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Abstract

A moment inequality for the class of renewal new is better than
renewal used in (RNBRU) of ageing distributions is derived. This class
is defined based on comparing the residual equilibrium life at a certain
age and its equilibrium (stationary) life . This inequality demonstrate
that if the mean life is finite,then all higher order moments exist. A new
test statistics for testing exponentiality against RNBRU is investigating
based on this inequality. The asymptotic normality of the proposed
statistic is presented. Pitman’s asymptotic efficiency of the test and
critical values of the proposed statistic are calculated. It is shown that
,the proposed statistic has a high asymptotic relative efficiency with
respect to tests of other classes for commonly used alternatives. The
set of real data is used as a practical application of the proposed test in
the medical science.
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1 Introduction and Motivation

In reliability theory, ageing life is usually characterized by a nonnegative

random variable X ≥ 0 with cumulative distribution function (cdf) F and
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survival function (sf) F =1 − F. For any random variable X, let

Xt = [X − t|X > t], t ∈ {x : F (x) < 1},

denote a random variable whose distribution is the same as the conditional

distribution of X − t given that X > t.When X is the lifetime of a device,

Xt can be regarded as the residual lifetime of the device at time t, given

that the device has survived up to time t. Its survival function is (see, for

instance,Deshpand et al.(1986))

Ft(x) =
F (t + x)

F (t)
, F (t) > 0,

where F (x) is the survival function of X.It is well-known fact that when F is an

exponential distribution then Xt
st
= X or Ft(x) = F (x). Comparing X and Xt

in various forms and types create classes of ageing useful in many biomedical,

engineering and statistical studies, cf.Barlow and Proschan (1981). It is well

known that the relation Xt

st≤ X or Ft(x)
st≤ F (x) defines the class of new

better than used (NBU). On the other hand, the relation E(Xt) ≤ E(X) = μ

defines the class of new better than used in expectation (NBUE). Another

notion associated with X is the weak limit of Xt as t → ∞. It is well known

that,cf.Ross (2003), Xt converges weakly to a nonnegative random variable

X̃ with sf

W F (x) =
1

μ
V (x), where V (x) =

∞∫
x

F (u)du, x ≥ 0.

Define X̃t to be the random residual life of X̃ at age t.Thus, the survival

function of X̃t is given by

W F,t(x) =
W F (x + t)

WF (t)
, x, t ≥ 0.

From the above discussion, we see that there are four random quantities

related to life and these are the life itself X, the random residual life Xt,

the equilibrium life X̃, and the residual equilibrium life X̃t.It is also well

known that stochastic or in moment comparisons between X and Xt define

two of the most applicable ageing classes, namely, the NBU and the NBUE.
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These classes are useful to characterize ageing as well as in replacement poli-

cies.Hence it would be of interest to compare a life X to its equilibrium

form X̃ or to its residual equilibrium form X̃t or to compare the equilib-

rium life X̃t to the residual life Xt.This is precisely what we do in the cur-

rent investigation.These comparisons produce new NBU type classes includ-

ing ”new better than renewal of used”(NBRU),” renewal new is better than

used ”(RNBU), and (RNBRU)”renewal new is better than renewal used”

when comparing stochastically and comparing the residual equilibrium life at

a certain age and its equilibrium (stationary) life, or similarly NBRUE and

RNBUE when comparing in the mean.Other comparisons are also possible

and some are addressed here. Some of the classes we discuss have been also

developed by other authors including Bhattacharjee and Sethuraman (1990),

Bhattacharjee et al.(2000), Cao and Wang (1991),Franco et al.(2001), Kaur

et al. (1994),Li et al.(2000), Muller and Stoyan (2002), and Shaked and

Shanthikumar (1994). Most of these authors address probabilistic proper-

ties of the ageing classes they study.Abouammoh et al. (2000) introduced the

NRBU, RNBU, NRBUE, HNRBUE classes of life distributions and studied

the relation between them. Abouammoh and Khalique (1998) investigated a

test statistic of NRBU based on total time of test (TTT)-transform impiri-

cally.Mahmoud et al.(2005)discussed a test statistic of RNBU by using U-test.

Testing exponentiality against NRBU and NRBUE where studied by Abu-

Youssef (2003, 2004). While testing against RNBU investigated by Mugdadi

and Ahmad (2005). Precisely we have the following definitions:

Definition 1.1.

(i) X is said to be renewal new is better than used (RNBU) if

Xt

st≤ X̃ , i.e., Ft(x) ≤ W F (x), x ≥ 0.

(ii) X is said to be renewal new is better than used in expectation (RNBUE)

if

E(Xt) ≤ E(X̃), i.e, 2μ

∞∫
x

F (u)du ≤ μ(2)F (x),

where μ is the mean life and μ(2) is the second moment,both assumed finite.

Definition 1.2.
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A non-negative random variable X is said to be renewal new is better than

renewal used (RNBRU) if

X̃t

st≤ X̃, i.e.,W (x + t) ≤ W F (x)W F (t), x, t ≥ 0,

i.e., μ

∫ ∞

x+t

F (u)du ≤
∞∫

x

F (u)du

∞∫
t

F (u)du, x, t ≥ 0.

The purpose of this paper is to give a moment inequality for the RNBRU class.

The main results are given in Section 2.Our proposed tests and their asymp-

totic normality are shown in Section 3.In that section, we obtained Monte

Carlo null distribution critical values for sample sizes n =40(5)1.In Section 4,

the PAE values of our tests are calculated. Furthermore, their Pitman asymp-

totic efficiency (PAE) values relative to the other tests are presented.Finally, in

Section 5,we apply the proposed test to real practical data in medical science

given in Abouammah et al. (1994).

2 A moment inequality

In this section we present our main results. The following theorem gives the

moment inequality for the RNBRU life distributions class.

Theorem 2.1.

If F is RNBRU then

μμ(r+s+3)

(r + s + 3)!
≤ μ(r+2)μ(s+2)

(r + 2)!(s + 2)!
, (2.1)

where

μ(r) = E(Xr) = r

∞∫
0

xr−1 F (u)du.

Proof.

Since F is said to be renewal new is better than renewal used (RNBRU),then

μV (x + t)du ≤ V (x)V (t) (2.2)
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where

V (x + t) =

∞∫
x+t

F (u)du and V (x) =

∞∫
x

F (u)du.

Multiplying both sides in (2.2) by xrts, r > 0, s > 0,and integrating over (0,∞)

with respect to x and t. We get

μ

∞∫
0

∞∫
0

xrtsV (x + t)dxdt ≤
∞∫

0

xrV (x)dx

∞∫
0

tsV (t)dt (2.3)

Now, the left- hand side of (2.3) is equal to

μ

∞∫
0

∞∫
0

xr tsV (x + t)dxdt = μ
1

(r + 1)(r + 2)

⎡⎣E

∞∫
0

tsE(X − t)r+2I(X > t)dt

⎤⎦
= μ

1

(r + 1)(r + 2)
E

X∫
0

ts(X − t)r+2dt

= μ
1

(r + 1)(r + 2)
EXr+s+3

1∫
0

us(1 − u)r+2du

= μ
1

(r + 1)(r + 2)
EXr+s+3β(s + 1, r + 3)

=
r!s!μ.μr+s+3

(r + s + 3)!

(2.4)

Also,the right- hand side of (2.3) is equal to

∞∫
0

xr V (x) dx = E

∞∫
0

xr(X − x)I(X > x)

= E

⎡⎣X

X∫
0

xrdx −
X∫

0

xr+1dx

⎤⎦
= E

[
Xr+2

r + 1
− Xr+2

r + 2

]
=

μ(r+2)

(r + 1)(r + 2)
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(2.5)

Similarly

∞∫
0

tsV (t)dt =
μ(s+2)

(s + 1)(s + 2)
(2.6)

The result follows from (2.4),(2.5) and (2.6).

3 Testing The RNBRU Class

3.1 Test procedure:

Let X1,X2,...Xn, be a random sample from a population with distribution

function F . We test the null hypothesis H0 : F is exponential with mean μ

against H1:F is RNBRU and not exponential. Using theorem (2.1),we can

use the following quantity as a measure of departure from H0 in favor of H1 :

δ
RN

(r) =
μ(r+2)μ(s+2)

(r + 2)!(s + 2)!
− μμ(r+s+3)

(r + s + 3)!
, (3.1)

Not that under H0 : δ
RN

(r) = 0, and it ispositive under H1. To make the test

scale invariant under H0,we use

�
RN

(r) =
δ

RN
(r)

μr+s+4

It could be estimated based on a random sample X1,X2,...Xn, from F by

�̂
RN

(r) =

�

δ
RN

(r)

X
r+s+4

=
1

X
r+s+4

[
1

n(n − 1)

∑∑
i�=j

(
Xr+2

i Xs+2
j

(r + 2)!(s + 2)!
− XiX

r+s+3
j

(r + s + 3)!

)]

(3.2)

where X = 1
n

n∑
i=1

Xi is the sample mean,and μ is estimated by X.Setting

φ(X1 , X2) =
1

(r + 2)!(s + 2)!
Xr+2

1 Xs+2
2 − 1

(r + s + 3)!
X1X

r+s+3
2
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Again
�

�
RN

(r) and
�

δ
RN

(r)

X
r+s+4 have the same limiting distribution.But since

�

�
RN

(r)

is the usual U-statistics theory, cf. Koroljuk and Broovskich (1994), it is

asymptotically normal and all we need to evaluate V ar(
�

δ
RN

(r)

μr+s+4 ). The following

theorem summarized the large sample properties of
�

�
RN

(r) or U -statistic.

Theorem 3.1.

As n → ∞ ,
√

n(
�

�
RN

(r) − �
RN

(r)) is asymptotically normal with mean

zero and variance

σ2
(r) = μ−2(r+s+4)V ar

⎡⎣ Xr+2
1 μ(s+2)

(r+2)!(s+2)!
+

Xs+2
1 μ(r+2)

(r+2)!(s+2)!
− X1μ(r+s+3)

(r+s+3)!

−μXr+s+3
1

(r+s+3)!

⎤⎦ (3.3)

under H0 the variance is equal to

σ2
0(r, s) =

(2r + 4)!

[(r + 2)!]2
+

(2s + 4)!

[(s + 2)!]2
+

(2r + 2s + 6)!

[(r + s + 3)!]2
+

2(r + s + 4)!

(r + 2)!(s + 2)!

−2(2r + s + 5)!

[(r + s + 3)!]
− 2(r + 2s + 5)!

[(r + s + 3)!]
− 2

(3.4)

Proof:

Since
�

�
RN

(r) and
�

δ
RN

(r)

X
r+s+4 have the same limiting distribution, we concentrate

on
√

n (
�

�
RN

(r)−�
RN

(r)). Now this is asymptotic normal with mean zero and

variance σ2 = V ar [φ(X1)] ,

where

φ(X1) = E [φ(X1 , X2)|X1] + E [φ(X2 , X1)|X1] . (3.5)

But

φ(X1) =
Xr+2

1 (s + 2)!

(r + 2)!(s + 2)!
+

Xs+2
1 (r + 2)!

(r + 2)!(s + 2)!
− X1(r + s + 3)!

(r + s + 3)!
− Xr+s+3

1

(r + s + 3)!
.

(3.6)

Hence(3.3) follows.The theorem is proved. Thus it is easy to get σ2
0(r, s) as it

is defined in (3.4).
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The test statistic is

�

�
RN

=

�

δ
RN

(r)

X
r+s+4

=
1

X
r+s+4

[
1

n(n − 1)

∑∑
i�=j

(
Xr+2

i Xs+2
j

(r + 2)!(s + 2)!
− XiX

r+s+3
j

(r + s + 3)!

)]

which is quite simple statistics. One can use the proposed test to calcu-

late
√

n
�

�
RN

σ0
and reject H0 if

√
n
�

�
RN

σ0
≥ Zα,where Zα is the α−quantile of the

standerd normal distribution.

3.2 Monte Carlo null distribution critical values

In practice,simulated percentiles for small samples are commonly used by ap-

plied statisticians and reliabilty analyst.We have simulated the upper per-

centile values for 95%,98% and99%.Table(3.1) presented these percentile values

of the statistics
�

�
RN

and the calculations are based on 5000 simulated samples

of sizes n = 5(1)40.It is clear that the percentile values decrease slowly as

sample size increses.
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Table (3.1) Critical Values of δ̂RN

n 95% 98% 99%

5 1.6650 2.9670 3.4071
6 1.3582 2.3991 2.5291
7 1.0928 1.8312 2.1085
8 1.0104 1.6023 1.8287
9 0.8255 1.3596 1.6568
10 0.7781 1.2392 1.4818
11 0.6804 1.0646 1.0830
12 0.6148 0.9689 0.9950
13 0.5771 0.8620 0.9180
14 0.5546 0.8355 0.8460
15 0.5112 0.7870 0.8106
16 0.4892 0.7264 0.7598
17 0.4655 0.6918 0.6669
18 0.4227 0.6179 0.6848
19 0.4027 0.5953 0.6559
20 0.3932 0.5792 0.6129
21 0.3788 0.5353 0.5778
22 0.3699 0.5479 0.5699
23 0.3632 0.5151 0.5586
24 0.3350 0.4827 0.5128
25 0.3308 0.4589 0.5160
26 0.3342 0.4685 0.4989
27 0.3174 0.4486 0.4861
28 0.3044 0.4115 0.4921
29 0.3026 0.4121 0.4265
30 0.2962 0.4067 0.4318
31 0.2916 0.3883 0.4322
32 0.2839 0.3997 0.4311
33 0.2693 0.3639 0.4308
34 0.2649 0.3576 0.4137
35 0.2619 0.3527 0.4246
36 0.2615 0.3450 0.3921
39 0.2418 0.3253 0.3934
40 0.2389 0.3166 0.3752
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4 Asymptotic Efficiency

In order to asses how good our proposed family of tests are relative to others

in the literature we employ the concept of ”Pitman’s Asymptotic Relative

Efficiency” (PARE) of proposed test. To do this,we need to evaluate the

”Pitman’s Asymptotic Efficiency” (PAE) for our tests and then compare this

(via taking ratios) to the PAEs of other tests to get the (PARE). Let us first

evaluate the (PAE) for our proposed family of tests
�

�
RN

which is defined in

(3.10).It is known that Pitman’s Asymptotic Efficiency(PAE) which is defined

as Pitman (1979) is given by

PAE(�r(θ)) =

[
d
dθ
�r(θ)

]
θ→θ0

σ0

. (4.1)

Hence, in our case,

�′
RN |θ→θ0 =

μ
′
(r+2)(θ0)

(r + 2)!
+

μ
′
(s+2)(θ0)

(s + 2)!
−
[

1

(r + s + 3)!
μ

′
(r+s+3)(θ0)

]
+ μ

′
(θ0).

(4.2)

But we easly see that

μθ,(r) = r

∞∫
0

xr−1F θ(x)dx, (4.3)

givining that

μ
′
r(θ) = r

∞∫
0

xr−1F
′

θ(x)dx.

Hence

�′
RN(1)|θ→θ0 =

1

(r + 1)!

∞∫
0

Xr+1F
′

θ0
(x)dx +

1

(s + 1)!

∞∫
0

xs+1F
′

θ0
(x)dx

− 1

(r + s + 2)!

∞∫
0

xr+s+2F
′

θ0
(x)dx −

∞∫
0

F
′

θ0
(x)dx.

(4.4)

The two of the most commonly used alternatives with this area:
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(i) The linear Failure Rate Family:

F θ(x) = e−x− θ
2
x2

, x ≥ 0, θ ≥ 0

(ii) The MakehamFamily:

F θ(x) = e−x−θ(e−x+x−1)

, x ≥ 0, θ ≥ 0

Directly calculations most of the efficiencies of these families give:

(i) The linear Failure Rate Family

PAE(�r(θ)) = 2(r + 1)(s + 1)

(ii) The MakehamFamily:

PAE(�r(θ)) =
1

2

[
1 + 2−(r+s+2) − 2−(r+1) − 2−(s+1)

]
As far as,no other tests have as yet been proposed for testing against RNBRU

alternatives.Thus compare it to others that may be usefule for this prob-

lem.Here we choose the tests Δ̂NRn and δ(3) which represented by Abu-Youssef

(2004) and Mugdadi and Ahmad (2005) respectively.

Direct calculations of the tests Δ̂NRn , δ(3)and Δ̂RN are summarized in Ta-

ble(4.1).Also, in Table (4.2) we give (PAREs) of Δ̂NRn and δ(3) tests whose

PAE are mentioned in Table(4.1).

Table (4.1)

Distribution Δ̂NRn δ(3) Δ̂RN

Linear failure rate 0.535 0.4082 1.414

Makham 0.067 0.0395 0.088

Table (4.2)

Distribution eF (Δ̂RN , Δ̂NRn) eF (Δ̂RN , δ(3))

Linear failure 2.643 3.464

Makham 1.313 2.228

It is cleare from Table 4.2 ,we can see that the statistic Δ̂
RN

for RNBRU is more

efficiently than both Δ̂NRn , δ(3) and our test is also simpler.Note that:Since Δ̂
RN

defines a class (with parameter) r , s of test statistics,we choose r,s that the

maximizes the PAE of that alternatives.If we take(r, s) = (0, 0) then our test

will have more efficiency than others.
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5 Numerical Examples for RNBRU test in a

complete sample

Consider the data in Abouammoh et al.(1994).These data represent 40 pa-

tients suffering from blood cancer from one of the Ministry of Health Hospital

in Saudi Arabia and the ordered life times (in day are 115, 181, 255, 418,

441, 461, 516, 739, 743, 789,807,865,924,983,1024,1062,1063,1169,1191,1222,

1222,1251,1277,1290, 1357, 1369, 1408, 1455, 1478, 1549, 1578, 1578, 1599,1603,

1604,1696,1735,1799,1815,1852. Using equation (3.9),the value of test statis-

tics, based on the above data is Δ̂hn = −0.0072.This value leads to the accep-

tance of H0 at the signficance level α = 0.95 see Table (3.1).

Acknoledgment:

The author work is Supported by College of Science-Research

Center Project No(Stat/2008/18).

REFERENCES

Abouammoh, A. M., Ahmad, R., and Khalique, A. (2000) On new renewal

better than used classes of life distributions.Statist.Prob. Letters 48, 189-194.

Abouammoh, A. M., Khalique, A(1998).On tests of new renewal better than

used classes of life distributions. Parisan.Samikkha.5, 21-32.

Abouammoh, A. M., Abdulghani,S.A,Qamber,I.S.(1994).On partial orderings

and testing of new better than renewal used classes.Reliability Eng.Syst.Safety.43,

37-41.

Abu-Youssef,S.E (2003).Amoment inequality on new renewal better than used

in expectetion class of life distributions with hypothesis testing application.

International Journal of Reliability and Applications. 4,191-199.

Abu-Youssef,S.E (2004).Moment inequality on new renewal better than used

class of life distributions with hypothesis testing application.Applied Mathe-

matics and Computation.149,651-659.

Ahmad, I. A. (1994).A class of statistics useful interesting increasing failure

rate average under better than used life distributions.J.Statist.Plan. Inf., 41,



On testing statistics 29

141-149.

Ahmad,I.A.(2001).Moment inequalities of aging families of distributions with

hypothesis testing applications.J.Statist.Plan.Inf, 92,121-132.

Kaur, A. Prakasarao, B. L. S., and Singh, H. (1994). Testing for second order

stochastic dominance of two distributions. Econometric Theory, 10, 849-866.

Klefsjo, B. (1982). The HNBUE and HNCUE classes of life distributions.

NavalRes. Logist. Quart., 29, 331-344.

Koroljuk, V. S and Broovskich, Y. V. (1994). Theory of U-Statistics. Kluwer

Academic,New York, NY.

Shaked, M. and Shanthikumar, J. G. (1994). Stochastic Orders and Their

Applications.Academic Press, New York, NY.

Shaked, M. and Zhu, H. (1992). Some results on block replacement policies

and renewal theory. J. Appl. Probab., 29, 932-946.

Shaked, M. and Shanthikumar, J. G. (1994). Stochastic Orders and Their

Applications. Academic Press, New York.

Received: June 12, 2008


