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Abstract

In this work, we prove that the closure of a symmetric operator L
which is formed by differential expression

(Loy) (@) = = (p(2)y'(2)) — Qx)y(x)

and with the boundary condition

cos a.y(0) + sina.y’(0) = 0

is self adjoint where o € (—00,00) in the space L2(0,00; H ). Further-
more, we investigate some properties of this operator.
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1 INTRODUCTION

Let H be a separable Hilbert space with infinite dimension. We will denote
the inner products with (.,.) and (., .)(,x) in the spaces H and Ly(0,00; H)
respectively. Let @Q(x) be self adjoint operator from H to H for all z in
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[0,00). Moreover, we consider Q(z) as a continuous operator function in the
interval [0, co) with respect to the norm on the space B(H). We suppose that
there are positive constants c¢;, ¢y such that

c <p(x) <co.

Let D(Lg) be set of all functions y(x) which satisfy the following conditions
in the interval [0, c0);

1) y(z) has continuous second order derivative with respect to the norm
on the space H .

2) cos a.y(0)+sina.y’(0) =0 (1.1)
where a € (—00,00) is a constant.

3) y(x) has compact support at infinity.
We consider the operator Ly : D(Lg) — L2(0,00; H) defined by

(Loy)(z) = =(p(z)y'(2))" — Q(z)y(x). (1.2)
We have D(Lg) = Ly(0,00; H). For all y,z € D(Ly), there exists a number
b € (0,00) which depends on y and z such that

y(z) = 20 (z) =0 (i=0,1,2)

when z > b. By using integration by parts, we obtain

(Loy, 2)0.00) = / (—(p(2)y' () — Q2)y(x), 2(x))dx
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Let us show that

(4(0), 2(0)) = (y(0), 2'(0)) = 0. (1.4)

If cosa = 0, the boundary condition (1.1) is transformed to the condition
y'(0) = 0. In this case, it is obvious that the equality (1.4) is satisfied. If
cos v # 0, then we have

Therefore, we have

(4(0),2(0)) = (y(0), 2(0)) = — tan a.('(0), 2'(0)) + tan ov.(y'(0), 2'(0)) = 0

It can be easily seen that the equality (1.4) is satisfied for all fixed number
a € (—o0,00). From (1.3) and (1.4), we find

(L0y7 Z)(O,oo) = (y7 LOZ>(0,00)-

Thus, we have showed that L, is a symmetric operator. So, the operator
Ly has a closure L. In this work, we have proved that the operator Ly is
self adjoint under some conditions and we have investigated some properties
of this operator.

Let f:[a,b] = H be any function. If h is an arbitrary element of the
space H and g : [a,b] — H is an integrable, in the sense of Bochner, function
on the interval [a,b] such that

T

f(z)=h+ / g(t)dt,

then f is said to be an absolutely continuous function on the interval [a, b].
Here, the Bochner integral of the function g has been shown by [ ¢(t)dt in

the interval [a, z].

In the works [1], [2], [3], [4], [5] and [6], the self adjoint expansions of the
closures of symmetric operators formed by some differential expressions have
been investigated.

By the work [2], it is known that the closure of every symmetric operator which
has a complete set of eigenvectors is self adjoint.
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2 ABOUT THE ADJOINT OPERATOR Lj;
OF THE OPERATOR L,

In this part, we will investigate some properties of the operator L .

Lemma 2.1 Let f(z) (a <z <0b) be a function whose values belong to the
space H and satisfies the following conditions;

a) f(x) has absolutely continuous derivative with respect to the norm on
the space H in the interval |a,b).

b) f"(x) € La(a,b; H).

c) fla) = f'(a) = f(b) = f'(b) = 0
If h(x) € Ly(a,b; H) is a function satisfying the equality

@) hiaiz =0
then h(xz) = g + xe for all f(x) satisfying the conditions a), b) and c). Here,
g and e are fixed elements of H .

Let D(Lg) be the set of all functions y(¢) which have compact support
in [0,00) and continuous second order derivatives with respect to the norm
on the space H and satisfying the condition (1.1). Moreover, let A and B
define as follows;

A=A{y(0): y € D(Lo)}
B={y'(0): ye D(Ly)}.
It can be easily proved that if sina # 0 then A = H and if cosa # 0 then
B = H respectively.
Let D(Ly) denote the set of all functions y(t) € Ly(0,00; H) satisfying
the following conditions;
1) y(t) has continuous second order derivative with respect to the norm
on the space H .
2) y(t) has compact support at infinity.
3) y(0) =y'(0) =0.
Let us consider the operator Ly : D(Ly) — Lo(0,00; H) defined by

(Liy)(z) = —=(p(z)y'(z))" — Qx)y(z).

First of all, by using lemma 2.1, let us investigate the operator Lj .
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Theorem 2.2 FEwvery function z = z(xz) € D(L}) satisfies the following con-
ditions;

a) z(z) and Z'(x) are absolutely continuous with respect to the norm on
the space H in every finite interval [0, al.

b) —(p(x)z'(x)) — Q(z)z(x) € La(0, 00; H),
and we have

(L12)(x) = =(p(2)7 (7)) — Q(x)2(x).

Proof: By the definition of adjoint operator, if z = z(z) € D(L}) , there
exists a function z* = z*(x) € Ly(0, 00; H) such that

(Llya Z)(O,oo) = (ya Z*)7 (y € D(Ll)) (21>
The equality (2.1) can be written as the form

o0

/(—(p(m)y’(x))’ — Q)Y (z), 2(x))dz = /(y(x),Z*(flf))dx

0

- [ @) @) = [ @), uie)is 22)

where wu(z) = Q(z)z(x) + 2*(z). We consider that there exists a constant
b € (0,00) such that y(z) = y/(x) = 0 for all z > b. By using this consideration
and integration by parts, we obtain

[y @y s = [0y @)is+ [ ey @), 5)ds
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s - [rosone e

From (2.2), (2.3) and (2.4), we obtain

_ 7<yff(x), p(x)2(z) — / p’(t)z(t)dt) dr = 7@”@), / (x — t)u(t)dt) dz

0

or

oo

/ <y"(m), —p(x) () + / P () 2(t)dt — / (z — t)u(t)dt) dz =0 (2.5)

0 0 0

Since the equality (2.5) is satisfied for all functions y(x) € D(L;), by the
lemma 2.1, we have

—p(x)z(x) + /p’(t)z(t)dt - /(x — tu(t)dt = g + ze. (2.6)

0 0
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Here, g € H and e € H are elements which depend on the function z =
z(x) € D(L73). Seen as from (2.6), z(x) is absolutely continuous in every finite
interval [0, al.

If we take derivatives of the equation (2.6) with respect to x then, we obtain

xT

—p'(x)z(x) — p(x)2' (z) + p'(x)2(x) — /u(t)dt =e. (2.7)

0

From here, it is seen that the function 2/(x) is also absolutely continuous with

respect to the norm on the space H in every finite interval. From (2.7), we
find

—(p(z)2'(z))" — u(x) =0.

If we consider the following equality
then, we find

Therefore, we obtain

—(p(2)#'(z)) = Q(z)z(z) € Ly(0, 00; H)

and

(Li2)(x) = =(p(2)Z'(2)) = Q(x)2(x). O

Theorem 2.3 The set D(L) consists of all functions z = z(x) of the space
Ly(0,00; H) satisfying the following conditions;

a) z(z) and 2'(x) are absolutely continuous with respect to the norm on
the space H in every finite interval [0, al (a € (0,00)).

b) —(p() () — Q(2)=(x) € La(0, 00; H).

¢) cosa.z(0) +sina.2’(0) = 0.
Moreover, we have

(Lo2)(z) = =(p(2)Z'(z)) — Q(x)z(x).
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Proof: Since L, C Ly, we have Lj C Lj. Thus, by the Theorem 2.2, every
function z = z(x) € D(Lf) satisfies the conditions a), b) and also we have

(L2)(x) = (Liz)(x) = —(p(x)?(z))" — Q(z)z(z). (2.8)
Let us show that the condition c) is satisfied for every z € D(L{). By the
definition of adjoint operator, if z € D(Lj) , we have

o0

(Loy: 2 )(000) = = /((p(w)y’(ﬂﬁ))’ +Q(2)y(w), 2(x))dx

0

(e 9]

- 6@ 2@ = o) DT (29)

0

By using integration by parts, we obtain

- [@. 0@ e

From (2.8) and (2.11), we obtain

(4'(0), 2(0)) = ((0), 2"(0)) = 0, (y € D(Lo))- (2.12)
If sina # 0, from the boundary condition (1.1), we find

y'(0) = — cot a..y(0).
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If we replace the last expression in (2.12) then, we obtain

(= cot a.y(0), 2(0)) — (y(0), 2(0)) = 0

or

(y(0), cos a.z(0) + sin «.2’(0)) = 0, (y € D(Ly)).
Assuming A = {y(0) : y € D(Ly)} = H when sina # 0, from the last relation
it follows that
cos a.z(0) 4 sin .2 (0) = 0.

If cosav # 0, from the boundary condition (1.1), we obtain

y(0) = —tan a.y'(0).

If this expression is replaced in (2.12) then, we obtain

(v'(0), 2(0)) + (tan .3/ (0), 2'(0)) = 0

or

(y'(0), cos a.z(0) + sina.2'(0)) = 0, (y € D(Ly)).

Assuming B = {y'(0) : (y € D(Lo))} = H when cosa # 0, from the last
relation it follows that

cos a.z(0) 4 sin a.2'(0) = 0.

Finally, let us show that every function z(z) € L9(0,00; H) satisfying the
conditions a), b) and c), belongs to the set D(L§) and satisfies the following
equality;

(Lo2)(z) = =(p(2)Z'(z)) — Q(z)z(x).

Let y € D(Ly) and let z be any function which satisfies the conditions a),
b) and c). There exists a number b € (0,00) such that y(xz) =y'(z) =0 for
every x > b. Hence, by using integration by parts, we obtain
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" / (y(2), (p(2)(2)) ). (2.13)

0
If cosa # 0, in this case, from the conditions
cos .y(0) 4 sin.y'(0) = 0
cos a.z(0) + sina.z'(0) = 0
we find

y(0) = —tan a.y'(0)
2(0) = —tan a.2'(0).

Therefore, we obtain

(y(0), 2(0)) = (¥'(0), 2(0)) = — tan a(y'(0), 2'(0)) + tan a(y'(0), 2'(0)) = 0

(2.14)
From (2.13) and (2.14), we find
/((p(ﬂf)y'(x))'az(x))dﬂ? = /(y(x), (p(x)?'(x))")dx (2.15)
By using (2.15), we obtain
(Loy, 2) / — Q(x)z(z))dx = (¥, L2) (0 00)

Consequently, if the function z = z(x) € Ly(0,00; H) satisfies the conditions
a), b) and c¢) then, we have z € D(L§) and

(Lg2)(x) = =(p(x)Z(2)) — Q(x)2(x).0

3 PROPERTIES OF THE OPERATOR L,

In this section, we will prove that the operator L = L is self adjoint.
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Lemma 3.1 Let us suppose that for all x € [0,00) there exists a constant
B € R such that Q(z) < B1. If the function y(x) € Ly(0,00; H) satisfies the
following conditions;

a) The functions y(x) and y'(x) are absolutely continuous with respect to
the norm on the space H in every finite interval |0, al, (a € (0,00))

b) Ly) = —(p(2)y'(x)) = Q(z)y(z) € L2(0,00; H)
then, we have y'(x) € Ly(0,00; H).

Proof: By using integration by parts, we obtain

/((p(w)y’(m))’,y(x))dx = (p(x)y’(ﬂﬁ),y(x))’ —/p(w)Hy’(x)Hde
/((p(x)y’(x))’,y(x))daﬁ + /p(x)Hy’(m)Hde = p(a)(y'(a),y(a))
—p(0)('(0),y(0)) (3.1)

for all a € (0, 00).
Since y € L9(0,00; H) and ((y) € L2(0,00; H), we obtain existence of the
finite limit;

a—0o0

im [ [ (@) @)Y u(@)de + [ (@alyta) i))da]. (32

We have

/0 (Q)y(). y(x))dr = / Q) — BD)y(), y(a))de + / Ny () |Pdz
(3.3)
Since ((Q(x) — BI)y(x),y(z)) <0, there exists the limit;

a

lim [ ((Q(x) — B1)y(x), y(z))dz. (3.4)

a—0o0 0

This limit is either finite or —oo. If we consider y(z) € Ls(0,00; H), namely,
existence of the finite limit;
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i [ () P
a—0o0 0
from (3.3), we obtain existence of the limit;

a

lim [ (Q(x)y(x), y(x))d. (3.5)

a—00 0

The limit (3.5) is finite or —oo depending on the limit (3.4) being either finite
or —oo, respectively. Thus, from the existence of the finite limit (3.2), we
obtain existence of the finite limit;

a

lim [ ((p(z)y'(x))", y(z))dx (3.6)

a—00 0

or

a—00

nmmfwmwmwmmzw. (3.7)

Let us show the existence of the finite limit (3.6). Suppose that the limit (3.6)
does not exists. Thus, the equality (3.7) is satisfied. From (3.1) and (3.7), we
find

lim Re(y'(a),y(a)) = oo (3.8)

a—00

On the other hand, we have

(ly(a)[*) = 2Re(y/(a), y(a))- (3.9)
From (3.8) and (3.9), we obtain

Jim ()Y = oc.

Then, the function ||y(z)]|? is monotonous increasing in any interval [b, 0o), (b €
(0,00)). This result contradicts with y(x) € L(0, 00; H). Consequently, the
finite limit (3.6) exists. Hence, from (3.1), we find
lim [ p(o)ly/@)|*de = [ b)) P < o (.10
a—0o0 0 0
If we consider p(z) > ¢; > 0, from (3.10), we obtain

t/rW@m%x<w
0

namely, y'(z) € Ly(0,00; H).
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Theorem 3.2 If for all x € [0,00) there exists a constant f € (—00, 00)
which depends on = such that Q(x) < BI then, the operator L = Ly is self
adjoint and D(L) consists of all functions y = y(x) of the space Ly(0,00; H)
satisfying the following conditions;

a) y(x) and y'(x) are absolutely continuous with respect to the norm on
the space H in every finite interval [0,a], (a € (0,00)).

b) —(p(x)y'(x)) — Q(z)y(x) € L2(0,00; H).
¢) cosa.y(0) + sina.y’(0) = 0.
Furthermore, we have

(Ly)(z) = =(p(x)y'(2)) = Qx)y(x),  (y € D(L)).

Proof: Let y and z be any two elements of the set D(Lf). Since y(z), z(z) €
Ly(0,00; H), by the Theorem 2.3, we have

—(p(x)y'(z)) — Qx)y(z), —(p(x)z'(x)) — Q(z)z(x) € L2(0,00; H).

Thus, by the Lemma 3.1, we have y'(z),2'(x) € Ly(0, 00; H).
So, we have (y/(x), (), (y(x), ' (x)) € Li[0, 50).
Therefore, there exists a sequence {a,} such that

lim a, = oo
n—oo

and

lim [(y/(an), 2(an)) = (y(an), 2 (an))] = 0 (3.11)

n—oo

For this sequence {a,}, we have

(Liys 2)ome) = / T 0@y (@) — Q@)y(a), 2(x))da

—lm [ (@) (@)Y, 2(2))dz ~ / (Q@)y(a). 2(x)dz.  (3.12)

n—oo 0

Moreover, by using the conditions
cos .y(0) + sin a.y'(0) = cos @.z(0) + sin .2’ (0) = 0

and integration by parts, we obtain
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/Oan((p(w)y’(x))’a 2(x))dz = plan)[(y'(an), 2(an)) = (y(an), 2'(an))]

n / U @), p@@))dr  (313)

From (3.11), (3.12) and (3.13), we find

(LoYs 2)(0,00) = /0 (y(@), —(p(2)?(z)) — Q(x)2(x))dz = (y, L§?)(g00)-
It is seen as, L§ is a symmetric operator. Therefore, we have

Ly c (L) (3.14)

Since Ly is also a symmetric operator, we have Ly C L§. In this case, it is
known that
(Lg)" C Lg. (3.15)

From (3.14) and (3.15), we obtain
Ly = (Lg)". (3.16)
Namely, the operator L is self adjoint. On the other hand, it is known that
(L) =T (3.17)
From (3.16) and (3.17), we find
Io— L.

Hence, the operator L = Ly = L;, is self adjoint and the set D(L) = D(Lg)
consists of the functions y(x) satisfying the conditions a), b) and c) in the
space L(0,00; H) by the Theorem 2.3 . Moreover, we have

(Ly)(@) = (Loy)(2) = = (p()y'(2))" — Q(2)y(z).
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