd) | e ey g
' 2 (1-a)(A-B)(n-1)! o2

n=2

(4.9) is it true if

i [(n-1)(L-B) +(A-B)L-&)IC(y,n)p(n) (a,," +a:,)
= (1-96)(A-B)(n-1)!

(@ +ar,)

< i} (n-1)@A-B)+(A-B)A-a) C(r,n) 4(n)
32 (1-a)(A-B)(n-1)!

That is ,if

(4.11)

. 2(n-2)(1-a)*(1-B) (A—B)(n-1)!
[(n-1) (1-B)- (@-a)(A-B)*¢(n)C(y,n)—2(1-a)*(A-B)(n-1)!

Under the stated conditions in the theorem , we observe that the function #(n) is a
decreasing forn (n>2),
and thus (4.11)is satisfied if ¢ is given by (4.8)

5. Extreme points of the class S![A, 8,a,7]

Theorem 6. Let f, (z)=z and
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(5.1)

f.(2)=2- (A-B)(1-a)(n-1)! 2

z
{(n-1@A-B)+(A-B)A-a)}(n)C(r,n)
Then f (z) €S.[A, B,a,y] if and only if it can be expressed in the form

(5.2) F@)=4 L@+ A f,,

,(n,2)

Where 4, >0 and > 4, =1and¢(n)is given in (2.2) .
n=1

Proof . Let (5.2) hold, then by (5.1) we have

2 (A-B)l-a)(n-1)! A, z"

f(z)=2-)

ir2[(n-D)(@A-B) + (A-B)1-a)lp(n)C(y.n)

Now

al #(N)C(r,n)
22 (n-1)(1-B)+ (A-B)(1- a)wan

¢(n)C(y.n) a

= Z;, (n-1)(1-B)+(A-B)(1-a) TETE

(A-B)l-a)(n-1)! A,
[(n-DA-B)+(A-B)2-a)lg(n)C(r,n)

X

—(@-a)(A-B) Y 4, <A-a)(A-B)Y 4,

<(l-a)(A-B)
Hence by Theorem 1, f (z) €S, [A B, a, 7]
Conversely , suppose f (z)eS! [A, B,a,y]. Since

(A-B)(L—a)(n-1)!

o [(n—-1)A-B)+(A-B)1—-a)]l¢(n)C(y,n)
Setting

P [(n-)A-B)+(A-B)A-a)]C(y,n)¢g(n) a
" (1—a)(A—B)(n—-1)! "

and A4, =1-)> A, we get(5.2) .This is complete the proof of theorem .
1 n
n=2
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6. Closure properties
Theorem 7. Let the function f,(z) defined by (1.3) be in the class SLIA, B,a,7].

Then the function h(z) defined by
h(z)=z->d,z"
n=2
belongsto S! [A, B,a,7] , where

1 &
dn:EZan,j (anj —O)
j=1

Proof .Since f;(z) e SLIA, B,a,r] , it follow from Theorem 1 that

6.1) 5 [(n—l)(l—B>+(A(—n§)1()1|—a)]<:(y,n)¢(n) cA-B-a)
Where ¢(n) is given by (2.2) . therefore

Z [(n-1)A-B)+(A-B)A-a)]C(.n¢(n)

4 (n-1)!

= [(n—1)(1-B)+ (A-B)L-)]C(y,n)4(n) 12 .
n=2 (n 1)I m = h
<(A-B)1-a).

by theorem(6.1) , which show that S! [A, £, a,7] .

7. Integral transforms

Recently , Jung , Kim and Srivastava [11] introduced the following one-paramete
family of integral operators

(7.1) |<’f(z)=ZF2(6) (c>0) .

Theorem 8 .Let the function f(z) defined by (1.2) be the class S! [A, fB,a,7] . Then

the integral transform (7.1) belongs to S! [A, B, a, 7] .
Proof. Using (1.2) and (7.1) we get

I"f(z):z—i(ijoanz”

—\1+n
Therefore



1172 A. Shakor S. Teim

i [(n-)A-B)+(A-B)d-a)IC(y,n)¢(n) ( 2 J”an
r (n=1)! 1-n

< i [(n-1(-B)+ (A-B)(1-a)]C(y,n)(n)
<2 (n-1)! ’

<(A-B)(l-a)
Which implies that  S! [A, B, a, 7] .
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