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1. Introduction

Let D be the open unit disk in the complex plane C. Denote by H (D), the
space of holomorphic functions on . For a holomorphic map ¢ of I such that
¢(D) € D, we can define linear operators

Cgon = (flo(p) and DCAOf = (fo(p)/, (f € H(D))v

where C, and D are composition and differentiation operators respectively.
For general background on composition operators, we refer [2] and [7] and ref-
erences therein. Recently, several authors have studied C,D and DC, on some
spaces of analytic functions. For more information on these operators, one can
refer to [4] and [8]. The main theme of this paper is to study these operators
between a-Bloch spaces and the little a-Bloch spaces. The plan of the rest of
the paper is as follows. In the next section we introduce a-Bloch spaces and
the little a-Bloch spaces. Section 3 is devoted to characterise boundedness and
compactness of C,D and DC, between a-Bloch spaces whereas boundedness
and compactness of C,D and DC,, between little a-Bloch spaces is tackled in
section 4.
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2 Preliminaries

In this section we will concentrate on those aspects of the a-Bloch spaces and
little a-Bloch spaces that will be needed throughout this paper.

Let 0 < a < 00. A function f holomorphic in ID is said to belong to the a-Bloch
space B if

sup(1 = [<[*)°1(2) < o

and to the little a-Bloch space Bf if

lim (1 — |2[*)*]f'(2)| = 0.

|z]—1
It is well known that B® is a Banach space under the norm

[1£1]s~ = 1£(0)] + sup(1 — )1 () = [£(0)] + s(f)

and BY is a closed subspace of B*. Note that B' = B and B} = By are the
usual Bloch space and the usual little Bloch space respectively.

Two quantities a and b are said to be comparable, denoted by a = b, if there
exist two positive constants C; and C5 such that Cia < b < Csa.

Next result is an alternate characterisation of the a-Bloch spaces and little
a-Bloch spaces (see [1]).

Theorem 2.1. [1] Let 1 < a < co. Then for f € H(D) following are equiva-
lent:

s(f) =~ 1(0)| + Slel]g(l — [ (2.
Further f € By (o > 1) if and only if
lim (1 — [2[*)* ! f"(2)] = 0.

|z|—1
To be precise, the above theorem is shown in [1] for the case « = 1, however
the same proof given there works for a > 1.
The following Lemma describes the compact subsets of By .
Lemma 2.2 [6] Let K C B§. Then K is compact if and only if K is closed,
bounded and satisfies

lim sup(1 — [2[*)*]f'(2)| = 0.

|z]=1 2eK

For general background on Bloch spaces and little Bloch spaces, one may
consult [1] [3] [9] [10] and references therein. Madigan and Matheson [5]
characterised the boundedness and compactness of composition operators on
B and B,.

3 Boundedness and Compactness of C,D and DC,,
between a-Bloch spaces
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Theorem 3.1. Let a > 1 and 8 > 0 be two real numbers and ¢ be a
holomorphic self-map of D. Then C,D maps B* boundedly into B if and only

if
(1—|=*)"
seb (1= [p(x)P)*+
Proof. First suppose that (3.1) holds. Then for arbitrary z € D, we have

(1= P)°ICDf) ()] = A=z 1f" (e(2)]l¢'(2)]

1—1z 2\8
Tl e
and consequently, C,, D maps B* boundedly into B°. Conversely, suppose that
C,D maps B boundedly into B”. Fix a point 2o € D and let w = ().
Consider the function f, given by f,(2) = (1 —|w|?)/2*"*(1 —wz)*. Then
Jw € B* and || fu ||5«< 1. Moreover

1 — |w]” _ ola+ @)1 — |w]?)

ful2) = 2a+1(1 — z)otl (aw) —and  fu(2) = 20+1(1 — wz)ot?

| (2)] < o0. (3.1)

Ca

Since C, D maps B* boundedly into B8, so there exists a constant C' > 0 such
that || C,Dfy |lgs< C || fu ||[a=< C, for all w € D. Hence for all z € D, we
have (1 — |22)P]f"(¢(2))]|¢'(2)| < C. In particular, when z = 2y , we have

(1- ‘ZO|2)ﬁO‘(O‘ + Dl (20) (1 — l(20) )
3~ [ P)?

|¢'(20)] < C.

Thus
(1 —J=*)’ 2 C
21— o)y PNl = ey
Let K = {2z € D : |¢(20)] < r}. With K as defined above the equation (3.2)
gives

(3.2)

(1 o |Zo|2)ﬁ , 2a+10
< -
0 [ e ] < s

whence suszK{[-~-] : z ¢ K} is bounded, and supzeK{[~-~] cz ¢ K}is

certainly bounded, whence (3.1). This completes the proof.
Theorem 3.2 Let o > 1 and B > 0 be two real numbers. Let ¢ be a holo-
morphic self-map of D such that C,D maps B* boundedly into B°. Then C,D
maps B compactly into B® if and only if

. el

lim z)| = 0. 3.3

e ‘SO(Z)P)QHISO( )| (3.3)

Proof. Let {f,} be a bounded sequence in B* that converges to zero uniformly
on compact subsets of D. Then we have to show that| C,Df, ||gs— 0 as
n — oo. Let M = sup, || fn ||po< 0o. Given € > 0, there exist an r € (0,1)
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such that if |¢(2)] > 7, then ((1—[2]?)?/(1 —|e(2)]?)*t1)|¢'(2)| < €. Using
Theorem 2.1, we have for |p(z)| > r,

(1= [2)°1(CoDfa) ()] = (1= [P £ (0(2))l1¢ ()]

_[]2)8 anHBa (5
< Co(1—2%) (1_’(10(2)‘2)04“’(’0( )l

< eMC,.

for all n. On the other hand since f” — 0 uniformly on {w : |w| < r}, there
exists an ng such that if |p(z)| < rand n > ng, then |f”(p(2))| < €. Moreover,
by (3.1), we have A = sup,p(1 — |2]?)%|¢’(2)] < oo. Thus

(1= [2)71(CoDf(2)] < (1= [2*)°| (21 £ (0(2))] < €A

The above arguments, together with the fact that C,Df,(0) = f;(¢(0)) —
0 as n — o0, yields that || C,Df, ||gs— 0 as n — oo. Hence C,D maps B*
compactly into B”.

Conversely, suppose that (3.3) does not hold. Then there exists a positive
number A and a sequence {z,,} in D such that |p(z,)] — 1 and

(1 - ‘Zm|2)ﬁ
(1= [o(zm)[?)+!
for all m. For each m define f,,(2) = (1 — |p(zm)]?)/2°(1 — ¢(2,n)2)®. Then
fm € B* and || fn ||g=< 1. Since C,D maps B compactly into B and f,, is a
norm bounded sequence that converges to zero uniformly on compact subsets

of D, it follows that a subsequence of {C,Df,,} tends to zero in B”. On the
other hand

1 CuDSnllas = (1= 2PV CLDA (o)
(1~ PP F o)l )
_ ala+ Dlpen) PO~ nl)
e A
> afa+ Dlplen)l

' (zm) = A,

which is absurd and hence we are done.
Theorem 3.3 Let o > 1 and 3 > 0 be two real numbers and ¢ be a holomorphic
self-map of D. Then DC, maps B* boundedly into B® if and only if

_Z2ﬁ/22 —Z2ﬁ”2
I o U B o 4 1 B

zeb (1= [p(2)[?)ot! :ep (1= lp(2)[*)e

Proof. First suppose that

1— 0\B1, 2 1— 20\B| i
O N o 1 P I

zeb (1= [p(2)[?)rt zep (1= lp(2)[*)e
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For arbitrary z € I, we have

(1= 2P)IDCf) ()] = (1= [)°I(f o 9)"(2)|
= A= 12PIEPI ()] + 1 (e(lle"(2)]]
AP ’6\90( P A= [2P)le"(2 )!) I £ llse
- (1 = le(z)[2)o+! (1= [e(2) )
(CaM +N) || f |l

and consequently, DC,,f maps B* boundedly into B°.

Conversely, suppose that DC, maps B* boundedly into BS. Then taking
f(z) = z in B, we get ' € BP. Again taking f(z) = 22/2 in B%, we get
(1= [2[»)71(¢'(2))* + p(2)¢"(2)| < M. Since ¢' € B and |p(2)] < 1, we get
sup,ep(1 —|21%)P|¢'(2)]? < oo. Fix A € D and consider the function fy defined
by

N

o [P (@101 = eV oD
he) hl—wﬂd%l a(l— p(N)z) jooGeD)
Then

Ae) = 1= s )2 ERrpySren

An easy calculation yields that (1 —|z|*)?|f1(2)] < 3(a+1)2°T and |£,(0)| <
1+ (a+1)/a. Thus we have M = sup{|| fr ||[ge: A € D} < (1 + (a+ 1)/ +
3(a+ 1)2>1. Moreover fi(p(N)) = 0. Again

o) — (O DD PR (04 120 o))
= e )

00 >{(a+1)(1—|90( P)? (a+ D = [p(M )}‘

(V).

and so

(a+1)

A(p(N) = (1= [p(N)[2

== (p(A))?
Since DC,, maps B* boundedly into B”, so we can find a constant C' > 0 such

that || DC,fx [|gs< C' || fx ||B«< CM. Hence
(1= 271 ()@ (2))* + file(2)e"(2)] < CM

for all z € . In particular

(1= PPN N)* + Ae(A)e" (N < OM

and so
(1A 2 1\ 2
(a+ 1)(1 NEEE (Nl (M) < CM.
Thus for fixed d;, 0 < d; < 1, we have
(1 =[P

sup { ooy AR A €D )] > b} <o (34)
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For A € D such that |p(A\)| < 61, we have
L—|AP)°

(1= [p(A)[2)ett
Since ¢’ € B, we have
(L= [AP)°

(1= [p(A)[P)ett

Consequently, by (3.4) and (3.5), we have

DR
T Ty O <o

Next for fixed A € D, consider the function
@+ DA —[eN)P)?  1T—pW)

P < @(l SR

'V A eD,|p(N\)] <61 < oo (3.5)

sup

M = e L= s
Then
o (et D@+ 21— e (ot (1= [pWP)*\ =
A= ( (a1 3)(1— p(N)2)>+s (1— o))+ e

Thus an easy calculation yields that (1 — [2]*)¥|f1(2)] < (a+1)(5a + 11)22+!
and | f,(0)] < 4(3a+5)/(a+ 3) and so, we have M = sup{|| fx ||go: A € D} <
43a+5)/(a+3) + (a+ 1)(har + 11)2>F. Also

O o o A 0
R = e Do 2 (6 em ~ )
Thus

p(N)*.

(a+1) —

P =0 and  Re0) = ~ g A
Now we can find a constant C' > 0 such that
C > (1= PR O M)+ [le(W)e" (V)]
and hence
(a+1)(1_ |/\|2)ﬂ " !
0 SOy el < O
Thus for fixed 95, 0 < d9 < 1, we have
Q=P 0o
sup ooy O A € D] > b } < o0, (3.6)
For A € D such that |¢(\)| < d2, we have
(1 B ‘)‘| ) " 1 o 2\B|, M
T S g AP O
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Since ¢’ € Bg , we have
(=7,
WA : . | |
Sup{(l_’(p()\)‘Q)akO M)A eD,|eN)] _52} < 00 (3.7)

Consequently, by (3.6) and (3.7) we have

ap LA ~
)\eg (1-— ’@(A)‘Q)akp (M)] < oo.

This completes the proof.
Theorem 3.4. Let a« > 1, B > 0 be two real numbers and ¢ be a holomorphic
self map of D such that DC, maps B* boundedly into B®. Then DC, maps
B compactly into B® if and only if
1 = |212)%]’ 2 1 — |2|2)8"
L I )
eGl—1 (1= |p(z) )+ e(z)l=1 (L —|p(z)[2)~

Proof. Let {f,} be a bounded sequence in B* that converges to zero uniformly

on compact subsets of D. Then || DC,f, ||gs— 0 as n — oo. Let M = sup,, ||
fn l|Be< 00. Given € > 0, there exist an r € (0, 1) such that if |p(2)| > r, then

(L — 12" (L —12*)”
(1= [e(2)[2)o* (1 —1le(2))?)"
Thus for z € D such that |p(z)| > r we have

(1= ERADCLY @] = (- R (LR + e )
(- ERPIPEE | (= PV IeE)
< (O pmpe e e ) e
< eM(Cy+1)

=0.

¢'(2)]” <€ and " ()" <e

for all n. On the other hand since f; and f// converges uniformly on {w : |w| <
r}, there exist an ng such that if |p(z)| < r and n > ng, then |f/ (p(2))] < r
and | f/(¢(z))| < e. Also conditions (1) and (2) of Theorem 3.3 implies that
A=sup(1—[z)’|¢/(2)]* <oo and B =sup(l - |2*)"¢"(2)| < .
z€D

z€eD

Thus we deduce that

(1= P IDC L) (] < (L= 2216 ()P (D] + [ fnle(D]e" (2)])

(A + B)e.

The above arguments together with the fact that DC,f,,(0) = f/(¢(0)) — 0
as n — oo yields that || DC, f,, ||gs— 0 as n — oo.
Conversely, suppose that DC, maps B* compactly into B°. Let {z,} be a
sequence in D such that |¢(z,)| — 1 as n — oco. Let

(L —lp(z)?)?  (a+ DA = lo(za) )

AN R ey T T R e AT

<
<
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for z € D. Then as in Theorem 3.3, f,, € B, f, is norm bounded in B* and
fn — 0 uniformly on compact subsets of . Moreover

2 = M{ (@ + DA —lp(z)?)?  (a+1)(1— !w(zn)IQ)}

(1 — p(zn)2)+? (1 — p(zp)2)
niy - flatDla+2)(1 - lp(z)P)? (@ + 1)?(1 = Jp(20)?) )
fi) =4 TESEEaArE TEEEmArE lEene
Note that
/ > — an " Py — (O‘ + 1) > 2
fulp(2,)) =0 d  f(e(zn)) (1 — [p(zn)|2)or (p(2n)"

Since DC, maps B® compactly into B, it follows that || DC,f, ||gs— 0 as
n — o0o. Thus

(L =zl (e + Dl(zn) Pl (20)
(1 = l(zn) [2)o+

|| Docpfn HBBZ
implies that
— 2\p
P

lpn)l=1 (1= |p(zn) [2)o*

Next for {z,} € D such that |¢(z,)| — 1 consider the function
gnlz) = (@+ 1)1 —lp(z)*)? (1= le(z)l*)*
(@ +3)(1 = @(zn)2)02 (1= p(zn)2)H

Again as in Theorem 3.3, g, € B*, ¢, is norm bounded in B* and g, — 0
uniformly on compact subsets of ID. Moreover

' (2a)[* = 0.

o (et D@+2) (= lpG)P® (@ + D = el )2y ——
e N T B e Tl P RER L0
and
A A= leG)® (1= lpG)P? y =,
onlz) = (o + D(a+ 2{ o= — == el
Thus

(a+1) 1

(a+3) (1= le(z)?)"
Since DC, maps B compactly into B5, so
(@+1) (1-|zP)°
(a+3) (1= le(z)?)
(1—[2]»)"

im ——
2)=1 (1= [e(2)[2)*
This completes the proof.

P(z) and  gp(p(2a)) = 0.

9 (p(zn)) = —

I DCogn |52

S 1¢" (zn)]

and hence
l"(2)] =0
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4 Boundedness and Compactness of C,D and DC,
between little a-Bloch spaces

In this section, we consider the operators C,,D and DC, acting between little
a-Bloch spaces B and By
Theorem 4.1. Let a« > 1, § > 0 be two real numbers and ¢ be a holomorphic
self map of D. Then C,D maps By boundedly into Bg if and only if the fol-
lowing conditions arg satisfied

: (1 -1z
D R T R
Proof. First suppose that C,D maps B boundedly into Bg . Then (i) can be
proved exactly in the same way as in the proof of the Theorem 3.1. By taking
f(z) = 22/2 in BY, we get © € B which is (ii).
Next, suppose that (i) and (i7) are satisfied. Take any ¢ > 0. Let f € B§.
Then by Theorem 2.1, there is 6; € (0,1) such that for any z € D, |z| > dy,
we have |f"(z)] < /(1 — |z|*)**. Thus for |¢(2)| > d1, by (i), we can find a
constant M > 0 such that

(1= 1271 (p(2)¢ ()] < ele'(2)]

| (2)] < oo and (it) p € Bg.

(L= 12"
(1 = fe(2)[2)ert
On the other hand, since by (ii) ¢ € B, so for above ¢, there is d, € (0, 1)

such that |z| > dy implies that (1 — |z|*)?|¢'(2)] < e. Thus for |p(2)| < &y, if
|z| > 02, we have a constant N > 0 such that

< eM. (4.1)

_1L12\B8], 4 " / (1 — ‘z|2)ﬁ
(1= L D] < Call sl G T —garm <N (42)

By combining (4.1) and (4.2), we see that whenever |z| > 03, we have
(1= [21)%1¢'(2)f"(p(2)] < maz(M, N)e

which means

lim (1 — |2[*)*|(C,Df)'(2)] = 0.

|2|—1
Thus C,Df € Bg . By Closed Graph Theorem DC, maps B boundedly into
By,
Theorem 4.2 Let a > 1, B > 0 be two real numbers and ¢ be a holomorphic
self map of D. Then C,D maps By compactly into Bg if and only if

1—1z%)8
S (S
el (1= [e(2)[2)o*
Proof. By Lemma 2.2, the set {C,Df : f € B§,||f||p= < 1} has compact

closure in By if and only if

lggsﬂp{(l — 2P CDF) () : f € BE Iflle <1} =0. (44)

|#'(2)] = 0. (4.3)
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Suppose that f € BS is such that ||f||ze < 1, and (4.3) is satisfied. Then

L= 1=P)°NCDf) ()] = (112l (2) f"((2))]
(1 B |Z|2)ﬁ ’(,0/(2>’
(1= Je(z)[)e+! '

By (4.2) above inequality implies (4.4). Hence C,D maps B compactly into
B,

Conversely, suppose that C,D maps B compactly into Bg . Using the same
test as in the proof of Theorem 3.2, we see that

(1—z»)°
le(2)=1 (1 — |p(2)[?)H

Since C, D maps Bf boundedly into Bg , Theorem 4.1 implies that ¢ € Bg It
is easy to show that ¢ € B and (4.5) is equivalent to (4.4).

Remark. The conditions in Theorem 4.2 include the necessary and sufficient
conditions for boundedness of C,D from Bj into B,

Theorem 4.3. Let a > 1 and 3 > 0 be two real numbers. Then DC, maps
BS boundedly into BP if and only if the following conditions are satisfied.

' (2)] = 0. (4.5)

(1— 12270/ (2)? (1— 121279 (2)]

i) sup < oo, (%) sup < 00,
O o im0 @ A emp
(i) ¢ €8 and (i) é}g(l —21%)7l¢' () * = 0.

Proof.  First suppose that DC, maps B boundedly into BY. Then (i) and
(ii) can be proved exactly in the same way as in the proof of the Theorem
3.1. By taking f(z) = z in BY, we get ¢’ € BY which is (ii). Again by taking
f(2) = 22/2 in BE, we get lim (1 — |2[)P(|(¢'(2))? + ¢(2)¢"(2)]) = 0. Since

|2|—1

¢ € By and |p(z)] < 1, we get |h|m1(1 —121%)%|¢'(2)|* = 0, which is (iv).

Next, suppose that (i) — (iv) are satisfied. Take any ¢ > 0. Let f € B§.
Then by (2.2) there is 6; € (0, 1) such that for any z € D, |z| > §;, we have
|f"(2)] < e/(1 —|z[*)*™! Thus for |¢(z)| > 41, by (i), we can find a constant
C1 > 0 such that

(1 - )
T feopy = 49

On the other hand, by (iv) there is §, € (0, 1) such that (1 — |2|*)P|¢/(2)|* < e.
Thus for |p(z)| < &y, if |z| > 02, we have a constant Cy > 0 such that

_14[2)8
((11_5% < Coe  (4.7)

(1= 1271 ()" " (e(2))] < el (2)?

(1= 1271 ()" (p(2))] < Call fllsal¢ (2)]?
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By combining (4.6) and (4.7), we see that whenever |z| > 04, we have
(1= 12)71(¢'(2))* " ((2))] < maz(Ch, Ca)e. (4.8)

Again, since f € B§, there is d3 € (0,1) such that |z| > d3 implies that
|f/(2)| < e/(1 —z|*)* Thus for |p(z)| > d3, by (ii), we can find a constant
C3 > 0 such that

_.12\B), / " (1 — ‘z|2)ﬁ
(1= [1971¢"(2) F(p(2)] < ele”(2)] <Cse (49

(1= le(2)[)>

On the other hand, by (iii) ¢’ € B, so for above ¢, there is 6, € (0, 1) such that
|z| > &, implies that (1 — |2]2)P|¢”(2)| < . Thus for |p(2)| < &, if 2| > 6,
we have a constant Cy > 0 such that

A 12\B] / " (1 — ‘z|2)ﬁ
(L= DI F (e < Illse " ()= < Cae (4.10)

By combining (4.9) and (4.10), we see that whenever |z| > d,, we have
(1= [21)71¢"(2) f (9(2)] < maz(Cs, Co)e. (4.11)
By combining (4.8) and (4.11), we have for § = max(dq,d4), if |z| > 0, there is
a constant C' > 0 such that
(1= 27 EPI " ()] + 1 ()" (2)]) < eC

which means that
lim (1 — [2]*)?|(DC,f)'(2)| = 0.

|z[—1

Thus DC, € Bg . The proof is complete.
Theorem 4.4. Let a > 1 and 8 > 0 be two real numbers. Then DC, maps

B compactly into Bg if and only if
1— 2\B1, A 2 1— 2\B1, ;M
i) i CEEPROR o 0 B
o=t (1= [e(2)[?) =1 (1= [e(2)?)
Proof. By Lemma 2.2, the set {DC,f : f € BY,||f||s« < 1} has compact

closure in Bg if and only if

lim sup{(1 — |2[*)’|(DCuf)'(2)] - f € BS, [|fl]= < 1} = 0. (4.12)

|2|—=1

= 0.

Suppose that f € B is such that || f||g« < 1, and ¢ satisfies (i) and (ii). Then
(1= 2P)IDCf) ()] < (1= [P)[l E)PI" ()] + 1 (e(2))l1¢" (2)]]
(

A= ERIER | (1 )l C)
< (T pmme oo ) 1 e

By (i) and (ii) above inequality implies (4.12). Hence DC\, maps B§ compactly
into Bg .
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Conversely, suppose that DC,, maps By compactly into Bg . Using the same
test function as in the proof of Theorem 3.4, we see that

(1= )7l _
wéﬂll (1—|o(2)[2)ett 0 (4.13)

and Ry
1 _ i
e@I-1 (1= p(2)[?)"
Since DC, maps Bf boundedly into Bg , Theorem 4.3 implies that ¢’ € Bg and
lim (1 — [2[*)7]¢'(2)]* = 0 (4.15)

|2|—1

It is easy to show that ¢ € BY and (4.14) is equivalent to (i) and (4.13) and
(4.15) is equivalent to (ii).

Remark. The conditions in Theorem 4.4 include the necessary and sufficient
conditions for boundedness of DC, from Bf into B,

In the trivial case that ¢(z) = z, our theorems give necessary and sufficient
conditions for boundedness and compactness of the differentiation operator
between a-Bloch spaces. It seems that the results for the boundedness and
compactness of the differentiation operator between a-Bloch spaces has not
appeared in the literature. Therefore we single these results as corollaries.
Corollary 1. Let a > 1 and 3 > 0 be two real numbers. Then the following
are equivalent:

(i) D maps B* boundedly into B?;

(i) D maps BY boundedly into By

(i) a+1<g6.
Corollary 2. Let a > 1 and 3 > 0 be two real numbers. Then the following
are equivalent:

(i) D maps B* compactly into BP;

(ii) D maps By compactly into Bg;
(i) a+1<p.

Before we give some examples, we state characterisations of boundedness and
compactness of the C, between a-Bloch spaces, obtained by Ohno, Stroethoft
and Zhao in [6], (see Corollaries 2.4 and 3.2).

Theorem 4.5. [6] Let o > 1 and 5> 0 be two real numbers. Then C, maps
B compactly into B? if and only if
(1—[2[*)°
web (1= [e(2)P)"
Further, if C, maps B* boundedly into BS, then Cy, maps B compactly into
B if and only if

|#'(2)] < o0.

A==
lp(z)|—1 (1 — |¢(Z)|2)a|90 (z)| = 0.
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Example 1. Let ¢(2) = (1 — 2)/2. Then 1 — |¢(2)|*> > (1 — |2|*)/4. Thus by
Theorem 4.5, we obtain that C, maps B* boundedly (respectively compactly
Jinto B?, when a < 3 (respectively a < f3).

Furthermore C,,D and DC, maps B* boundedly (respectively compactly ) into
B, when o + 1 < 3 (respectively a + 1 < f3).

Example 2. Let ¢ (z) =1 — (1 -2)7,0 < < 1. Then ¢/ (2) = v(1 - 2)7~".
Again for z near to 1, 1 —|¢(z)|* &~ (1—2)". Thus by Theorem 4.5, C,, maps B“
boundedly (respectively compactly )into B?, when o —~ + 1 < 3 (respectively
a—y+1<p).

C,D maps B* boundedly (respectively compactly )into B%, when o — v +2 <
B (respectively a — v + 2 < ) and DC, maps B* boundedly (respectively
compactly ) into B?, when a — v + 3 < 3 (respectively o — v + 3 < 3).
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