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Abstract

The generalized quasilinearization method for second-order bound-
ary value problem has been extended when the forcing function is the
sum of two functions without require that any of the two functions
involved to be 2-hyperconvex or 2-hyperconcave. Two sequences are
developed under suitable conditions which converge to the unique so-
lution of the boundary value problem. Furthermore, the convergence
obtain here is of order 3.

1. Introduction

The method of quasilinearization [1] combined with the technique of
lower and upper solutions is an excellent tool for solving a large class of non-
linear problems. This technique works fruitfully only for the problems involv-
ing convex/concave functions. Later after that the convexity assumption was
relaxed and the method was generalized and extended in various directions to
make it applicable to a large class of problems. It has referred to as a gener-
alized quasilinearization method, see [§8]. The method is extremely useful in
scientific computations due to its accelerated rat of convergence as in [9, 10].

In [3, 14], the authors have obtained a higher order of convergence for
initial value problems. They considered situations when the forcing function is
either hyperconvex or hyperconcave. In [11], the authors have obtained the re-
sults of higher order of convergence for first order initial value problems when
the forcing function is the sum of hyperconvex and hyperconcave functions
with natural and coupled lower and upper solutions. In [12], the authors have
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obtained the results of higher order of convergence for second-oredr boundary
value problems when the forcing function is the sum of 2-hyperconvex and
2-hyperconcave functions with natural and coupled lower and upper solutions.
This paper extend and genralized the result of [12] for the second-order bound-
ary value problems to make it applicable to a large class of problems, by taking
the forcing function to be the sum of two functions without require any of the
two functions involved to be 2-hyperconvex or 2-hyperconcave. The author
has proved the existence of the unique solution of the nonlinear problem using
natural lower and upper solutions. The author demonstrate the iterates con-
verge cubically to the unique solution of the nonlinear problem. Merely the
result related to coupled lower and upper solutions stated without proof due
to monotony.

2. Preliminaries
Consider the following second-order boundary value problem

_u” - f(t7u> +g(t,U)7 BU(M) = blu H = O) 17 t € ‘] = [O’ 1]’ (21>

where Bu(p) = u(p) + (=) v’ (@) = by, 70,70 > 0,7+ 7, > 0, vy, 10, >
0,b,€ Rand f,g € C[Q,R] and Q = J x R.
Here some definitions and notations will be given to facilitate later
explanations.
Definition 2.1. The functions ay, 3y € C?[J, R] are said to be natural lower
and upper solutions of (2.1) if

_O‘E)/ S f(t7 ao) + g(tv aO)? BO[()(,LL) S blt on ‘]’

B > f(t,00) +9(t, 00), BBo(p) >b, onJ. (2.2)

Definition 2.2. A function h : A — B, A, B C R is called m-hyperconvex,
m > 0, if h € C™ A, B] and d""'h/du™ > 0 for u € A; h is called
m-hyperconcave if the inequality is reversed.

In this paper, we use the maximum norm of u over J, that is,

| w ||= max{| u(t) |: t € J}.
Also throughout this paper the following notation

O f(t,u)
TN (k)
has been used for any function f(¢,u) and for k =0, 1, 2.
Now, let us recall some well known theorem and corollaries which we

need in our main results relative to the BVP

—u" = f(t,u,u’), Bu(u)="b,, uw=0,1,teJ=10,1], (2.3)
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where Bu(u) = mu(p) + (=) v/ (1) = by, 7,70 > 0,7+ 7, > 0, vy, 10, >
0,b, € Rand f € C[J x R x R, R|. For details see [2, 5, 6].
Theorem 2.3. Assume that
(A1) ag, By € C*[J,R] are lower and upper solutions of (2.3).
(Ag) fu, fur exist and are continuous, f, < 0 and f, # 0 on Q =
[(t,u,u)) st € J, ap < u < b and v = af(t) = B)(t).
Then we have ag(t) < Go(t) on J.

As a special case of the above theorem which is known as the maximum
principl, when u/-term is missing, is given by

Corollery 2.4. Let q,r € C[J, R] with r(t) > 0 on J. Suppose further that
p € C?[J, R] and

—p" < —rp, Bp(p) <0 onJ (2.4)

Then p(t) <0 on J. If the inequalities are reversed, then p(t) > 0 on J.
The next corollary is a special case of [8, Theorem 3.1.3].
Corollery 2.5. Assume that oy, 8y € C?[J, R| are lower and upper solutions
of (2.1) respectively such that ag(t) < By(t) on J. Then there exists a solution
u for the BVP (2.1) such that oy < u < [y on J.

3. Main results
Consider the following BVP

—u" = f(t,u) + g(t,u), Bu(p)=">,, wu=0,1,t¢e]l0,1], (3.1)

where Bu(u) = mu(p) + (=) v/ (1) = by, 7,70 > 0,7, + 7, > 0, vy, 1, >
0,b, € Rand f,g € C[Q,R] and Q = [(t,u) € J x R : ap(t) < u(t) < Fo(t)],
and ag, By € C?[J, R] with ag(t) < Bo(t) on J,
Theorem 3.1. Assume that

(A1) ag, By € C?*[J,R] are lower and upper solutions of (3.1), respec-
tively, such that ag(t) < Go(t) on J,

(Ay) f,g € C3[Q, R] such that f(¢,u) is nondecreasing, g(t,u) is nonin-
creasing and f,(t,u) 4 gu(t, u) < 0 for every (t,u) € €.

Then there exists monotone sequences {a,,} and {3,}, n > 0 which con-
verges uniformly and monotonically to the unique solution of (3.1) and the
convergence is of order 3.

Proof. Set

o(t,u) = F(t,u) — f(t,u) ; ¥(t,u) = G(t,u) —g(t,u) on €, (3.2)

where F,G € C3[Q, R] such that F is a 2-hyperconvex function in u and
G is a 2-hyperconcave function in v on J [i.e., FO(t,u) > 0, GO(t,u) < 0
for (t,u) € Q.
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In view of F®(t,u) > 0, for (t,u) € 2, we see that

Ft.a) >3 PO y@?!(x k) (3.3)
Flta) < F(i)(t"yg!(‘r V' <y (3.4)

Similarly, in view of G®)(¢,u) < 0 for (t,u) € Q, we have

1 . .
GOt y)(z—y) GO, z)(x—y)?
Glt,x) =) ( yl.),( ot G 2),( Woazy @)
i=0 ’ ’
1 . .
GOt y)(z—y) GO, z)(z—y)?
U ED P yz_),( gl 2),< Wos<y (36)
=0 ’

Therefore, (3.3), (3.4), (3.5) and (3.6) can be written in following form

2 pO z— 1)
ft,z) > f(t,y) +Z F (t,yi)!( y)

— [o(t, z) — o(t, y)],

x>y, (3.7)

_[w(t> 33') - w(tv y)]a x>y, (39)
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[t 2) —v(ty)], =<y, (3.10)
respectively. Let first consider the following BVPs:

—U)” = X(ta a, ﬂa w)

FO, o) (w — a)’
7!

- [(b(t’ w) - ¢(t7 C“)]

G(Q) (t7 ﬂ) (w — O‘>2

Bw(p) =b, on J; (3.11)

—" = w(t,a, B;v)
2

(i v— B
S B SR L L F T R

+g(t, B) + GV, B) (v — B) + GOt o;)!(v - B)?
—[(t,v) — (¢, B)],

Bv(p) =0, on J; (3.12)

Now by using the above BVPs (3.11) and (3.12) to develop the sequences{, }
and {3,} respectively. Initially, to prove (a,,3y) are the lower and upper

solutions of (3.11) and (3.12) respectively, let us consider natural lower and
upper solutions of the equation (3.1):

—ag < f(t,a0) + g(t, ),  Bag(p) < on J, (3.13)
- (/)lzf(taﬂO)_'_g(taﬂO)? BﬁO( ) 2 on Ja
where ap(t) < Fy(t). The inequalities (3.7), (3.9) and (3 13) imply
—apy < f(t,a0) + g(t, )
:X(t,@mﬁo;@o): B&O(ﬂ) S bua
- 6/ Z f(tv ﬁO) + g(t, ﬁO)

D(t, o) (B0 — o)’
> f(tan) + Y0 NN o ) < plrag)  (310)

7!
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G, Bo)(Bo — ap)?

+g(t, Cko) -+ G(l)(t, Oéo)(ﬂo — C(o) + ol

—[¥(t, Bo) — (¢, ao)]
= x(t, 0, Bo; Bo), Bfy(p) > b,.

By apply Corollary 2.5 together (3.14) conclude that there exists a solution
ai(t) of (3.11) with o = a and 8 = [y such that ag(t) < ay(t) < Fo(t) on J.
Using the inequalities (3.8), (3.10) and (3.13), we can get

—By = f(t, Bo) + g(t, Bo)

= w(t, ag, Bo; Bo),  BBo(p) > by,
—aog < f(t, ap) + g(t, )

) o — By)’
< f(e. )+ 3 D50 =B u a0y — ot @) (315)

7!

)+ GA(t, ap) (g — fo)?

+g(t, Bo) + G (t, Bo) (a0 — fo 2!

—[¥(t, o) — ¥(t, Bo)]
= w(t, o, Po; o) Bay(p) < by,

Hence ay, By are lower and upper solutions of (3.12) with ag(t) < Fo(t).
Apply Corollary 2.5 together (3.15) conclude that there exists a solution (3 (¢)
of (3.12) with a = ap and = [y such that ag(t) < 51(t) < Fo(t) on J.

Now to prove that «;(t) is the unique solution of (3.11), we need to prove
that Ox(t, o, Bo; 1) /0y < 0. Since F(t,u) is a 2-hyperconvex function in u
and G(t,u) is a 2-hyperconcave function in u on J with f,(¢,u) + g, (t,u) < 0
on (), we have

Ox(t, a0, Bosn) L) FO(t,&) (a1 — ag)®
a&l - f (t,Oél) 2

+9V(t, 1) + GOt m) (a1 — a0)(Bo — &)

< f(l)(tu al) + g(l)(t7 0[1) < 07 (316>

where oy < &1, & < aq and & < 1 < fy. Hence by the special case of Theorem
2.3 with u/-term missing, we can conclude that a4 is the unique solution of
(3.11). Similarly, one can prove that [ is the unique solution of (3.12).

Using the nonincreasing property of G (¢, u), (3.7), (3.8), (3.9) and (3.10)
with ag(t) < aq(t) < Bo(t), ao(t) < fi(t) < Bo(t) we have

_O/ll = X(t7 Qq, 50; al)
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2L FO(t, o) (o — ap)’

= fltsaq) + 3 OO gy o) ot )
+g(t, a0) + GV (t, ap) (a1 — ap) + Sl 50)2(!‘)‘1 o
_[w(t al) - 77Z)(t7 Oéo)]
< f(t,a1) +g(t, an), Bau(p) < by; (3.17)

| = w(t, ao, fo; 1)

F(t, ) +Z RGP 41, ) — ot )

GO(t, o) (51 — Bo)?

2!

+9(t, B0) + GV (L, B0) (B — Bo) +
—[¥(, B1) —¥(t, Bo)]

> f(t,61) + 9(t, ), Bpy(p) = by (3.18)

Since a1, 4 are lower and upper solutions of (3.1), we can apply the special
case of Theorem 2.3 to obtain a; < 1 on J. Thus we have ay < ay < 61 < By
on J.

Assume now that «,, and 3, are solutions of BVPs (3.11) and (3.12), re-
specively, with = «,,_1 and # = (,,_1 such that a,,_1 < «a, < 3, < [,,_1 on
J and

—ap < f(t,an) + g(t,an), Ban(u) <b, onJ

—B0 > f(t,58) + g(t,Bn),  BPu(p) > b, onJ. (3.19)

We need to show that a,, < ap11 < B0 < B, on J, where o1 and (3,1 are
solutions of BVPs (3.11) and (3.12), respecively, with o = o, and 5 = 3,,.
The inequalities (3.7), (3.9) and (3.19) imply

—all < f(t,an) + g(t, o)

= X(ta Oémﬂn;&n)a BCVTL(M) < b/u

Dt o EPNING
Zf(t704n)+ZF o)B =0 144 5y~ d(tian)]  (3.20)

7!
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(2 _ (2)
gt an) + GO an) (B — an) + S ﬂn)g}n )
_[w(ta Bn) - w(t, Oén)]

— X(ta Oémﬂn;ﬁn% Bﬂn(ﬂ) 2 b#'

This prove that ay,, 3, are lower and upper solutions of (3.11) with « = «, and
B = (. Hence using (3.20) and Corollary 2.5 we can conclude that there exists
a solution a1 of (3.11) with @ = v, and 8 = 3, such that «,, < a1 < 5,
on J.

The inequalities (3.8), (3.10) and (3.19) imply

—@Z Z f(t7 ﬁn) + g(tu ﬁn)

:w(ty&naﬂn;ﬂn)a Bﬂ”(“) 2 bl“
—Oé;: < f(t an) + g(t, o)

i) o — 3@
Sf(t,ﬁn)JrZF( Ao =BT 1y 0~ st g (321)

7!

2

+9(t, 8,) + GO (t, B) (= Ba) +

_[w(t> O‘n) - w(ta ﬂn)]
= w(t, ap, Bn; ) Ba, (1) < by,.

Hence a,, 5, are lower and upper solutions of (3.12) with o = «,, and 3 = [3,,.
Applying Corollary 2.5 we can conclude that there exists a solution (,,; of
(3.12) with @« = a,, and § = (3, such that o, < 3,21 < 5, on J. In view of
assumptions on f and g, o, 3, are unique by the special case of Theorem 2.5.

Furthermore, by (3.7), (3.8), (3.9) and (3.10) with a,, < a1 < By, an <
Bui1 < Bn, and G (¢, u) nonincreasing in u, we have

_aZJrl = X(ta Oy, ﬂn; OénJrl)

2L FO @ ) (apyg — ay)@
= )+ S 0@ Z T o a)

7!
i=1

G(Q) (tu ﬁn)(an—&—l - an)(z)
2!

+g(t, o) + G(l)(t, ap)(Qnr1 — ) +
—[1h(t, on) = ¥(t, a0)]

S f(t, Oén—H) + g(t, an+1)> Ban-ﬁ-l(:u) S bu; (3'22>
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_ﬁZJrl = W(t &naﬁn; ﬂnJrl)

(%)

(2) . (2)
Fglt.B) + GO B B — ) + o e = o)

—W(t> Bn+1) - ¢(t> Bn>]

> f(t, But1) + 9(t, Brgr), BBny1(p) = by (3.23)

Since 41, Bna1 are lower and upper solutions of (3.1), we can apply the special
case of Theorem 2.3 to obtain o, < [,41 on J. This proves o, < apiq <
Bni1 < B, on J. Thus by induction, we have

<< <a <G, << B <fF onld

By the fact that «,, 3, are lower and upper solutions of (3.1) with a,, < 3,
and Corollary 2.5 we can conclude that there exists a solution u(t) of (3.1)
such that a,, <u < 3, on J. So we have

a<ar<-<a,<u<fB,<--<B<f ond  (3.24)

Using Green’s function, we can write «,(t) and (,(t) as follows:

_ / K(t, $)X(5, @1 (), Baos(); an(s))ds,

1
= /K(t, S)w(s, an—1(5), Bn-1(5); Bn(s))ds. (3.25)
0
Here K (t,s) is the Green’s function given by
1
L), 0<s<i<1
1
—z(t)y(s), 0<t<s<]1, (3.26)
c

where z(t) = (70/v0)t+1 and y(t) = (11/v1)(1—t)+1 are two linear independent
solutions of the homogenuos equation —u” = 0 and ¢ = x(t)y'(t) — 2/ (t)y(¢).
We can prove that the sequences {a,(t)} and {8,(¢)} are equicontnuous and
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uniformly bounded. Now applying Ascoli-Arzela’s theorem, we can show that
there exist subsequences {a,, ;(t)} and {f, ;(t)}, such that «, ;(t) — p(t) and
Bn,j(t) — r(t) with p(t) < u(t) < r(t) on J. Since the sequences {a,(t)} and
{B.(t)} are monotone, we have «,(t) — p(t) and (,(t) — r(t). Taking the
limit as n — oo, we get

lim a,(t) = p(t) < u(t) <r(t) = lim G,(1).

n—oo n—oo

Next we show that r(t) < p(t). From BVPs (3.11) and (3.12) we get

—p(t)" = f(t,p(t)) + g(t,p(t)), Bp(p) = b,

—r(t)" = f{t,r(t)) +g(t,r(t)), Br(u) =0, (3.27)
Set p(t) = r(t) — p(t) and note that Bp(u) = 0. we have
—p"(t) = =r"(t) = (=" (1))

= [(t,r(t) +g(t,r(t) = f(t, p(t)) = g(t, p(1))
= [ut,)(r(t) = p(t)) + gu(t, n)(r(t) = p(1))

= (fult,€) + gu(t,n)p, (3.28)

where &, n are between r and p. This implies that —p” < —kp, where f, +
gu < —k < 0. Now applying Corollary 2.4 we get r(t) < p(t) on J. This
proves r(t) = p(t) = u(t). Hence {a,(t)} and {5,(t)} converge uniformly and
monotonically to the unique solution of (3.1).

Let us consider the order of convergence of {«,(t)} and {3,(t)} to the
unique solution u(t) of (3.1). To obtain this, set

Pu(t) = u(t) = an(t) 2 0,

Gn(t) = On(t) —u(t) =0, (3.29)

for t € J with Bp,(u) = Bg, () = 0. therefore, we can write

P (t) = / K (1, )[F(5.1) + 9(5,11) — X(5 0 (5), Bul); s ()]s, (3.30)

where K (t,s) is the Green’s function given by (3.26).
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Now using the Taylor series expansion with Lagrange remainder, the mean
value theorem together with (As) of the hypothesis and the properties on F
and G, we obtain

0 S Prn+1 (t)

= /K(t, sI{S(s,u) + g(s,u) = [f(t, o) + g(t, o)

2 F(Z) (ta O‘“)(OénJrl - CVTL>(Z)

2!

- [¢(tv an+1) - ¢(t7 an)]

G(Q) (ta ﬂn)(@n+l - @n)(Q)
2!

+GO(t, ) (myr — ap) +
—[(t, any1) = P(t, an)]]}ds

— / K(t,s){f(s,u) + g(s,u) = [f(t, vns1) + g(t, anga)

F®) (tu fl)(an-&-l - O‘n)(g) G® (tu 52)(6%—&-1 - O‘n)@)
B 3! B 2
G(z) (t7 Bn)(an-kl - an)(Q)

+ o |}ds

K(t, s){ fuls;m)(u — ang1) + guls,m2)(u — i)

AN
O\H

F(S) (t7 51)(u — an)(g) . G(S) (t7 7]3)(ﬁn - 52)(1/“ B an)
3! 2!

F(S) (t7 51 )pn(g)
3!

(2)
JE

+

- / K (t, $){[ful5 1) + G5 72) P +

_ G® (t7 7]3) (Qn + pn)pn(z)
2!
where a, <&, & < apqr <, e Swand § <nz < B, Let | K(t,s) |<
AL | fu(s,u) + gu(s,v) |[< Ay, | FO(t,u)/3! |< Ag and | GO(t,u)/2! |< A,
Then we have
I Poga 1< Ko [l o 1P R [l 112 (Lo 1+ T2 ), (3.31)
where kl = A1A3/(1 — A1A2) and ]{32 = A1A4/(1 — AlAQ).

Similarly, we can write

tds,

Qn-l—l(t) = /K(tv 8)[w(t7 Ay, Bm Bn—&-l) - f(S, u) - g(S, u)]dsv (332>
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where K (¢, s) is the Green’s function given by (3.26).

Using the Taylor series expansion with Lagrange remainder, the mean value
theorem together with (As) of the hypothesis and the properties on F' and G,
we can show

Fgnen 1< Fa [l g 1 +h2 o [P (g 1+ 1 2 1), (3.33)
where kl = A1A3/(1 — A1A2) and ]{32 = A1A4/(1 — AlAQ).
Hence combining (3.31) and (3.33) we obtain

mawx | u(t) — i (t) | +max | Gra(t) — u(t)|

3
< Clmax [ u(t) — an(f) | +max | 5, () —u(t) ||, (3.34)
where C' is an appropriate positive constant. This completes the proof. [

We note that the unique solution we have obtained is the unique solution
of (3.1) in the sector determined by the lower and upper solutions.

Next we merely state a result without proof using coupled lower and upper
solutions of (3.1). However, in order to show the existence of the unique
solution of the iterates, we use the existence result [6, Theorem 2.4.1] for
systems and special case of the comparison theorem of [6].

Theorem 3.2. Assume that

(A1) ag, By € C*[J,R] are coupled lower and upper solutions of (3.1),
respectively, with ag(t) < fy(t) on J such that

—043 S f(tu ﬁO) + g(tu Oé()), BO[()(,LL) S bu on J)

- (/), Z f(tﬂ OéO) + g(tu ﬁ0)7 BﬁO(II‘O Z bu on J, (335)

(Ay) f,g € C3[Q, R] such that f(t,u), g(t,u) are nonincreasing and
fu(t,u) — gu(t,u) > 0 for every (t,u) € Q and

fult,u) < — mgx[F(g)(t, u)](Bo — ap)* <0 on Q.

Then there exists monotone sequences {a,} and {3,}, n > 0 such that

2) _ 2
—OJZ = f(t, BTHl) + F(l)(t> anl)(ﬁn - Bn—l) + al (t7 an_1)2('ﬁ” ﬁ”—l)

60t Ba) — Ot Bucr)] + g(t ur) + GO (L, )ty — )

2 Qp — Qpq)?
G (t,ﬁn_l)Q(!n 2" (8, ) — (s anr)]

Ban(ﬂ) = bu?
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FO(t, Br_1) (o — p1)?

= flau) + FO 0 o) + e~ an)
_[¢<t7 CVTL) - ¢(t, Cknflﬂ + g(ta ﬂn71> + G(l)(ta anl)(ﬂn - anl>

@t 1) (B — By1)?
+G (t’ >2('ﬁ ﬂ ) — [w(t, ﬁn) - w(tv ﬂnfl)]

Bﬂn(u) = bu-

which converges uniformly and monotonically to the unique solution of (3.1)
and the convergence is of order 3.

Similar results can be obtained for the other two coupled upper and lower
solutions of (3.1) which are given by

—ag < f(t,a0) +g(t, Bo), Bag(p) <b, onJ,

—3 = f(t, Bo) + g(t, ),  BBo(p) > b, on J, (3.36)

and
—046/ < f(ta ﬁO) + g(ta ﬂO)a B&O(M) < bu on J’

—fBy > f(t,a0) +g(t,0), BBo(p) > b, on J. (3.37)
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