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Abstract

Here we have obtained some fixed pointic results for a class of con-
tractive type mappings in a setting of 2-metric space.
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1 Introduction

The introduction of a 2-metric space was initially introduced by Géhler in a
series of papers ([1]-[2]) in 1963-1965. Then about a decade after, Iseki[3] found
some basic fixed point results in a setting of 2-metric space. After that some
important fixed pointic results are obtained by Rhoades[5], Miczko et.al[4],
Saha et al.[6] in this space. In the present paper we deal with the mixed type
of contraction mappings[7] and also have found some interesting results in 2-
metric space, where in each cases the idea of convergence of sum of a finite or
infinite series of real constsnts plays a crucial role in the proof of fixed point
theorems.
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2 Preliminaries

Definition 2.1 . Let X be a non empty set. A real valued function d on
X x X x X is said to be a 2-metric on X if
(i) given distinct elements x,y of X ,there exists an element z of X such that

d(xz,y,z) #0

(i) d(x,y, z) = 0 when at least two of x,y, z are equal,

(1ii) d(x,y, z) = d(x, z,y) = d(y, z,x) for all x,y,z in X, and

() d(z,y,z) < d(z,y,w) + d(z,w, 2) + d(w,y, z) for all z,y,z,w in X.
when d is a 2-metric on X, then the ordered pair (X,d) is called a 2-metric
space.

Definition 2.2 . A sequence {x,} in X is said to be a Cauchy sequence if
for each a € X, imd(z,, Tm,a) =0 as n,m — oo.

Definition 2.3 . A sequence {x,} in X is convergent to an element x € X
if for each a € X, nll_{rolo d(xp,x,a) =0

Definition 2.4 . A complete 2-metric space is one in which every Cauchy
sequence in X converges to an element of X.

3 Main results

Theorem 3.1 . Let X be a complete 2-metric space. Let 0 < G;,v; < 1,
(i=1,2,....... ). Let T be a self map on X satisfying

d(T*(x), T (y),a) < Bild(x, T(x),a) +d(y, T(y), a] + vd(z,y, a) (1)

where x,y,a € X, 1=1,2,.......
Then T has a unique fized point if Z(ﬂz +7i) < o0
i=1

Proof For any z € X, let x, = T"(x) with x = zg. Then

d(T(20), T*(z9),a) = d(T(x0), T(T(x0)),a)
< fh (o, T(wo),a) + d(T (o), T(xo), a
+’71d(x07 T(.Io), CL)

B+ m
1—05

implies  d(T(z¢), T*(x¢), a) < < )d(xo,T(xo),a) (2)
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Now

d(xm Tn+1, @) = d(Tn(l'O): Tn—H(l'O)a @)
d(Tn(xO)) Tn(T('rO))v CL)

< Buld(xo, T(w0),a) + d(T(x0), T*(x0), a)] + Ynd(xo, T(0), )
_l’_
< o1 (B2 dtan T
1—05
+Ynd(2o, T (20), @) by (2)
1
implies  d(zy, Tpi1,a) < { <1 il ;1> B + ’yn} d(xg, T(z0),a) (3)
— pP1
Then
d(xna Tni2, @) = d($n+27 T, @)
S d(xn+27 L, -rn-l-l) + d(xn+27 Ln+1, CL) + d($n+1, L,y CL)
1
= d(Tpy2, Tn, Tny1) + Z ATy ke, Tk, @)
k=0
1 2
Similarly, d(z,, vn13,a) < Z A( g3, Trgls Trgka1) + Z A(Tpik, Tniki1, @)
k=0 k=0
For any positive integer p,
p—2 p—1
d($n+p: Ly @) S Z d(anrpa Tn+ks xn+k+1) + Z d(anrk: Tn+k+1, a) (4>
k=0 k=0
Now
p—2
Z A(Tpips Tntk, Tngkr1) = A Tpgps Tny Tng1) + A(Tnsps Tntts Tnpa) + oo
k=0

I+m

< (53] e dlan T )

+ { <1 - 71) Bry1 + 7n+1} d(zo, T(o), Tn+p)
1—p

Fo by (3)

Also  d(xo, T(x0), Tntp) = d(T(zpip-1),T(x0),0)
< Bld(@pgp—1, Trgps To) + d(0, 21, T0)]
+71d(xn+p—lu Zo, ZL‘())

- ﬁld(xn—l—p—ly Ln+4p, ZE())
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Let us put n +p — 1 = m, then
d(xo,T(.fIfo), anrp) S ﬁld(mmaxm+1ax0)

< ﬁ1{<1+”ﬁ)@n+vm}d@mxhxw by (3)

1—05
= 0
p—2
which implies Z A(Tptps Trtk, Tntk+1) = 0. Then from (4)
k=0
p—1
d(anrp: T, a) < Z d(anrk: Tp+k+1, a)
k=0
p—1
< Z { (#) ﬁn-ﬁ-k + '7n+k}d(x07 T(Io), a) by (3)
k=0 — b
1+ L, L,
= <1 — 51> Z ﬁn-‘rk + Tntk d($07 T(Io), CL)
k=0 k=0

Now since Y (Bn+ ) < 00, d(Tnip,Tp,a) — 0 as n — oco. So {z,} is

a cauchy se(;uence in X and by completeness of X, x, converges to a point
u € X. Again
d(py1, T(u),a) = d(T"(z0),T(u),a)
= d(T(T"(x0)), T(u), a)
< BT (wo), T (20), @) + d(u, T(u), a)]
+71d(T" (o), u, a)

= Gild(xn, xni1,a) + d(u, T(u),a)] + v1d(zn, u, a)
Taking limit on bothsides as n — oo, we get d(u,T(u),a) < fid(u,T(u),a)
implies T'(u) = wu.
For uniqueness, let u, v be two fixed points of 7.

Then  d(u,v,a) = d(T(u), T(v),a) < Bild(u, T(u),a)+d(v, T(v),a)]
+’71d(u7 v, CL)

gives d(u,v,a) < yd(u,v,a) =>u=vas0 <y <1.
Theorem 3.2 Let X be a 2-metric space. Let 0 < ;v < 1 (i=1,2,....... )
with > (Bn + n) < 00. Let T be a self map on X satisfying (1):
d(T'(x),T'(y), a) < Bild(z, T (x),a) +d(y, T(y),a] +vid(z,y, a)

where ,y,a € X;i=1,2,........ If for some x € X, {T"(x)} has a subsequence
{T™ (z)} with li}gn {T"(x)} =u € X. Then u is the unique fized point of T.
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Proof. We have for x,a € X,

d(u,T(u),a) < d(u,T(u), T (2))+d(u, T (x),a)
+d(T" " (x), T (u), a) ()

Now d(T"™t(z),T(u),a) d(T(T"(x)), T (u),a)
< Gid(T™(x), T (x),a) + d(u, T(u), a)]

+nd(T™(x), u, a)
Then from (5),
du,T(u),a) < d(u,T(u), T (2))+ d(u, T (x),a)

+B1d(T™ (z), T™ (), a) + d(u, T(u), a)]
+71d(T"™(x), u, a)

Taking limit as k — oo on bothsides of the inequality we get d(u, T(u),a) <
Brd(u, T'(u), a) implies d(u, T (u),a) = 0. So u = T'(u) and uniqueness follows
very immediate.

Theorem 3.3 Let X be a complete 2-metric space and T is a self map on
X satisfying

d(T'(x),T'(y), a) < Bild(2, T(y), a) + d(y, T (), a] + vid(z,y. a) (6)

for all x,y,a € X with 0 < G;,v; < 1 fori=1,2,....... and > (B + ) < oo
Then T has a unique fixed point in X.

Proof. Let zp € X and z,, = T"(xp); n=1,2,.....,with xy = T%(z)
Then by (6)

d(T(.IO),T2($0),a) < 51[ (x07 ( )7a) ( ('ro)vT(xO)?a)]
TN (xO: ( )7 @)
= (hd(xo, T*(x9), a) + md(zo, T(x0), a) (7)

Also we have by (iv) of definition 2.1

d(xo, T(x0),a) < d(zo,T(20), T*(20)) + d(x0, T?(20), @)
+d(T*(xo), T (20), ) (8)

Then from (7) and (8),

d(T(x0)> T (ZL’O), CL) < <ﬁ11j,;;1> d(x(b TQ('IO)> a)

71 2
+ <1 - 71) d(x()?T(xO)’ T (IO)) (9)
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Again

d(wo, T (o), T* (o)) d(T (o), T* (o), wo)
< By |d(wo, T*(0), w0) + d(T (o), T (o), 70)]

+y1d(o, T'(0), 20)

implies  d(xo, T(z0), T*(0)) = 0 (10)

Therefore from (9) and (10),

d(T(x0)7 T (ZEO), CL) < <B11 j;il) d(x()? T (ZEO), CL) (11>

Similarly,

d(@n, Tni1,a) = d(T"(zo), T"(T(10)), a)
Bn [d(w0, T*(w0), @) + d(T (x0), T (x0), )]
+ynd(zo, T(x0), a)
Bud(0, T?(20), @) + yud (20, T(0), )
Bud(xg, T?(20), @) + Ynd(z0, T (20), T*(20))
+9md(w0, T*(0), a) + yd(T*(0), T(x0), )
by (iv) of definition 2.1
= (Bu + ) d(z0, T*(20), @) + Yud(T*(w0), T (o), a)
by (10)

(B + )20, T*(20), @) + 7 (ﬁl - ”1) A0, T*(20), a)

by (11)

IN

IA A

IN

Therefore

Br+m
I—m

ot o (B2 | dan )02

d(xnv Tn+1, CL) S

Then proceeding in the same way as Theorem 3.1, for any p > 0,

p—2 p—1
d(xna Tn+p, CL) < Z d($n+pa Tntk, xn+k+1) + Z d($n+ka Tntk+1, @)
k=0 k=0

Now  d(wo, T'(%0), Tnip) = d(T(2p+p-1),T(20),20)

< Bild(@ngp-1,T(20), 0) + d(20, Trgp, To)]
+ 1 d(Tpsp-1, To, To)

= Gid(Tngp-1,T(20), z0)

A
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So  d(zo, T(x0), Tn+p) < Srd(@psp-1, T (20), o)
< Bid(@nip-2, T(0), 7o)

; ﬂnerd(ﬂﬁo, (x0)7x0>

implies  d(xo, T(20), Tntp) =0 (13)
Therefore
p—2
Z d(xn+p7 T4k, xn+k+1) = d(xn+p7 L, xn-{—l) + d(xn+p7 Tn41, xn+2) + o
k=0
+
S [(ﬂn + P)/n) + Tn (ﬂll_ ;1>1 d($0: T(xO)a anrp)
+ [(Brs1 + Ynt1)
+
+Vn+1 (ﬁll 71)] d(xo, T(20), Tnp)
- M
Fo by (12)
p—2
Then by (13)7 Z d(xn-i-py Tntk, In-{-k-ﬁ-l) =0. Thus
k=0
p—1
d([En, Tnip, (l) S Z d($n+k, Tntk+1, (l)
k=0
p—1
+
< ¥ [(ﬁm F ) + Yo (51 ”)] (20, (o), )
k=0 L=m
by (12)
= 1 + M
< Z(ﬂnJrk + 7n+k Z 7n+k an (x0>: CL)
k=0

— 0 asn— o0, since Zﬁn—l—% < Q.
n

So {z,} is a Cauchy sequence in X and by completeness of X, lizn Tp = U
(say); v € X. Now

d(@ni1, T(u),a) = d(T(T"(x0)), T(u),a)
< ﬁl [ (xnv ( )7 CL) + d(uv Tni1, CL)] + ’Yld(l'n, u, CL)
Taking limit as n — oo on bothside we get d(u,T(u),a) < [Bid(u,T(u),a)

= T'(u) = u. Therefore u is a fixed point of T" and uniqueness of u is also very
clear.
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