Int. J. Contemp. Math. Sciences, Vol. 6, 2011, no. 8, 381 - 391

On the Decomposition of §*-3-I-open Set and
Continuity in the Ideal Topological Spaces
Y. Yazlik! and E. Hatir!

1Selcuk University, Science Faculty, 42075, Campus, Konya, Turkey
yyazlik@selcuk.edu.tr

2Selcuk University, Education Faculty, 42090, Meram, Konya, Turkey
hatir1l0@yahoo.com

Abstract

In this paper, we define 6*-3-I-open set, §j-B-set and §j-t-set , and
also investigate relationships between these sets and other sets given
in literature. By using these sets, we obtained new decomposition of
continuity.
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1 Introduction

Mashhour, Abd El-Monsef And El-Deeb [1], in 1982, introduced the notion of
pre-open set in topological spaces. Raychaudhuri and Mukherjee [7], in 1993,
defined the notions of d-preopen set and d-almost continuity in topological
spaces. Hatir and Noiri [4], in 2006, described the concepts of d-3-open, 6 3-t-
set, 03-B-set, 0-3-continuity and ¢ g- B-continuity and obtained decompositions
of continuity and comlete continuity. Then, Ekici E. [3], in 2009, defined new
classes of sets called 3*-I-open set, pre*-I-open set, strongly ¢t-I-set, 3*-t-I-set,
strongly B-I-set and B*-I-set and obtained new decomposition of continuity
in ideal topological spaces.

In this paper, we introduce the notions §*-3-I-open set, d5-B-set and -
t-set. Also, we investigate further their important properties. By using these
sets, we obtain new decomposition of continuity.
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2 Preliminaries

Throughout the present paper, X and Y are always mean topological
spaces. Let A be a subset of a topological space (X, 7). A subset A is said to be
regular open (resp. regular closed) if A = Int(CI(A)) (resp.A = Cl(Int(A))),
where CI(A) and Int(A) point out the closure and the interior of A, respec-
tively. In [6], a point € X is called a d-cluster point of A if ANV # &
for every regular open set V containing x. The set of all d-cluster point of A
is called the d-closure of A and denoted by Cls(A). If Cls(A) = A, then A
is said to be d-closed. The complement of a d-closed set is said to be d-open.
The set {x € X : v € V C A for some regular open set V of X } is called
the o-interior of A and is denoted by Ints(A). In [2], Jankovi¢ and Hamlett
is defined an ideal I on a topological space (X, 7), such that [ is nonemty
collection of subsets of X satisfying the following two conditions:

A € [ and B C Aimplies B € 1,
A € [and B el implies AUB € I.

if 1 is an ideal on X, then (X, 7, I) is called an ideal topological space or simply
an ideal space. A local function [5] of A with respect to 7 and I is defined
follows: A*(I,7) = {r € X: UNA¢lI, foreveryxz €U andU € 7}, for
A C X. It is well known that Cl*(A) = AU A*(I, 1) describes a Kuratowski
closure operator C1*(.) for a topology 7*(I, 7),[2]. When there is no chance for
confisuon, we will simply write A* for A*(1,7) and 7* for 7*(1, 7).

A subset A of an ideal space (X, 7,I) is said to be R-I-open [8] if A =
Int (Cl* (A)). A point z in ideal space (X, 7,I) is called a 0-I-cluster point
of Aif AN Int(Cl*(V)) # @ for each neighborhood V' is of z. The set of all
d-I-cluster points of A is called §-I-clusure of A and is denoted by Cls;(A). A
is said to be d-I-closed [8] if Cls;(A) = A.

Definition 1 A subset A of in ideal topological space (X, 7,1) is said to be
a) pre-open [1]if A C Int(Cl(A)),

b) d-pre-open [7] if A C Int (Cls(A)),

c) pre*-I-open [3] if A C Int (Cls; (A)),

d) p*-I-open [3] if A C Cl* (Int(Cls (A))),

e) J-f-open [4] if A C Cl(Int(Cls(A))),

f) strongly ¢-I-set [3] if Int (A) = Int (Cl,, (A)),

g) strongly B-I-set [3] if there exist a U € 7 and a strongly ¢-I-set V' in X
such that A=UnNYV,
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h) -t-I-set [3] if Int (A) = CI* (Int (Cls (A)))

1) B*-I-set [3] if there exist a U € 7 and a (§"-t-I-set V in X such that
A=UNV,

j) dp-t-set [4] if Int (A) = Cl(Int (Cls (A))),
k) 03-B-set [4] if there exist a U € 7 and a dg-t-set V in X such that A = UNV.

Lemma 1 (Jankovié¢ and Hamlett, [2]) Let (X, 7,I) be an ideal topological
space and A, B be subset of X.

a) If AcC B, then CI*(A) C Cl*(B)

b) (ANB)" C A*N B*

d) A* = CI(A*) C Cl(A)

c) (AUB)" Cc A*UB*

e) IfUerT, thenUNA*C (UNA)"

Lemma 2 (/8]) Let (X, 7,1) be an ideal topological space and A, B C X.
a) AcC Cls;(A)

b) if AC B, then Cls;(A) C Cls;(B).

Lemma 3 ([9])Let (X, 7,I) be an ideal topological space and A* C A, then
A* =Cl(A*) =Cl* (A) = Cl(A).

3 §*-(p-I-sets

Definition 2 A subset A of in ideal topological space (X, T,1) is said to be
§*-B-1-open if A C Cl* (Int (Cls (A))). The complement of a 6*-3-I-open set
is said to be 6" -F3-1-closed set.

Proposition 4 For a subset of in ideal topological space the following satisfiys:
a) Every pre*-I-open set is ¢*-3-I-open.

b) Every §*-(-I-open set is f*-I-open.

c) Every [5*-I-open set is 0-(3-open.

Proof.
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a) Let A be a pre*-I-open set. Then, we write
A C Int(Cls; (A)) C Cl* (Int (Clsr (A))) .
This shows that A is 0*-(3-I-open set.

Proof of (b) and (c¢) done similar to (a)
|

Remark 1 For several sets defined above, the following diagram holds for a
subset A of an ideal topological space (X, 7,1):

0*-fB-I-open — [*-I-open — ¢-(-open
T T
open—pre-open— pre*-I-open — d-pre-open
None of these suggestions is inversible, as exhibited in the following exam-
ples.

Example 1 Let X = {a,b,c,d}, 7 ={@, X,{b},{c},{b,c}} and I = {@,{c}}.
Then the set A = {a,b,d} is both §*-3-1-open and B*-1-open but it is neither
pre*-I-open and nor d-pre-open.

Example 2 [3/Let X = {a,b,c}, 7 = {0, X,{a},{a,b},{a,c}} and I =
{©,{a}}.Then, the set A = {b,c} is both 3*-I-open and &-pre-open but it is
neither §*-B-I-open and nor pre*-I-open.

Example 3 Let X = {a,b,c,d}, 7= {2, X, {b},{c},{b,c}} and I = {@,{b}}.
Then the set A = {a,b,d} is §-(-open but it is not 3*-I-open.

Proposition 5 Let (X, 7, 1) be ideal topological space. If A C B C Cls; (A) and B
is 0%-B-I-open, then A is §*-3-I-open.

Proof. Let A C B C Cls;(A) and B be 6*--I-open set. Then, we write
Cls; (A) = Clsr (B) . Thus A € B C Cl*(Int (Cl,, (B))) = Cl*(Int (Cl,, (A))) and
hence A is §*--IT-open. W

By 6" 8I0(X), we denote the family of all 6*-3-I-open sets of (X, 7,1).

Proposition 6 Let (X, 7,1) be ideal topological space and A, B subsets of X.
If U, € 6" BIO(X), for each o« € A, then U{Ua ra e A} € 6" BIO(X).
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Proof. Since U, € §*BIO(X), we write U, C Cl*(Int (Cl,, (U,))) for each
a € A. Thus by using Lemma 1, we obtain

Uuv. c [Jcrunt(cl, (U))
= J{Unt (Cl,, (Ua)))" U Int (CL,, (Ua))}

c (Im( ( a)) U Int(Cl, (UU)
= 1 Imf( (U a))

This shows that | JU, € 6"310(X). m

Remark 2 The intersection of any two 0*-3-I-open sets needn’t be a
0" -B-I-open as given in the following example.

Example 4 Let X = {a,b,c,d}, 7 ={@, X, {b},{c},{b,c}} and I = {@,{d}}.
Then the set A = {a,b,d} and B = {a,c} are 0*--I-open sets but the set
AN B ={a} is not 6*-3-I-open.

e Consequently, the family of sets §*3IO(X) doesn’t form a topological
space.

Lemma 7 (Jankovi¢ and Hamlett [2]). Let (X, 7,I) be an ideal topological
space and B, A subsets of X such that B C A.Then B*(7\a,1ja) = B*(7,1 )N
A.

Proposition 8 Let (X,7,1) be an ideal topological space. If U € 1 and
A€ §PIOX), then UNA € 6*BIO(U, 1w, Liv).

Proof. If U is open, we write Inty(A) = Int(A) for any subset A of U.By
using this fact and Lemma 7, we write

UNA C UNCl(Int(Cls; (A)) =Un|[(Int(Cls; (A))* U lInt (Cly, (A))]
= [UnNInt(Cl, (A)]U[UNInt(CL,, (A))]

UN{Int(UNCIl, (A)TUlUNInt(UNCL, (A)))]

(Inty(UNCL,, (A)* U (Inty(U N (Cl, (A))))

[U 0 (Inty((Cl, )o(UNA)))TUUN (Inty((Cl;)u (UNA)))]

= Cly(Inty((Cl,,)v (UN A))).

N

N
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4 0°-B-sets and 0-t-sets

Definition 3 A subset A of in ideal topological space (X, 7,1) is said to be
a) Oj-t-set if Int (A) = CI* (Int (Cls; (A))),

b) d3-B-set if there exist a U € 7 and a dj-t-set V' in X such that A=UnNV.

Proposition 9 Let (X, 7,1) be an ideal topological space and A a subset of
X is §3-t-set . Then the following hold:

a) Let I = {®}.Then A is both d5-t-set and §*-t-I-set.
b) Let I = P(X). Then A is strongly ¢-I-set.
Proof.

a) Let I = {@}. For VA C X, we write Cls; (A) = Cls (A) and A* = CI(A).
That is, C1*(A) = AU A* = CI(A). Since A is a §;-t-set, then

Int(A) = CU (Int(Cl,, (A)))
= CI"(Int (Cls (A)))
= Cl(Int(Cls (A))).

Hence, A is both 04-t-set and [5*-t-I-set.

b) Let I = P(X). For VA C X, then A* = @. Since A is a §j-t-set, then we
have

Int(A) = CUI*(Int(Cls; (A)))
= Int(Cl,, (A) U (Int (Cl,, (A)))*
= Int(Cl,, (A)).

Thus, A is strongly ¢-I-set.
|
Proposition 10 For a subset of in ideal topological space the following hold:
a) Every dj-t-set is 05-B-set.
b) Every 3"-t-I-set is §;-t-set.
c) Every §5-t-set is strongly t-I-set.

d) Every ds-t-set is §*-t-I-set.
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Proof.

a) Since A is §5-t-set and X € 7, proof is obvious.
b) Let A be a (3*-t-I-set. Then, we write Int (A) = CI* (Int (Cls (A))). By
using Cls; (A) C Cls (A), we have
Int(A) C CU* (Int (Clsy (A))) € CI* (Int (Cls (A))) = Int (A).
Hence, A is §;-t-set.
Proof of (c¢) and (d) are done similar to (b).
|
Proposition 11 For a subset of in ideal topological space the following hold:
a) Every B*-I-set is 0-B-set.
b) Every d3-B-set is strongly B-I-set.
c) Every dg-B-set is B*-I-set .

Proof. From Definitions 1, 3 and Proposition 10, proofs of (a), (b) and (c)
are obvious. W

Remark 3 For several sets defined above, the following diagram holds for a
subset A of an ideal topological space (X, 7,1):

0p-B-set— B*-I-set — 05-B-set — strongly B-I-set

T T T T
Op-t-set — [*-t-I-set — J5-t-set — strongly t-I-set

Remark 4 The converse of Propositions 10 and 11 needn’t be true, as exhib-
ited in the following examples.

Example 5 [3/Let X = {a,b,c}, 7 ={@, X,{a},{a,b},{a,c}} and I = {@,{a}}.
Then the set A = {b, c} is both 05-t-set and d5;-B-set but it is neither (3*-t-1-set
nor B*-I-set.

Example 6 Let X = {a,b,c,d}, 7 = {2, X, {b},{c}, {b,c}} and I = {@,{d}}.
Then the set A = {a,b,d} is both strongly t-I1-set and strongly B-I-set but it
is neither d5-t-set nor 05-B-set.
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Example 7 Let X = {a,b,c,d}, ™ = {2,X,{a},{b,d},{a,b,d}} and
I = {©,{a}}.Then the set A = {a,c} is both 3" -t-I-set and B*-I-set but
it is neither dg-t-set and nor 03-B-set.

Proposition 12 Every open set in ideal topological space (X, T, I) is 055-B-set.

Proof. Proof is clearly seen by using Propositions 10, 11 and Definition 3.
|
By §3-t-(I) , we denote the family of all d5-t-set of (X, 7,1).

Proposition 13 Let A, B C X in ideal topological space (X, 7,1). If A and
B are §j-t-set, then AN B is a §;-t-set.

Proof. Let A and B be §j-t-set. Then, we have

Int(ANB) C Int(Cls;(ANB) C Cl*(Int(Cl,,(AN B))
C Cl*(Int(Cls;(A) N Clsy(B)))
= Cl"(Int(Cl,,(A) N Int(Cl,,(A)))
C Cl"(Int(Cls;(A) N ClI*(Int(Clsi(B)))
= Int(A)NInt(B) = Int(AN B).
|

Remark 5 The union of any two §3-t-set needn’t be a d5-t-set as given in the
following example.

Example 8 Let X = {a,b,c}, 7 = {0,X,{a},{b},{a,b}} and
I = {©,{a},{b},{a,b}}. Then, the sets A = {a} and B = {b} are ;-
t-set but the set AU B = {a,b} is not §;-t-set.

e Consequently, the family of sets d5-t-(I) doesn’t form a topological space.

Remark 6 In ideal topological space (X,7,1), &3-B-set needn’t be
0*-B-I-open set as given in the following example.

Example 9 In Ezample 2, the set A = {b,c} s §3-B-set but it is not
d*-B-1-open.

Remark 7 In ideal topological space (X,7,I), §*-(-1-open set needn’t be
03-B-set as seen in the following evample.

Example 10 In Example /, the set A ={a,b,d} is 6"-F-I-open but it is not
03-B-set .
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Theorem 14 A subset A of space (X, 7,1) is open set if and only if A is both
6"-f-I-open and 0-B-set .

Proof. =: Let A is open set, then necessary condition is obvious from
Propositions 10, 11 and Definition 3

<: Let A is both §*-3-I-open and §3-B-set, then there exist a U € 7 and a
d5-t-set V in X such that A = U N V. Therefore, we write

A = UNACUNCE (Int (Cls; (A)))
= UNCl (Int(Cls; (UNV)))
C UNCE (Int (Cls; (U))) N CI (Int (Cls; (V)
= UNCl (Int(Clsy (V) =UnNInt(V)
— Int(UNV)
= Int(A).

Thus, A is an open set. W

5 Decomposition of Continuity

Definition 4 A function f: (X, 7,1) — (Y, 0) is said to be pre-continuous/1]
(resp.0-almost continuous[7], [*-I-continuous/3], pre*-I-continuous/3] and
d3-B-continuous[4]) if for every V € o, f(V) is a pre-open (resp. d-pre-
open, 3*-I1-open, pre*-I1-open and 6z-B-open) of (X, 7.,1).

Definition 5 A function f: (X,7,1) — (Y, 0) is called §"-3-I-continuous
if for every Ve o, f~YV) is a §"-B-I-open of (X,7,1).

Remark 8 For several continuous function defined above, we can give the
following diagram.

0*-f-I-continuous— [*-I-continuous — J-3-continuous

T T

pre-continuous — pre*-I-continuous — d-almost-continuous

Remark 9 None of these suggestions is inversible, as exhibited in the follow-
g examples.

Example 11 Let Y = X = {a,b,c,d}, 0 =7 = {0, X, {b},{c},{b,c}} and
I = {@,{c}}-

Let f: (X,7,I) — (Y,0) be a function defined as follows: f(a) = b,
fb) =b, f(c) =e¢, f(d) =b. Then f is both 6" -3-I-continuous and [3*-I-

continuous but f is neither pre*-I-continuous nor d-almost continuous.
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Example 12 [3/LetY = X = {a,b,c}, o =7 ={©, X, {a}, {a,b},{a,c}} and
I ={o,{a}}.Let f:(X,7,I) — (Y,0) be a function defined as follows:
fla) = ¢, f(b) = ¢, f(¢c) = a. Then [ is both §-almost continuous and
G*-I-continuous but f is neither §*-3-1-continuous nor pre*-I-continuous.

Example 13 LetY = X = {a,b,¢c,d}, o =7 ={0, X,{b},{c},{b,c}} and I =
{0,{b}}. Let f : (X,7,I) — (Y,0) be a function defined as follows:
fla) = b, f(b) =0, f(c) = ¢, f(d) = b. Then f is 0-F-continuous but f
is not 3*-I-continuous

Proposition 15 Let f: (X,7,1) — (Y, 0) be 6"-B-I-continuous and U € T.
Then the restriction fiy : (U, Ty, Ly) — (Y, 0) is §"-3-I-continuous.

Proof. Let V € o . Since f is §*-f-I-continuous, f~'(V) € §*BIO(X) and
Proposition 8 f|[’]1 =UNf V) e dpIOWU, 1y, Ly). It is clearly seen that
fiv (U, nw, Liy) — (Y, 0) is 6*-f-I-continuous. M

Definition 6 A function f: (X,7,1) — (Y, 0) is said to be

a) strongly B-I-continuous if f~'(V) is a strongly B-I-set in (X,7,I) for
every V € o [3].

b) B*-I-continuous if f~*(V) is a B*-I-set in (X, 7,1) for every V € o [3].
c) dg-B-continuous if f~1(V) is a d5-B-set in (X, 7, 1) for every V € o [4].

Definition 7 A function f: (X,7,I) — (Y, 0) is called 65-B-continuous if
f7HV) is a 63-B-set in (X, 7,1) for every V € 0.

Remark 10 For several continuous function defined above, we can give the
following diagram.

0 3-B-continuous — B*-I-continuous— §3- B-continuous—strongly B-I-continuous

Remark 11 None of these suggestions is inversible, as exhibited in the fol-
lowing examples.

Example 14 LetY = X = {a,b,¢,d}, 0 =7 ={2, X, {a}, {b,d},{a,b,d}} and
I = {@,{a},{b},{d},{a,b},{a,d}, {b,d},{a,b,d}}. Let f : (X,7,I) —
(Y, o) be a function defined as follows: f(a) =a, f(b) =0, f(c)=a, f(d)=

b. Then f is B*-I-continuous but f is not dg-B-continuous.

Example 15 [3/LetY = X = {a,b,c}, 0 =7 ={®, X, {a}, {a,b},{a,c}} and
I ={o,{a}}. Let f: (X,7,1) — (Y,0) be a function defined as follows:
fla) =¢, f(b)=c, f(c)=a. Then f is §5-B-continuous but f is not B*-I-
continuous
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Example 16 Let Y = X = {a,b,c,d}, 0 =7 = {0, X, {b},{c},{b,c}} and
I ={o,{d}}. Let f: (X,7,1) — (Y,0) be a function defined as follows:
fla) =0, f(b) =0, f(c)=c¢, f(d) =b. Then f is strongly B-I-continuous

but f is not d5-B-continuous.

Theorem 16 Let [ : (X,7,I) — (Y,0) be a function. [ function is
continuous if and only if f  function is both &*-B3-I-continuous and 0j5-B-
continuous .

Proof. Proof is obvious from Theorem 14 and Definition 5. B
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