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Abstract 
 

In this article, a new but powerful analytical method i.e. He’s Exp–Function 
method is introduced to solve stiff nonlinear problem. He’s Exp–Function method 
is employed to compute an exact solution of nonlinear differential equation 
governing the problem. Nonlinear Kaup–Kupershmidt (KK) equation is used as 
an example to illustrate the simple solution procedures.  It has been attempted to 
show the capabilities and wide-range applications of the Exp–Function method.  
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1. Introduction 
 
Nonlinear phenomena play important roles in applied mathematics, physics 

and also in engineering problems in which each parameter varies depending on 
different factors. Most scientific problems and phenomena such as heat transfer 
occur nonlinearly. Except in a limited number of these problems, we have 
difficulty in finding their exact analytical solutions. Therefore, approximate 
analytical solutions were introduced. 
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However, in recent years, analytical solution [1] has considerably been 

developed and is used for nonlinear partial equations such as Kaup–Kupershmidt 
(KK) equation [2] that have special kind of solution.  

Recently Ji-Huan He [3-14] introduced some new methods such as variation 
iteration method (VIM), homotopy perturbation method (HPM) and Exp–
Function method to solve these equations [18-22]. Exp–Function method is very 
strong for solving stiff nonlinear equations. Other authors such as Zhu SD. [15-
16] and Zhang s [17] were working in this field. 

In this Letter, we propose to present implementation of Exp–Function method 
to Kaup–Kupershmidt (KK) equation. Having exact solution of the special form 
of the corresponding equations [2] would provide us to have an admissible 
comparison of the results, which supports the applicability, accuracy, and 
efficiency of the proposed method. 

The Kaup–Kupershmidt (KK) equation is in the form of [2]: 
,0151545 2 =+−−+ xxxxxxxxxxxxt uuuupuuuu  (1)

 
 

2. Basic idea of Exp-function method 
 
We first consider nonlinear equation in the form of: 

,0),,,,,,( =Ktxttxxxt uuuuuuN  (2)
Introducing a complex variation defined as 

k x tη ω= + , )(ηUu = , (3)
and therefore, equation (1) is changed to ODE in the form of 
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where pdc ,, and q are positive integers which are unknown to be determined 
later, na  and nb  are unknown constants. 

 
 

3. Application of Exp–Function method 
 
Introducing a complex variation η defined as equation (3), equation (1) 

becomes an ordinary differential equation in the form of 
,0151545 5332 =′′′′′+′′′−′′′−′+′ UkUUkUUpkUkUUω  (6)

In order to determine values of c and p, we balance the linear term of highest 
order U ′′′′′ with the highest order nonlinear term UU ′2  in equation (6), we have 
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where ic are coefficients introduced for simplicity. Balancing highest order of 
Exp–function in equations (7) and (8), we have 

cpcp 32931 +=+  (9)
which leads to the result 

cp =  (10)
Similarly, to determine values of d and q, we balance the linear term of lowest 

order in equation (6). 
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where id are determined coefficients introduced only for simplicity. Balancing 
lowest order of Exp–function in equations (11) and (12), we have 

)31()293( dqqd +−=+−  (13)
This leads to the result 

dq =  (14)
 
3.1. Case2: 2== cp , 2== qd  

For simplicity, we set 1== cp  and 1== qd . then equation (5) leads to 
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Substituting equation (15) into equation (6), and by the help of MAPLE, we 
have 

,0}

{1

5
5

4
4

3
3

2
2

101
2

2
3

3
4

4
5

5

=++++

++++++

−
−

−
−

−
−

−
−

−
−

ηηηη

ηηηηηη

eCeCeCeC

eCCeCeCeCeCeC
A  (16)

where we have 
6

10 ))exp()(exp( ηη −++= −bbA  (17)
and nC  are coefficients of exp( )ηn . Equating the coefficients of )exp( ηn  to zero, 
we have 
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Solving the system of equation (18) simultaneously yields 
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Substituting these results into (15), we obtain the following generalized exact 
solution of equation (6). 
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where, 0b is an arbitrary constant parameter and 442 −+= ppδ . In addition, 
when k  and ω  are imaginary numbers, the obtained exact solution can be 
converted into periodic solution, we write 

Ω== iiKk ω,  (22)
By using the transformation 
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and  
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Then Equation (22) becomes 
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If we search for a periodic solution, the imaginary part in equation (25) must 
be zero, which requires that 

0))(4( 2
0 =−− bp δ  (26)

and 
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Substituting equation (27) into (25) we can write 
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3.2. Case2: 2== cp , 2== qd  

As mentioned above the values of c and d can be freely chosen, we set 
2== cp and 2== qd , then the trial function, equation (5) becomes 
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There are some free parameters in equation (30), we set 12 =b , 01 =b and 
01 =−b for simplicity, the trial function, equation (30) is simplified as follows 
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By the same manipulation as illustrated above, we obtain 
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Substituting Equation (32) into (31) yields the following exact solution 
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or  
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where k  and ω  are imaginary numbers  
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If we search for a periodic solution, the imaginary part in equation (35) must 
be zero, which requires that 
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Substituting Equation (37) into (35), we have the following new periodic 
solution of equation (1): 
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3.2. Case3: 2== cp , 1== qd  

As mentioned above the values of c and d can be freely chosen, we set 
2== cp and 1== qd , then the trial function, equation (5) becomes 
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There is free parameter in equation (40). We set 12 =b . For simplicity, trial 
function of equation (40) is simplified as follows 
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By the same manipulation as illustrated above, we obtain 
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Substituting equation (42) into (41) yields the following exact solution 
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Substituting 01 bb =  in equations (43) and (44), we can recover the equations 
(20) and (21). 
 
 
4. Conclusion 

 
    In this Letter we solved Nonlinear Kaup–Kupershmidt (KK) equation by the 

Exp–function method. It can be concluded that the Exp–Function method is very 
powerful and efficient technique in finding exact solutions for wide classes of 
problems. The result shows that the Exp–Function method is a powerful new 
method for nonlinear equations having many applications in engineering. It shows 
that the Exp–function method is a very efficient method. We sincerely hope this 
method can be applied in a wider range. In this work, we used well-known 
software Maple to calculate the series and the rational functions obtained from the 
proposed techniques. 

 
References 

 
[1] R.L. Burden, J.D. Faires, Numerical Analysis, PWS Publishing Company, 

Boston, 1993. 
 



 
948                                                                                Z. Z. Ganji and D. D. Ganji 
 
 

[2] M. Inc, on numerical soliton solution of the Kaup–Kupershmidt equation 
and convergence analysis of the decomposition method, Applied 
Mathematics and Computation, 172 (2006) 72–85. 

 
[3] He JH, Asymptotology by homotopy perturbation method, Applied 

Mathematics and Computation, 156 (2004), 591-596. 
 

[4] He JH, Variational iteration method for autonomous ordinary differential 
systems, Applied Mathematics and Computation, 114 (2000), 115-123. 

 
[5] He JH, Comparison of homotopy perturbation method and homotopy 

analysis method, Applied Mathematics and Computation, 156 (2004), 527-
539. 

 
[6] He JH, A coupling method of a homotopy technique and a perturbation 

technique for non-linear problems, International Journal of Non-Linear 
Mechanics, 35(2000), 37-43. 

 
[7] He JH, Application of homotopy perturbation method to nonlinear wave 

equations, Chaos Solitons Fractals, 26 (2005), 695-700. 
 

[8] He JH. Homotopy perturbation method: a new nonlinear analytical 
technique, Applied Mathematics and Computation, 156 (2004), 591-596. 

 
[9] Wu HX, He JH. Solitary solutions periodic solutions and compacton-like 

solutions using EXP-function method. Computers and Mathematics with 
Applications. In Press, 2007.  

 
[10] He JH, Wu XH.  Exp-function method for nonlinear wave equations, 

Chaos, Solitons & Fractals, 30 (2006), 700-708. 
 

[11] He JH, Li-Na Zhang, Generalized solitary solution and compaction-like 
solution of the Jaulent–Miodek equations using the Exp-function method, 
Physics Letters A, In Press 2007. 

 
[12] He JH. Non-Perturbative method for strongly nonlinear problems. Berlin: 

dissertation. De-Verlag im Internet GmbH, 2006. 
 

[13]  Wu HX, He JH. Exp-function method and its application to nonlinear 
equations, Chaos, Solitons & Fractals, In Press, 2007. 

 
[14] He JH, M.A. Abdou, New periodic solutions for nonlinear evolution 

equations using Exp-function method, Chaos, Solitons & Fractals, 34 
(2007), 1421-1429. 



 
Nonlinear Kaup–Kupershmidt equation                                                            949 
 
 

[15] Zhu SD., Exp-function Method for the Hybrid-Lattice system, 
International journal of Nonlinear Science and Numerical Solution,8(3) 
(2007), 461-464. 

 
[16] Zhu SD., Exp-function Method for the Discrete mKdV Lattice, 

International journal of Nonlinear Science and Numerical Solution, 8(3), 
(2007), 465-468. 

 
[17] Zhang S. Application of Exp-function method to high-dimensional 

nonlinear evolution equation, Chaos, solution& fractals In Press, 2006. 
 

[18] Hassan Khaleghi, D.D. Ganji, A. Sadighi, Application of variational 
iteration and homotopy-perturbation methods to nonlinear heat transfer 
equations with variable coefficients, Numerical Heat Transfer, Part A, 
52(1) (2007), 25-42. 

 
[19] D.D. Ganji, A. Sadighi, He’s Homotopy-perturbation Method to Nonlinear 

Coupled Systems of Reaction-diffusion Equations, International Journal of 
nonlinear Science and numerical Simulation, 7(4) (2006), 413-420. 

 
[20] D.D. Ganji, A. Sadighi, Application of homotopy perturbation and 

variational iteration methods to nonlinear heat transfer and porous media 
equations, Journal of Computational and Applied mathematics, 207 
(2007), 24-34. 

 
[21] D.D. Ganji, M.J. Hosseini and J. Shayegh, Some nonlinear heat transfer 

equations solved by three approximate methods. International 
communications in Heat and Mass Transfer, 34 (2007), 1003-1016. 

 
[22] A. Sadighi, D.D. Ganji, Solution of the generalized nonlinear Boussinesq 

equation using homotopy perturbation and variational iteration methods, 
International Journal of Nonlinear Science and Numerical Simulation, 8(3) 
(2007), 435-444. 

 
 
Received: December 14, 2007 

 


