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Abstract

In this article we define and investigate the concepts of I and I*
-convergence for double sequences in 2-normed space and derive several
basic properties of these concepts in 2-normed space. Finally,we con-
sider the condition (AP2) of I and I-convergence of double sequences

in 2-normed spaces and prove some basic properties.

Mathematics Subject Classification: Primary 40A05; Secondary 40A99,
46A70,46A45



2148 S. Sarabadan, F.A. Arani and S. Khalehoghli

Keywords: [-convergence, [*-convergence, Double sequences, Double nat-

ural density, condition (AP2), 2-normed spaces

1 Introduction

The concept of statistical convergence was introduced over nearly the last
fifty years(Fast (1951), Schoenberg(1959)),it has become an active area of re-
search in recent years .The idea of I-convergence was informally introduced by
Kostyrko et al (2001) and also independently by Nuray and Ruckle (2000) , as
a generalization of statistical convergence.ldeal convergence provides a general
framework to study the properties of various types of convergence.

Very recently some works on I-convergence of double sequences have also been
done (see [5,6,21,26]). The notion of linear 2-normed spaces has been investi-
gated by Gahler in1960’s [11,12] and has been developed extensively in different
subjects by others[3,14,23,27].It seems therefore reasonable to investigate the
concepts of Tand I[*-convergence for the double sequences in 2-normed spaces.
Throughout this paper N will denote the set of positive integers. Let (X, |.]|)
be a normed space. Let E be subset of positive integers N and j € N.The quo-
tient d;(E) = card(E ({1, ...,j})/Jj is called the j'th partial density of K.Note
that d; is a probability measure on P(N), with support {1, ..., j}[2,4,7,26].
The limit d(E)=lim ;_...d;(K) is called the natural density of E C N(if exists).
Clearly, finite subsets have natural density zero and d(E¢) = 1 — d(E) where
E¢=FE —N | i.e., the complement of E [2,24].

Recall that a sequence (z,)nen of elements of X is said to be statistically con-
vergent to [ € Xif the setA(e)={n € N: ||z, — || > e}has natural density zero

for each € > 0 in other words for each ¢ > 0,
1
lim —card({k <n:lzy =1 >e})=0
non

and x=(z, )nen is called to be statistically Cauchy sequence if for each € > 0
there exists a number N = N(¢) such that

1
lim —card({k <n:|zy —an| >¢€}) =0
non

The convergence of a double sequence introduce by many manner[4,21,22].

By the convergence of a double sequence we mean the convergence in Pring-
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sheim’s sense [22]. A double sequence x=(z,1); ren is called to be convergent in
the Pringsheim’s sense if for each € > 0 there exist a positive integer N = N (¢)
such that for all 5,k > N implies |z, — (] < e . L is called the Pringsheim
limit of x.

Let A C N x N be a set of positive integers and let A(n, m) be the numbers
of (j,k) in A such that j <n and k& < m. Then the two-dimensional concept
of natural density can be defined as follows.

The lower asymptotic density of a set A C N x N is defined as
dy(A) = lim inf A0

_ n,m nm

A(n,m)
nm

If the sequence ( Jn.men has a limit in Pringsheim’s sense then we say

that A has a double natural density and is defined as

dy(A) = Tim A0

n,m nm

Next we recall the following definition ,where Y represents an arbitrary set.

Definition 1.1. A family Z C P(Y) of subsets a nonempty set Y is said to
be an ideal in Y if:

)0eT

ii) A,BeZ  implies AUBeZI

iii) AcZ,BCA implies Bel

7 is called a nontrivial ideal if X ¢ 7.

Definition 1.2. Let Y # (.Anon empty family F of subsets of Y is said to
be a filter in Y provided:

i)0eF.

ii) A,B€EF implies ANBeF.

iii)Ae FFACB implies BeF.

If 7 is a nontrivial ideal in YY" # (),then the class

FZ)={McCY:(3Ac)(M=Y - A)}
is a filter on Y ,called the filter associated with Z.

Definition 1.3. A nontrivial ideal Z in Y is called admissible if {z} € T for
each z € Y.
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Definition 1.4. A nontrivial ideal Z in N x N is called strongly admussible if
{i} x N-and N x {i} belong to Z for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Let Zo={A C N x N: (Im(A) e N)(i,j > m(A) = (i,j) e Nx N— A)}.
Then Z; is a nontrivial strongly admissible ideal and clearly an ideal Z is

strongly admissible if and only if Z, C Z.[5]

Let Z C P(N) be a nontrivial ideal in N.The sequence (x,)nen in X is said
to be Z-convergent to x € X, if
for each € > 0 the set A(e)={n € N: ||z,, — z|| > €} belongs to Z [1,17,19].

2 Preliminary Notes

In [10], the concept of I*-convergence was also introduced and a detailed study
was made to explore its relation with I-convergence. We introduce the concepts

7 and Z*-convergence of double sequences in metric space X is follow.

Definition 2.1. A double sequence x=(zj);ken of elements of X is said to
be Z-convergent to [ € X if for every ¢ > 0 we have A(e) € I,
where A(e)={(m,n) € N x N: p(x,,,,l) > e}and we write it as

I —limz,,, =1

Definition 2.2. A double sequence x=(zj;);ren of elements of X is said to
be Z*-convergent to [ € X if there exists a set M € F(Z) (i.e.NxN—- M € 7)
such that

lim z,,,, = [ (m,n) € M

We write it as

¥ —limx,,, =1

The notion of linear 2-normed spaces has been investigated by Gahler
in1960’s [11,12] and has been developed extensively in different subjects by
others[3,14,23]. Let X be a real linear space of dimension greater than 1,and
||, .|l be a non-negative real-valued function on X x X satisfying the following

conditions:
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Gl
G2
G3
G4

|., .|| is called a 2-norm on X and the pair (X, ||.,.||) is called a linear 2-

|z, y|]| = 0 if and only if x and y are linearly dependent vectors.
2 yll = 1y, 2]l for all x,y in X,

|laz, y|| = |||z, y|| where « is real

~— — ~— “—

Iz +y, 2l < [l 2[| + lly, || for all x, y, z in X

normed space. In addition, for all scalars o and all x, y, z in X, we have the
following properties :

1), .|| is nonnegative.

2z, yll = =,y + ax|

Iz —y,y—zl =z —y,x -2
Some of the basic properties of 2-norm introduce in [24].
As an example of a 2-normed space we may take X = R? being equipped with
the 2-norm ||z, y|| := the area of the parallelogram spanned by the vectors x

and y, which may be given clearly by the formula

|2,y = |z1y2 — 221 ; r = (11, 12) Y= (y1,v2) (2.1)

Given a 2-normed space (X,||.,.]|), one can derive a topology for it via the
following definition of the limit of a sequence: a sequence (,)nen in X is said
to be convergent to x in X if lim, . ||z, — z, z|| = 0 for every z € X .This

can be written by the formula:
(Vz € Y) (Ve > 0)(Ing € N)(Vn > ny) |z — 2, 2] <€

We write it as

ll-5-1x
n _—
Definition 2.3. A sequence (z,)n € N is a Cauchy sequence in a 2-normed
space (X, ||, .||) if limy, m ||€n — 2, || = 0 for every z € X.
Recall that (X, ||.,.||) is a 2-Banach space, if every Cauchy sequence in X is

convergence to some r € X.

Definition 2.4. Let (X, |.,.]|) be 2-normed space and x € X.We say that x

is an accumulation point of X if there exists a sequence (z,)nen of distinct
[l-.- 1l x

elements of X such that xj # z (for any k) and z,
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Lemma 2.5. [15/Let v = {vy,...,v} be a basis of X. A sequence (x,)nen in
X is convergent to x in X if and only if lim,_ ||z, — x,v;]] = 0 for every
i=1,...k. We can define the norm ||.||« on X by

%] := max{||x,v|| : i =1,...,d = k}

Associated to the derived norm ||.||so, we can define the(open) balls By, vy, v, (2, 7) =By (x,T)

-----

centered at x having radius r by

By(z,r) ={y: [z =yl <7}
Lemma 2.6. [15/A sequence (,)nen in X is convergent to x in X if and only
if
lim ||z, — z||oc =0

Example 2.7. Let X = R? be equipped with the 2-norm ||z, y||:= the area
of the parallelogram spanned by the vectors x and y, which may be given

explicitly by the formula

Hw,yH = \l’lyz - 952y1\ ) T = (51317332) Y= (ylayQ)

Take the standard basis {4, j} for R? .
Then, ||z,i]| = |xs| and ||z, j|| = |z1|, and so the derived norm ||.||s with

respect to {i,j} is
[2]loc = max{[z, |z1]}, @ = (21,32)

Thus, here the derived norm ||.|| is exactly the same as the uniform norm on

R2.Since the derived norm is norm,it is equivalent to Euclidean norm on R? .

3 Main Results

Now ,we introduce the I and I;-convergence for double sequences in 2-normed
spaces and so we extend this concepts to I,-limit points and Is-cluster points
in this spaces.We inspire the follow definition of

Pringsheim [0 sense[22].
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Definition 3.1. Let x=(zj;);kren be a double sequence in 2-normed space
(X, ]-,.]])-A double sequence x=(x;);ren is said to be convergent to | € X if
(Vz € X)(Ve > 0)(AN € N)(Vj,k > N) |z — 1, 2] <e
We write it as
Tjk LN

A double sequence x=(xjj);ren is said to be bounded if for each nonzero
z € X and for all j, k € N there exists M > 0 such that ||z, z|| < M .
Note that a convergent double sequence need not be bounded.

Now we define the I and I;-convergence for double sequence x=(z k), ken

as follows:

Definition 3.2. A double sequence z=(z;x);ken in 2-normed space (X, ||.,.||)

is said to be I,-convergence to [ € X ,if for all € > 0 and nonzero z € X the set
Ale) ={U, k) : llzje = 12| 2 e} € I

In this case we write it as

I — l;r]? Tjp =1
Remark 3.3. Put I;= {A C Nx N : dy(A) = 0} . Then I, is an admissible
ideal in N x N and I e-convergence becomes statistical convergence[24].

Remark 3.4. If x=(xj});ken is lo-convergent,then (x;i);renneed not be con-
vergent .Also it is not necessarily bounded.This actuality can be seen from the

next example.

Definition 3.5. A double sequence z=(z;x);ken in 2-normed space (X, ||.,.||)
is said to be I3-convergence to [ € X ,if there exists a set M € F(I) (i.e.N x
N\M € I) such that lim,, ,, 2=l (m,n) € M and we write it

[; - hm.T]k =1
Jk

Example 3.6. Let (X, ||.,.||) be 2-normed space introduced in Example 2.3

and the x=(z;;);ren be defined as

(1,1) otherwise
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and let l=(1,1).

Then for every ¢ > 0 and z € X
{(5,k),5 <n,k<m:|lwjp—1, 2| > e} €{1,4,9,16, ..., 5% ..} x{1,4,9,16, ..., k2, ...}.
Hence
the cardinality of the set {(j,k),j < n,k <m: ||vj — 1, 2| > e} < /jVk for
each € > 0.
This implies do({(j,k),7 < n,k < m : ||xjs —[,2]| > €}) = 0 for each ¢ > 0
and z € X.We have

[dg - hmx]k =1
3k

But x=(xj);ken is neither convergent to { nor bounded.

Remark 3.7. The following corollary can be verifies that if z=(x;;);ren be

Is-convergent to [ € X, then [ is determined uniquely.

Corollary 3.8. let x=(xj;);ken is a convergent double sequence in 2-normed
space (X, ||.,.||) and Iy, € X If Iy-lim; |z — 11, 2| = 0 and
L-limj g ||z, — lo, 2|| = 0 then [y = Is.

proof: Let Iy # ly,hence there exists z € X such that 0 # 1, — Iy and z are

linearly independent. Put
|ly — 1o, z|| = 2¢, withe > 0
Now
2e = |llh — mjn + mjp — b, 2| < Mlwje — b, 2l + [l — 2, 2|
Therefor
{G k) < Mlwje = loy 2ll < e} S{0K) < Nlwje =l 2l Zeb e
Hence {(j, k) : ||xjx — lo, 2|| < e} € I that is contradict with nontrivial I.

Corollary 3.9. If (z;i);ken,(Yjk)jren be double sequences in 2-normed space
(X, H, H) and [g-limj’kxjk = a,lg—limj,k Yjr = b then

(i)[g—limij ZL‘jk —f- yjk =a+ b
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(ii) Ir-lim;y oy, = aa ,where a € R

proof(i):Let € > 0. For each nonzero z € X we have

{(m,n) € NxN: ||(&pmn+Ymn)—(a+b), || > €} C ({(m,n) € NXN : ||Zymn—a, z|| > %}

U{(m,n) € NX N : ||ymn — b, 2| > %})E I
Hence {(m,n) € N X N : |[(Zmn + Ymn) — (@ + 1), 2| > €} € I and the
statements s follows.

(i1) The statement is an easy consequence of (1)

Condition (AP2) In 2-Normed Spaces
In [5], it was proved that I and I*-convergence of double sequence are
equivalent if and only if I C 2" satisfies the condition (AP2).It seems there-
fore reasonable to consider the condition (AP2) of Iy and Ij-convergence of

double sequences in 2-normed spaces.

Definition 3.10. An admissible ideal I C 2" satisfies the condition (AP2)
if for every countable family of disjoint sets {A;, Ay, ...} belonging to I there
exists a countable family of sets { By, By, ...} such that A; A B; € I i.e

A; A Bj is included in the finite union of rows and columns N x N for each
j€Nand B=J;Z, B; € I (hence B; € I for each j € N).

Theorem 4.3:If (X, |.,.]]) be a finite dimensional 2-normed space and
I C 2™ bhe an admissible ideal that satisfied the condition (AP2), then for
an arbitrary double sequence (Z,y,)mnen of elements of X,
Iy — lim,,, ,, Ty, = a implies I35 — lim,,, , Ty, = a.

proof:If I, — lim,, ,, £, = a then for any ¢ > 0 and nonzero z € X,

A(e) ={(m,n) e NX N : ||z, —a|lec > €} €1

Put A; = {(m,n) e NXN: ||z, — a|]l > 1} and for k > 2

Ap={(m,n) e NxN: ¢ < |[Zmn — al|c < 27} for each nonzero z € X.
Clearly A;(A; = 0 for i # j and A; € I for each i € N.Hence there exists
a countable family of sets {Bj, Bs, ...} such that A;AB; is included in finite
union of rows and columns in N x N for each j and B =2, B; € I.

Put M =N x N — B and prove lim,,, Z,, = a for (m,n) € M.

Let 6 > 0 .Choose k € N such that ; < 4. Then
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{(m,n) : [xmn — alle > 6} C U?:l Aj.

Since A;AB; ,j = 1,2, ..., k are included in finite union of rows and columns,
there exists ng € N such that

(Uj=i B) N{(myn) s m = ng,n > no}
= (Uj=1 4) N{(m,n) s m > no,n > no}
If m,n > ng and (m,n) ¢ B then
(m.n) ¢ UL, By and so (m,n) ¢ UL, 4.
This implies that
|@mn — @, 2|| < ¢ < 8 for each z € X.

Hence lim,,, ,, 2, = a for (m,n) € M.

Theorem 4.4:Let (X, ||.,.||) be 2-normed space.If X has at least one ac-
cumulation point for any arbitrary double sequence (Z)mnen € X and for
each a € X I, — limy, , ), = a implies I3 — lim,, , T, = a,then I has the
property (AP2).

proof:Let a € X is an accumulation point of X.let (by)ren be a sequence
of distinct elements of X such that b, # a for any k,

ll--llx
bk — a

Put €} = ||bx —a, z|| for k € N.Let (A;),;en be a disjoint family of nonempty

sets from I.Define a sequence (Zyn)mnen for all z € X

a if (m,n) ¢ A;

Let § > 0,29 € X.Choose k € N such that 5,(50) < 0.
Then



A condition for the equivalence of I- and I*-convergence 2157

A2 (8) = {(m,n) : |xmn —a,20]| >} C A1 JA2U ... U Ax

Hence A*(9) € I and so Iy — limy, ,, Ty = a.
By definition(.....)[5 — lim,, ,, ;n, = a and so there exist a set B € I such that
M =NxN-Be F(I) and

L LEIE N (m,n) e M (3.1)

Put B; = A; (B for j € N.-Then B; € I for each j € N.
Moreover |J;Z, B; = BNU;2, 4; € B and so U;2, B; € I. Fix j € NIf
A; (M is not included in the finite union of rows and columns in N x N then
M must contain an infinite sequence of element (my,ny) and limz,,, ,, =
bj # a for all k € N which it contradicts with (4.1).Hence A; (| M must be
contained in the finite union of rows and columns in N x N.
Hence A;ABj = Aj—B; = A—B = A; (| M is also included in the finite union
of rows and columns.This proves that the ideal I has the property (AP2)
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