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Abstract

Suppose that a countable group I' acts on a nonatomic standard
Borel space ergodically and a group G is a locally compact second count-
able group with Haar measure. For a cocycle «, we prove that if the
cocycle « has a dense range in G, then the skew product action of I' on
X X4 G is also ergodic.
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1 Introduction

Let (X,Q, 1) be a nonatomic standard Borel space with probability measure
1 and G be a locally compact second countable group with Haar measure A
and with Borel field B. Let I' be a countable automorphism group preserving
the measure p and acting ergodically in X by a Borel action.

Note that a Borel map a: I' x X — G is called a cocycle if

06(7172, fl?) = 04(’71772 : x)a(”yg,x)

for all 1,72 € I" and almost everywhere x € X. Another cocycle §: I'x X — G
is said to be cohomologous to « if there is a Borel map ¢ : X — G such that
for all v € G and for almost everywhere z € X,

¢(v - x)aly, ) = B, 2)p(x).

We may write o ~ [ and say that « is cohomologous to 3. A cocycle is a
cobounary if it is cohomologous to the trivial one.

Let G be a one point compactification of G. An element g € G ia called
an essential value of « if for every neighborhood U of g in G and for every
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A € Q with u(A) >0,y € I"and B C A such that u(B) >0, BUyB C A and
a(v,z) € O for all z € B.

If G is noncompact, we put G = G U {oo}. For compact G, let G = G. The
set of all essential values of a is denoted by E(a) and we put F(a) = E(a)NG.
Then E(«a) is a closed subgroup of G. We can say that it means E(a) = G
that the cocycle a has a dense range in G. That is, for every A € Q with
1(A) > 0 and open subset O C G, there exist v € I' and B C A such that

w(B) >0, BUyB C A and a(y,z) € O for all z € B.

Theorem 1.1 [8] Let I' be a countable measure preserving the measure
and acting ergodically on (X, ). Let G be a locally compact second countable
Abelian group. Then the following conditions hold.

(i) E(a
(ii) E(a) = E(a)N A is a closed subgroup of A.
)

) is a closed nonempty subset of G.

(iii) If oy ~ a, then we have E(ay) = E(ay).

(iv) « is a coboundary if and only if E(a) = {0}.

If G is not Abelian, (iii) and (iv) in Theorem 1 is not true. That is, there are
two cocycles o and (3 such that o and 8 are cohomologous but E(«) is not
conjugate to E(f3), where o and 3 have values in a non Abelian group G (see
[1]). However, If cocycles have dense ranges in a subgroup of G, Theoreml is
true.

Theorem 1.2 [2] Suppose that F' and H are closed subgroups of G and that
two cocycles o, 3 : X X I' — G take values and have dense range in F' and H,
respectively. If o and 3 are cohomologous, then F' and H are conjugate in G.

If E C R" is a measurable set and € E, then x is called a point of density
for E if
lim w(B(z,r) N E)
r=0 p(B(z,r))
where p is Lebesgue measure and B(z, ) is the ball of radius r about x. Then
Lebesgue’s Theorem asserts that for any measurable set £ C R”, almost every
point of E is a point of density for F.

The general type of Lebesgue’s Theorem can be founded in [3]. In [3],
instead of R", X is assumed to be a locally compact separable metrizable
space and p is a o—finite measure on X where is positive on open sets and
finite on compact sets. The following theorem which may be called the density
Theorem for topological groups, is a type in a locally compact group G with
a Haar measure \.

=1,
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Theorem 1.3 [7] Suppose that G is a locally compact group with a Haar
measure A and E C G is any bounded Borel set. For every g € G and every
bounded neighborhood U of the identity e of G, let

MUgNE)

T

then fy converges in measure to the characteristic function xg on E as U goes
to e. In other words, for every positive number ¢ > 0, there exists a bounded
neighborhood V' of e such that if U C V', then [|fu — xe|ldp < €.

Furthermore, for every positive number € > 0, there exists a bounded neigh-
borhood U of e such that for almost every point g in E,

AMUgNE)

>1—e.
MUg)

2 Ergodicity

Let G be a locally compact second countable group and I' be a countable group
acting on (X, Q, u) ergodically. Any cocycle a : X xI" — G gives a new action
of I" on the product space (X x G, u x A) as follows : For any v € I and any
(x,9) € X x G,

v (2,9) = (v 7,a(x,7)g).

This action of I' on (X x G, x A) is called a skew product or a skew product
action. It is common to write a skew product action in the form (X x, G,T).
It interests to ask whether the skew product action is ergodic and to find
conditions under which the skew product action is ergodic. In [7], K. Schmidt
proved that if the cocycle has a dense range in GG, the skew product action is
ergodic for a countable group I' and a Abelian group G. He proved also that
the converse is true in [8]—. And in the case that I' is countable and the I'
action on (X, p) is approximately finite, if the cocycle has a dense range in G,
the ergodicity of a skew product actoin has studied. (see [6],[10] and [11].) In
this case, we have to note that the group G may not be Abelian.

In this paper, we prove the ergodicity of a skew product action when I'
is countable and I'-action on (X, p) is ergodic with the assumption that G is
only locally compact group. In Lemma 4, we prove a estimate in GG, which is
necessary in proving our mail theorem, Theorem 5.

Theorem 2.1 Suppose that G is a locally compact second countable group
and U is an open set in G. For any € > 0, there is a neighborhood W of e in
G such that

MgeU|WgcU}>(1—-eAU).
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Proof Let ¢ > 0. Since A is a haar measure, \ is a Radon measure. There
is a compact set K C U such that A\(U — K) < eA(U). Since A(U) = AU —
K)+ ANK) < eA(U) + A(K), we have A\(K) > (1 — e)A(U).

Forallz € U, thereis §, > 0 such that B(z,8,) C U.Let B= { B(z,%) |z €
K }. Then B is an open covering of K Since K is compact, there are ri, T, - - -,
z, € K such that K C U?:lB(xz, 1) C U. Let 6 = min{ = bri 1 = ,---,n}>
0.

2

We will prove that K C {g € U | Wg C U}, that is, for any x € K,
B(z,0) CU. Let x € K and y € B(x,0). Since = € K, thereis i € {1,---,n}
such that

d(y,z;) < d(y,z) +d(z,x;) <+ 5; < O, -

Hence y € B(z;,6,,) C U and B(z,6) C U.
Let W = B(0,0). Since G is a group, we have that forx € G, Wz = B(x, ),

MaeU|WacUY = MK) = (1—AU).
QED

Theorem 5 is our main theorem. We prove that the skew product action
X x4 G is ergodic with a general assumption of G when ['—action on X is
ergodic.

Theorem 2.2 Suppose G is a locally compact second countable group and
[ is a countable group acting on (X, u) ergodically. Let a: X xT' — G be a
cocycle which has a dense range in G. Then the skew product action X X, G
18 ergodic.

Proof Let A and B be two subsets of X x G with (u x A)(4) > 0 and
(i x A\)(B) > 0. In order to show that the skew product action of I" on X x G
is ergodic, it will find an element v of T" such that (u x A)(y-(A)NB) > 0.

For EC X xGandz € X, let E, ={g € G|(z,g) € E}. It is sufficient to
show that there are subsets Cy and D of X with positive measures and open
subsets U and V in G such that for all y € v - Cj,

Ml (A0) 1 (D X V)],) > A(V) )

1
MBND xV)]y) > 5A(V), (2)
where Ay = (Cy x U) N A. Then (1) and (2) implies that for any y € v - Cp,
1

Ay (AN Bl > Ay (A) N Bly)

> Ay (A4)) N BN (D x V)],)

2 A0 () 0D X V) + M(B 0D X V) = XV)
)+ 3

(V + - A(V)=A(V)=0.

V
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Therefore we have that for any y € v - Cy, A([y - (A) N B],) > 0. By Fubini’s
Theorem, we have that

(s x NG (AN B) > [ My AN Bl)dy >0,
which completes our theorem.

From now on, we will prove (1) and (2). Let xy € A. By the density
Theorem for topological groups, there is an open set U in G such that A(A,, N
U) > 0.95A(U). Let yo € B. Then we have Uge g(U N A,,) = G. That is,
{g(UN A,,)|g € G} is an open covering of G. There is gy € G such that
Mgo(U N Ay, ) N By,) > 0.

We can choose g € go(U N Ay,) N By, such that is a density point in both
of go(U N A,,) and By,. Then there is an open neighborhood V' of g in G such
that

Ago(U N Ay) NV) 2 0.95A(V) 3)
A(By, N V) > 0.95 \(V). (4)

We can consider Borel maps

/\(QO(A;U N U) N V)
A(V)

ANB,NV)
A(V)

U(z) = and O(y) =

for any =, y € X. We can have compact subsets C' and D of X with positive
measure such that xg € C, yo € D, and ¥ and © are continuous on C' and D,
respectively. Moreover we can assume that

Ago(A, NUYNV) > 0.9AV) and A(B,NV) > 0.9\V) (5)

for all x € C and all y € D. The last inequality of (5) implies (2) because
(BN (D x V)], = B, x V. In Lemma 5 letting e = 0.05, there is a neighborhood
W of e in G such that

MgeU | WgcU}>095\U). (6)
Since « has a dense range, there are Cy C C and ~ € I' such that
w(Co) >0, v(Co) C D and a(x,v) € Wgy for all x € Cy. (7)
Let z € Cy and 7 - x = y. We will show that

[y (A0) N D X V]yamy
D alz,y)[(A).Ngy {geVIWgC V}ing V] (8)
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Let FF'=[(Ag).Ngy ' {g €V |WgCV3Ing,'V]and g € a(x,v)F. Then there
is h € F such that ¢ = a(z,7y)h. Since h € F, we have

he (A, Wgoh CV and goh € V. 9)
Since g = a(x,v)h and h € (Ap),, we have that

g €ty alz, k) [ (2,k) € Aoty = (7 Ao)ya

Let g = a(z,7)h = a(z,7)gy ' goh. Since the cocycle o has a dense subset
in G and x € Cy, a(z,7)gy" € W is followed by (7). By (9), we have that
g = a(x,7)g5 goh € Wgoh C V. Therefore it follows that for any x € Cy,

g€ (Ag)yaNV =[(4) N (D x V)],

which prove (8).
Since A is a haar measure, we have that for any z € C,
Mo, M(Ao)e Ngg g € VIWg C Ving 'V
= MNgopA:NU)N{geV|WgcCV}inV].

We have that for any = € C,

MO+ (Ag) N D x V)]

Moz, (Ao Nge g €VIWg C Vg 'V]]
AMgo(A:NU)N{g e VIWgCV}NV]
AMgo(UNA)NV]+ Mg eV |WgcV}—AV)
0.85A(V),

VvV 1V

where the fourth inequality is (5) and (6). That is, we have that for any = € Cy,
My - (Ag) N D x V),.] > 0.85A(V),

which proves (1). QED
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