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Abstract

In this paper pseudo-differential operator(p.d.o) P (x,D) in terms of
a symbol is defined and inverse Hankel transform of this symbol is also
defined. It is shown that the p.d.o is bounded in certain Sobolev type
space associated with Hankel transform. A special case is discussed.
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1 Introduction

The Hankel-type transformation of φ ∈ L1(I), I = (0,∞) is defined by

(Hμφ)(x) =

∫ ∞

0

(xy)−μJμ(xy)φ(y)y2μ+1dy, x ∈ I (1.1)

where (xy)−μJμ(xy)y
2μ+1 represents the kernel of this transformation, as usual,

Jμ is the Bessel function of the first kind and order μ. We shall assume that
through out this paper that μ ≥ −1/2. Since x−μJμ(x) is bounded on I, the
Hankel-type transformation Hμ(φ)(x) is bounded on I, provided

∫ ∞

0

x2μ+1 | φ(x) | dx <∞ (1.2)
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clearly

(Hμφ)(0) =
1

2μΓ(μ+ 1)

∫ ∞

0

φ(y)y2μ+1dy. (1.3)

The inversion formula for (1.1) is given by

φ(x) =

∫ ∞

0

(xy)−μJμ(xy)Hμφ(y)y2μ+1dy, x∈I. (1.4)

The above transformation has been used [2, 6]. Altenburg [1] introduced the
space H consisting of all infinitely- differentiable functions φ defined on I =
(0,∞), such that for all m, k ∈ N0 the quantites

γm,k(φ) = sup
x∈I

(1 + x2)m
∣∣(x−1d/dx)kφ(x)

∣∣ <∞. (1.5)

Zaidman [8] studied a class of pseudo-differential operators (p.d.o’s) using
Swartz’s. theory of Fourier transformation. Pseudo -differential operators
associated to a numerical valued symbol a(x, y) were discussed by Pathak and
Prasad [6]. Moreover the Hankel transformation (1.1) finds wide applications
in the Hankel convolution theory [2, 4, 5]. Therefore, it is natural to develop a
theory of pseudo-differential operators depending on the transformation (1.1).
In the investigation of the pseudo-differential operator P (x,D) depending on
the transformation Hμ, it assume that the symbol a(x, y) posses derivatives
which satisfy certain growth conditions. One formula for such an operator
appears as follows:

(Hμ,aφ)(x) =

∫ ∞

0

(xy)−μJμ(xy)a(x, y)Hμφ(y)y2μ+1dy, x ∈ I (1.6)

where

(Hμφ)(x) =

∫ ∞

0

(xy)−μJμ(xy)φ(y)y2μ+1dy, x ∈ I. (1.7)

From [7] the symbol a(x, y) is defined to be the complex valued infinitely
differentiable function on I × I which satisfy∣∣(x−1d/dx)α(y−1d/dy)βa(x, y)

∣∣ ≤ Cα+β+1α!β!(1 + y)m−β (1.8)

∀α, β ∈ N0 where m is a fixed real number. The class of all such symbols is
defined by Hm. From [6] we know that for any φ, ψ ∈ H:

(x−1d/dx)k(φ, ψ) =
k∑

υ=0

(k
υ)(x

−1d/dx)υφ(x−1d/dx)k−υψ. (1.9)

The theory of Hankel convolution studied by Belhadj and Betancor [2].
In this paper we have used the Hankel transformation defined by (1.1) to
develop a theory of pseudo-differential operator associated with Bessel operator
corresponding to [5].
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2 The Hankel Convolution

From Zemanian [9] we recall that the following results on Hankel convolution
in the sequel Δ(x, y, z) be the area of the triangle with sides x, y, z if such a
triangle exists. For μ > 0, set

D(x, y, z) = 23μ−1/2(π)−1/2 [Γ(μ+ 1)]2 (Γ(μ+ 1/2))−1(xyz)−2μ

× [
Δ(x, y, z)2μ−1

]
(2.1)

if Δ exists and zero otherwise. We note that D(x, y, z) ≥ 0 and that D(x, y, z)
is symmetric in x, y, z and we have∫ ∞

0

j(zt)D(x, y, z)dμ(z) = j(xt)j(yt) (2.2)

where

dμ(z) = [2μΓ(μ+ 1)]−1 z2μ+1dz (2.3)

and

j(x) = 2μΓ(μ+ 1)x−μJμ(x). (2.4)

From [5] we know that

Jμ(xξ)Jμ(xλ) =
1

2μΓ(μ+ 1)

∫ ∞

0

(xλξ)μz−μJμ(zx)D(ξ, λ, z)dμ(z). (2.5)

Next we define the space Lp
μ(I), 1 ≤ p <∞ as the space of all real measurable

function on satisfying

‖ f ‖p=

[∫ ∞

0

| f(x) |p dμ(x)

]1/p

<∞ (2.6)

Lemma 2.1 Let f∈L1
μ(I) then the associated function f(x, y) is defined by

f(x, y) =

∫ ∞

0

f(z)D(x, y, z)dμ(z), 0 < x, y <∞. (2.7)

Lemma 2.2 Let f and g be functions of L1
μ(I) and the Hankel convolution of

f and g be defined by

(f#g)(x) =

∫ ∞

0

f(x, y)g(y)dμ(y), 0< x <∞. (2.8)

Then the integral defining (f#g)(x) converses for all x, 0 < x <∞, and

‖ (f#g)(x) ‖1≤‖ f ‖1‖ g ‖1 (2.9)

and (f#g)(x) = (g#f)(x) almost everywhere.
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3 Pseudo-Differential Operator P (x,D)

Definition 3.1 Let us define the pseudo-differential operator P (x,D) by

(P (x,D)φ)(x) =

∫ ∞

0

(xξ)−μJμ(xξ)a(x, ξ)Hμφ(ξ)ξ2μ+1dξ, x∈I (3.1)

where φ∈H(I) , I = (0,∞) , μ ≥ −1/2 and we assume that the symbol a(x, ξ)
is defined as the Hankel-type transformation:

a(x, ξ) =

∫ ∞

0

(xλ)−μJμ(xλ)(Hμa)(λ, ξ)λ
2μ+1dλ, x∈I (3.2)

with condition that for all λ∈I, ξ∈I and

| (Hμa)(λ, ξ) |≤ k(λ), ∀λ∈I, ξ∈I (3.3)

where k(λ)∈L1
μ(I), μ ≥ −1/2. Now we prove a boundedness result P (x,D)

for which we need the following Sobolev type space.

Definition 3.2 For s, μ∈R and 1 ≤ p < ∞, the space Gs
μ,p is defined to the

set of all those elements φ∈H ′
(I), which satisfy

‖φ‖Gs
µ,p

= ‖ηsHμφ‖p (3.4)

we usually call Gs
μ,p the Sobolev type space.

Theorem 3.1 Let μ ≥ −1/2, then

‖P (x,D)φ‖G0
µ,1

≤ ‖k‖1 ‖φ‖G0
µ,1
, φ∈H(I) (3.5)

Proof: We have

(P (x,D)φ)(x) =

∫ ∞

0

(xξ)−μJμ(xξ)a(x, ξ)Hμφ(ξ)ξ2μ+1dξ, x∈I (3.6)

where

a(x, ξ) =

∫ ∞

0

(xλ)−μJμ(xλ)(Hμa)(λ, ξ)λ
2μ+1dλ, x∈I. (3.7)
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Therefore by changing the order of integration using Fubini’s theorem, we have

(P (x,D)φ)(x) =

∫ ∞

0

(xξ)−μJμ(xξ)

×
∫ ∞

0

(xλ)−μJμ(xλ)(Hμa)(λ, ξ)λ
2μ+1dλ

× Hμφ(ξ)ξ2μ+1dξ, x∈I
=

∫ ∞

0

∫ ∞

0

(xξ)−μ(xλ)−μ(Hμa)(λ, ξ)(λξ)
2μ+1Hμφ(ξ)

× 1

2μΓ(μ+ 1)

∫ ∞

0

(xλξ)μz−μJμ(zx)D(ξ, λ, z)dμ(z)dλdξ

=

∫ ∞

0

∫ ∞

0

(xξ)−μ(xλ)−μ(Hμa)(λ, ξ)(λ, ξ)
2μ+1Hμφ(ξ)

× 1

2μΓ(μ+ 1)

∫ ∞

0

(xλξ)μz−μJμ(zx)D(ξ, λ, z)

× 1

2μΓ(μ+ 1)
z2μ+1dzdλdξ

=
1

(2μΓ(μ+ 1))2

∫ ∞

0

(xz)−μJμ(zx)

×
[∫ ∞

0

∫ ∞

0

(λξ)2μ+1(Hμa)(λ, ξ)Hμφ(ξ)D(ξ, λ, z)

]

× z2μ+1dzdλdξ. (3.8)

An application of the inverse Hankel transform yields

∫ ∞

0

(xz)−μJμ(xz)(P (x,D)φ)(x)x2μ+1dx =
1

(2μΓ(μ+ 1))2

×
∫ ∞

0

∫ ∞

0

ξ2μ+1Hμφ(ξ)λ2μ+1(Hμa)(λ, ξ)D(ξ, λ, z)dλdξ. (3.9)

In other wards, we have

Hμ(P (x,D)φ(x))(z) =

∫ ∞

0

∫ ∞

0

(Hμa)(λ, ξ)D(ξ, λ, z)

× (Hμφ)(ξ)dμ(λ)dμ(ξ), (3.10)

using the inequality (3.3) we have

|Hμ(P (x,D)φ(x))(z)| ≤
∫ ∞

0

∫ ∞

0

k(λ)D(ξ, λ, z)

× (Hμφ)(ξ)dμ(λ)dμ(ξ) (3.11)

= (k#Hμφ)(z). (3.12)
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Hence ∫ ∞

0

|Hμ(P (x,D)φ(x))(z)| dμ(z) ≤
∫ ∞

0

(k#Hμφ)(z)dμ(z). (3.13)

Now applying the definition (3.4) and (2.9)

‖P (x,D)φ‖G0
µ,1

≤ ‖k‖1 ‖φ‖G0
µ,1
, φ∈H(I). (3.14)

4 Property of Symbol

Let us now consider the special case when symbol a(x, ξ) is separable in the
form

a(x, ξ) = a(x)c(ξ) (4.1)

where Hμ(a(x))(λ)∈L1
μ(I) and c(ξ) is a bounded measurable function on I

|(c(ξ))| ≤ M , for all ξ ∈ I. Since

a(x) =

∫ ∞

0

(xλ)−μJμ(xλ) [(Hμa(x))] (λ)λ2μ+1dλ, x∈I (4.2)

and [Hμa(x)] (λ)∈L1
μ(I), therefore

a(x, ξ) =

∫ ∞

0

(xλ)−μJμ(xλ)(Hμa(x, ξ))(λ)λ2μ+1dλ, x∈I

=

∫ ∞

0

(xλ)−μJμ(xλ)(Hμa(x))(λ)c(ξ)λ2μ+1dλ

=

∫ ∞

0

(xλ)−μJμ(xλ)(Hμa(x))(λ)λ2μ+1dλc(ξ). (4.3)

Thus (Hμa(x, ξ))(λ) = Hμ(a(x))(λ)c(ξ), which is measurable function on I×I
for all ξ∈I, since c(ξ) ≤M and | (Hμa)(λ, ξ) |≤MHμ(a(x))(λ)∈L1

μ(I).

Thus

k(λ) = Hμ(a(x))(λ). (4.4)

Therefore, by the preceding theorem

‖P (x,D)φ‖G0
µ,1

≤ ‖k‖1 ‖φ‖G0
µ,1
, φ∈H(I). (4.5)
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