Int. J. Contemp. Math. Sciences, Vol. 3, 2008, no. 36, 1755 - 1765

Backward (r, s)-Difference Operator r, s
and Solving Difference Equations
Hassan Hosseinzadeh and G. A. Afrouzi !

Islamic Azad University, Ghaemshahr Branch
P.O. Box: 163, Ghaemshahr, Iran

Abstract

In this note we introduce a new operator that we call it backward
(r, s)-difference operator V, s, defined as follow

vr,s Yn =T Yn — S Yn+1-

Then, we investigate some properties of this new operator, we find a
shift exponential formula and use it in solving of the nonhomogeneous
difference equations with constant coefficients, may be written in the
following form

(H vrj,s]-)yn = fn.
j=1
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1 Introduction

1.1. In Numerical Analysis, we use some linear operators: shift exponential
operator E, "Ef; = f;11”, forward difference operator A;"Af; = fi11 — f7
and backward differenceV, "V f; = f; — f;-1”. These operators are used in
some topics of Numerical Analysis, particularly in interpolation, quadratures,
difference equations, and so forth. [1], [2], [4].

Since E,A and V are linear operator, then every order of them, their
inversionE~!, A—1, V~! and every polynomial of them are linear too. We know
that difference equation appears in numerical solving of ODE, PDE IE,IDFE, ...

9,0

for example in numerical solving of initial problem "y'(z) = f(z,y(z)), y(xo) =
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Yo", we find a difference equation of order one, if f(x,y) is of degree one with
respect to y, then corresponding difference equation is linear, otherwise, cor-
responding difference equation is nonlinear.

In this paper we find the particular solution of the nonhomogeneous dif-
ference equations with constant coefficients. Difference equations difference
equations are written in the following form.

Under the backward difference operator V.

P(V)y, =0, (homogeneous) (1)

P(NV)y, = fn. (nonhomogeneous) (2)

whereas P is polynomial.

In solving linear difference equations and finding general solution, we use
the following theorems. [1], [2], [4], [5].

Theorem1 (superposition principle) Suppose that y1,ys, ..., ym are the (fun-
damental) solutions of the homogeneous difference equation P(V)y,, = 0, then
any linear combinations of them is a solution for it too.

Theorem?2 Suppose that the complex-valued function "y, = y; + ¢ y2"be a
solution of equation P(V)y, = 0, then functions "y, y5" also are solutions for
it.

Theorem3 Let ybe a solution for P(V)y, = 0 and y,be a particular solution
for P(V)y, = fn, then "y. =y, +y,” is a solution for P(V)y, = f, too.

2 Solution of the difference equations

Let "y, = ™" be a solution for equation (1), we have
Let "y, = r™” be a solution for equation (1), we have
1
P(1—-)=0. (3)
r

Where (3) is called the corresponding characteristic equation to equation
(1).
Remark 1 All roots of the characteristic equations may be distinct real values,
either some of them equal or some of them are conjugate complex number.

(i) If ry, 79, ,ribe distinct real roots to the characteristic equations, then the
functions "r7, 7y, ..., rp” will be solutions of the homogeneous equations, these
functions are linearly independent [3].
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These functions are said the fundamental solutions of the homogeneous
equation.

(i) Ifry = ro = ... = 1, = r be the repeated roots of the characteristic
equation (3), then the fundamental solutions of the homogeneous equation
are: 7r n r™ n?r® .. n™ ™" that are linearly independent [3].

(iii) If r1 2 = a=£if be two conjugate complex roots, the fundamental solutions
of the homogeneous equation are,

"y = (@ 4 ) Pcosng, g = (o + 7)Y ?sinng,

where ¢ = tan™'(8/a)” [3].

Examplel Find the fundamental solutions of the homogeneous difference
equation:

(2V* —2V? + V3)y, = 0.

Solution It’s characteristic equation is " (1 — 2)?(2(1 — £)? = 2(1 — 1) + 1) =
0”. This polynomial equation has one double root ”r = [” and two complex
conjugate roots "r = 141" therefore fundamental solutions may be written as
follow:
n nm n . NI
1 =1, yo=n, ys =22co5—, Yy = 22851N—
4 4
Example2 Find the fundamental solutions of the following homogeneous dif-
ference equation

(21V? =10V + 1)y, = 0

Solution We have "2(1 — %)2 —101 — %) +1 = 0" which yields, "r; = %, ry =
and "y = ()" 2= (3"

Example3 Solve the following difference equation and find the fundamental
solutions

(V? =11V — 150) ¥, = 0.

Solution The roots of the corresponding characteristic equation are "r; =
—%, Tro3 = %(1 +14)” in the result, the fundamental solutions will be written as
follow

Example4 Evaluate the fundamental solutions of the following DFE
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"(1-2V)*(2-3V)*(2—-V) y, =0".

Solution We have ”(r — 2)%(r — 3)® 4+ (r + 1) = 0”which yields "ry = ry =
2, r3 =—-1, ry =15 =3, rg = 07"so the fundamental solutions may be
written as follow "y; = 2", yo =n 2", y3=(=1)", ys=3", ys=n 3"".

Lemma 1 Prove the accuracy of the following equalities.

=0

1
o =20 (5)

Proof:It is easy, consider VY7 fj = > fj — Z;,’;Ol fi = fu
Identity (5) is the inversion of (4).

Remark 2 Each of above identities are used for finding particular solution of
the nonhomogeneous difference equations with constant coefficients therefore
we can solve each of the following equations

Vyn = fm vmyn = fn

Example 5 Find the particular solution of the following difference equation

Vy, = n?
Solution We can write
b= o =3 = tnn+ D)
Y —~ 6

Example 6 Find the particular solution of the following difference equation

Vy, =n®—n?+2n+2

Solution we can write

n

1 1
yp = g’ + 207 +3n+1= ) (774277 +3j+1) = Tn(3n’+ 14n’ +43n+32)

j=1
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Example 7 Find the particular solution of the following difference equation

V?y, = 120n + 60

Solution By division operation we can write

n

Yy — % (%(12071 +60)) = % S (1205 + 60))%(%(60(112 +2n)))

= %(i(m(f +2j) = %(10)2713 + 9n® + 7n))

j=1

=10 Zn:(Qj?’ +952 +75) = 5n(n+1)(n +3)(n +4)

j=1
DefinitionWe define the forward (r, s)-difference operator V, , as follow

Vr,syn =TYn — SYp—1 = (T - 5E71)yn'

where v, is the approximate value function y(z) at point =, € [xg,2,,], then
two operators "V, ” and "r — sE™” are equivalent.

Corollary 2 V,is a linear operator and V;; = 1 — E~!' =V and Vipg =
V=1-FE1

Example 9
S S S s™ S
Vrs _nn: _nn_ _n_ln—: n — Yn—1 — - Vn
S Y =) Y = 5" Y1 = g (o = Yna = 7(2)"Vy
Example 10

Vi5(5"(n*—6n+10)) = 5"(n*—6n+10)—5.5""'((n—1)*~6(n—1)+10 = 5"(2n—1)

Four principal operations in vector space of operator V,
we define

(4) Vst Vigs = Vigrs

() Vis + Vi = A 15
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(191) Vs = Vi = Vi s

(tv) Vs —Vars, = Vi s

(V) Vs X Vigso = Vs X Vi s,
(

. Viris] — _
’UZ) S Vrhsl( - ) = (VT;SQ)VH,&

Virg,sg Virg,sg

Particular type 1 Suppose that s = r, then
vr,svr,s = Vz,sa ) V'I",S(v:::l3> = ijl
In the sequel we define order and inversion for Backward (r, s)-difference op-

erator.

1 1
o vr,s vr,s

fn:gn@vr,s gn:fn

Remark 3 Addition operation and multiplication operation are commutative
and associative, namely

(VrhSl + VT2752) + st,Ss = VTLSl + (sz,Sz + VTS,Ss) = VT1+T2+T3,S1+82+837
vThSl X (vr2782 X vr3783) = (VTLSI X VT2,S2) X V7“3753

Theorem 4 The backward (r,s)-difference operator is linear operator, in
addition to, every order of it and every polynomial ofV, s and inversion V- !
are linear too.

Proof:It is easy and left to the readers.

Lemma 2 Prove that accuracy each of the following identities:

=

n—

VeoX(C)TE) =1 (6)

vr,s r 1 r
Proof:It is easy, consider
n S n S n—1 s
Ve QG ) = (G s = s (T = v

j=1 j=1 j=0
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Identity (7) is the inversion of (6). Identities (6) and (7) are used in solution
of NDE.

Remark 4 Under the backward (r, s)-difference operator V, ; , nonhomoge-
neous difference equation with constant coefficients is written in the following
form

m

(L] Ve )om = fa (8)

Jj=1
Whereas "r;,j = 1,2,...,m” can be real distinct, repeated or complex numbers.

2.2. Many results by effective backward (r, s)-difference operator

(1) V,s(a™) = (ra—s)a" = Vi,sa" = ff:i (a #2).
In general
.. _ n+k
) V’;San(ra — 5" = V}ﬁ,s (a™) = (raa—s)k

Suppose that P(ra — s) # 0, then

n__ .n ra—s 1 n o _ 1 n
(@) P(Vis)a® = a"P(¥3), pa" = pres0

Where P is a polynomial

5n+4 5n+4

(5n) T (2x5-3% 7

Lemma 3 Prove the accuracy of the following equalities
(iv)  Vis(ayn) = a"Varsyn
(v)  Vi(a"ys) = a"Vi, n

Proof: Is easy.

Lemma 4 . Prove that

Vi = (") = 7" )V )
o () = ) gt (10)

Proof: Equality (9) will be proved by mathematical, in addition to, (10) is
the inversion of (9).

Examplel2 Vi3((%) n?) = 3(3)"en’ = o 2y 0 = porr X gn(n+1)(2n+

1) = 3:+;n(n +1)(2n+1).
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Particular case Suppose that gy, = n*, then

VE (nF () = RisH ()
? T

r

Example 13 Evaluate Aés(%)" = 5=’ (3)" = 2 (3)"

Theorem 5 (shift exponential) Let P be a polynomial, then

Proof: The proof is easy by using Lemma 2.

Example 14 Find the particular solution of the following D.FE.

2
(6E% — 13E +6)y, = 5(5)”

Solution This equation may be written as follow

2
(28 = 3)(3E = 2)yn = V23Vsopn = 5(3)"
SO

L 12 L5232
Tl: _ — = —(—N|— = —— (=
I N5 Vs '3 Vo3 '3 '3 2'3

Solution of NDE with constant coeflicients

We know that every nonhomogeneous difference equation with orderm can be
written in the form (8).Therefore each of the following forms may be written

in the form of (8).

P(V)yn = [
(8) is written as follows
1 1 1 1
b=mm < Jfo= ( (...
8 Hj:l Vrjysj Vism Armq,smq Ay s

fner))

(15)
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Examplel5 Find the particular solution of the following NDFE

V2V1,2V1,3yn =n2"
Solution Write

B 1
Vi12Vis

Vi n2") = oG n-12") = o (g (n-22"").

Y T Vs v T V. Vg

Remark5 In using of the identity (15), we may use iterative divisions, in

addition to, we can use the decomposition fraction, consider
1 — A Ao _ s1 _ 52
Vrl,sl VT‘Q,SQ - Vrl,sl + V’r‘2,52 ? Al - T281—T1S82 ’ A2 - r182—7T281

1 — _A As As

vrl,slvrg,sgvr?’,s?’ - Vrl,sl Vrg,sg vr3,53’

2 2
A = 51 A — 52
1 (r2s1—r182)(ras1—r1s3)’ * 2 (risa—r2s1)(r3sa—ras3)’
2
S
_ 3
A3 (7‘183*7“381)(1“281*1“182)
1
Aj st
In general m—=—- = 0 o, Aj = —(rj8; — 145;).
g H;nzl VT]'?'SJ' J=1 VT]',S]" J jmyéz‘:l( I ! ‘7>

Example 16 Find the particular solution of the following N.D.F.
V1,2V1,4yn =n2"

Solution
1 1 1

V172V1,4( ) (V174( ) V1,2( )

=—(n+2)2"" — 2" (n? £ n) = —2""1(n? +5n +8).

Yp

Example 17 Find the particular solution of the following N.D.FE.

(36 —36E~' +11E7% — E7®)y, = 6" (6n* — 48n — 80)
Solution Write (2 — E~Y(3 — E71)(6 — E~')y, = 6"3(6n* — 48n — 80)

and y, = 7%’1%’1%’1 (6"3(6n2 — 48n — 80)) = 6"+1n3.
Remark 6 If ry =r, = ... =1, = r, then we can use only iterative divisions.

Remark 7 Let P(V,y, = a" fa, then by change of variable "y, = Y,a"” and
using the shift exponential formula, we obtain the following N.D.E.
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Remark 8 P(V,y, = a"(a # ),
If P(a— %) # 0, then

1 n
P9
If Pla—2)=Pla—2%)=..=P"a—2)=0,Pk)(a—2)#0, then
1 k_n

PP -

r

3 Concluding

The backward (r, s)-difference operator method is a new method in solution
of nonhomogeneous difference equations with constant coefficients and we can
use it in solving of the following equation

P(V)yn = fa
P(V)= iajvj

where a;-s are constants .
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