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Abstract

A pentahedron is said to be completely well-centered if the penta-
hedron and every faces of pentahedron contains its circumcenter in its
interior provided the pentahedron is in sphere. A completely P-well-
centered pentahedral mesh is a pyramidisation of a three dimensional
domain in which every faces of pentahedron (pyramid) contains its cir-
cumcenter in its interior. The domains we consider here are space,
rectangular pyramid, cube and square pyramid. We also demonstrate
for a pentahedron with various combinations of the properties of dihe-
dral acuteness, 3P-well-centeredness and 4P-well-centeredness.
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1 Introduction

In this paper we demonstrate completely P-well-centered pyramidisation of
simple domains in R3. Pentahedron has two type, one has three rectangu-
lar faces and two triangular faces and other has four triangular faces and one
quadrilateral face. Therefore pentahedron is an one type of pyramid. It has
n triangles and 1n-gon faces, 2n edges and (n+1) vertices. It is also convex.1

The top vertex is called apex and 1n-gon is called base. The definition of
completely well-centered, 3-well-centered, 2-well-centered are given by [1] and

1second author is supported by DST PURSE Project grant P-1/RS/33/10
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[5]. In this paper, we show that the pyramidisation of simple 3D-shape (regu-
lar) using completely P-well-centered pyramid. The domains we consider are
space, cubes and square pyramid. Here to solve our problem we define the
definition of completely well-centered, 4P-well-centered, 3P-well-centered and
completely P-well-centered.
Definition 1.1. A completely well-centered pentahedron is one for which the
circumcenter of each faces lies in the interior of those faces and the circumcenter
of the circumsphere also lies in the interior of that pentahedron provided pen-
tahedron (pyramid) is in sphere. For 4P-well-centered, if circumcenter of four
faces of pentahedron (pyramid) contains in its interior and 3P-well-centered if
circumcenter of three faces of pentahedron (pyramid) lies with in it.
Definition 1.2. A completely P-well-centered pentahedron is one for which
the circumcenter of each faces lies in the interior of those faces.

2 Well-centeredness and dihedral acuteness for

a single pentahedron (pyramid)

Always we cannot draw a sphere passing through the five vertices of pentahe-
dron. So the test of completely well-centeredness of pentahedron (pyramid) is
a special case. We now have a definition of KP-well-centeredness and an alter-
nate characterization of well-centeredness, but this provide limited intuition
for what it means to be well-centered. Here we discuss the well-centeredness
of those pentahedron (pyramid) which lie in a sphere and each vertices of
pyramid satisfies the sphere equation. In this section we discuss a variety of
pentahedra, showing in R3, a simplex that is 3P-well-centered may or may not
be 4P-well-centered, and vice versa. We also discuss how being dihedral acute
relates to being well-centered.

Figures 1 through 3 are pictures of three different pentahedra that illustrate
the possible combinations of the qualities 3P-well-centered, 4P-well-centered,
and dihedral acute. Each picture shows a pentahedron inside a sphere and
the center of the circumsphere lies interior of the pentahedron or out side of
the pentahedron. In each case the circumcenter of the pentahedron lies at the
origin, and the circumradius is 1. The coordinates given are exact, and the
quality statistics are rounded to the nearest value of the precision shown.

The quality statistics displayed include the minimum and maximum face, di-
hedral angles of the pentahedron. These familiar quality measures need no
further explanation, and it is easy to determine whether pentahedron is 4P-
well-centered or dihedral acute based on statistics. The R/� statistic shows the
ratio of the circumradius R to the shortest edge of the pentahedron, which has
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length �. A single pentahedron has a particular R/� ratio. So the minimum
and maximum R/� are the same.

Next the quality statistic is h/R where R in this ratio is the circumradius
and h stands for height. For a given facet of the pentahedron, h measure the
perpendicular distance from circumcenter to that facet of the pentahedron.
Here h is positive when the circumcenter lies above the facet. For our purpose
it should suffice to note that the range of h/R for pentahedra is (-1, 1). In [5]
the quantity h/R and its relationship to well-centeredness in any dimension is
discussed. In this paper we see that a pentahedron which is completely well-
centered or 4P-well-centered or 3P-well-centered but it is not dihedral acute.

Here we construct some pentahedrons whose vertices satisfies the sphere equa-
tion x2 +y2+z2=1. These pentahedrons have different well-centeredness prop-
erty. In circle, parallelogram is rectangle and a rhombus is square. We give
three examples of pentahedron that inscribed in a sphere and their base is
rectangle, square, and quadrilateral. In the basis of three different property
which are 4P-well-centeredness, 3P-well-centeredness, and dihedral acuteness
we get eight different cases.From [1] the possible case are following-

Cases 4P − wc 3P − wc Acute
1 Y Y Y
2 Y Y N
3 Y N N
4 N N N
5 N Y Y
6 N N Y
7 Y N Y
8 N Y N

But our given example, we can not see the dihedral acuteness property. We
can always draw a plane through three points. To construct a pyramid in unit
sphere, the four points of base must be coplanar and none of three points are
to be colinear and all of the points satisfy the unit sphere equation. The three
different example are given below:
Example-1: (Quadrilateral base pyramid)
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FIGURE.1: A pentahedron (pyramid) is 4P-well-centered and not dihedral
acute.

For our first example we choose the five coordinates in such way that all sat-
isfies the sphere equation x2 + y2 + z2=1. The points A, B, C, D are coplanar.
The coordinates of vertices of pentahedron are given by

Vertex Coordinates
x y z

A -0.152 0.864 -0.48
B -0.64 -0.6 -0.48
D 0.36 -0.8 -0.48
C 0.6 -0.64 -0.48
E 0 0.352 0.936

(2.01)

Then we have discussed the quality statistics of this pentahedron. Here we dis-
cussed the two ratio h/R and R/� and two angles are face and dihedral angles
respectively. Here the circumradius R = 1.Therefore
•Ratios: h/R(h: Perpendicular distances of the point (0,0,0) to the planes)
P lanes h/R
EBD -0.2842
EDC -0.3659
ECA -0.2184
EAB -0.3066

ABDC 0.48
•Ratios: R/�(�: Shortest edge of the pentahedron)
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Length Name Length R/�
EB 1.8224 0.5487
ED 1.8606 0.5375
EC 1.8301 0.5464
EA 1.5134 0.6608
BD 1.0199 0.9806
DC 0.2884 3.4669
CA 1.6815 0.5947
AB 1.5432 0.6480

•Face angles:

Face 1st 2nd 3rd 4th
EBD 32.12◦ 75.97◦ 71.84◦ ×
EDC 8.91◦ 79.45◦ 91.56◦ ×
ECA 59.47◦ 50.82◦ 69.64◦ ×
EAB 54.13◦ 73.16◦ 52.63◦ ×

ABDC 44.98◦ 82.83◦ 97.08◦ 134.94◦

Here we see that the circumcenter of �EDC lies outside the interior of that
triangle.
•Dihedral (”two-face”) angles:
Here the notation Da be the dihedral angle and Da.AB be the dihedral angle
along AB.
Da Name V alue

Da.AB 77.77◦

Da.AC 86.21◦

Da.AE 47.46◦

Da.BD 53.18◦

Da.BE 91.65◦

Da.DC 50.69◦

Da.DE 144.77◦

Da.CE 97.85◦

Here two dihedral angles (Da.DE and Da.CE) are obtuse. So the pyramid is
not dihedral acute.
Hence the quality statistics is:

Quality Statistics
Quantity Minimum Maximum

h/R -0.36 0.48
R/� 3.467 3.467

Face Angle 8.91◦ 134.94◦

Dihedral Angle 47.46◦ 144.77◦

We see that the circumcenter of four faces lies interior of those faces. Hence it
is 4P-well-centered. Example-2: (Square base pyramid)
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FIGURE.2: A pentahedron (pyramid) is completely well-centered and not
dihedral acute.

For our second example we choose the five coordinates in such way that all
satisfies the sphere equation x2 + y2 + z2=1. The points A, B, C, D are copla-
nar. The coordinates of vertices of pentahedron are given by

Vertex Coordinates
x y z

A 0.8 0 0.6
B 0 0.8 0.6
C -0.8 0 0.6
D 0 -0.8 0.6
E 0 0 1

(2.02)

Then we have discussed the quality statistics of this pentahedron. Here we dis-
cussed the two ratio h/R and R/� and two angles are face and dihedral angles
respectively. Here the circumradius R = 1. Therefore
•Ratios: h/R (h: Perpendicular distances of the point (0, 0, 0) to the planes)
P lanes h/R
AED 0.816
AEB 0.816
BCE 0.816
DCE 0.816

ABDC 0.60
•Ratios: R/� (�: Shortest edge of the pentahedron)
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Length Name Length R/�
AB 1.1313 0.884
DC 1.1313 0.884
AD 1.1313 0.884
BC 1.1313 0.884
AE 0.8944 1.118
BE 0.8944 1.118
CE 0.8944 1.118
DE 0.8944 1.118

•Face angles:

Face 1st 2nd 3rd 4th
AEB 50.75◦ 50.75◦ 78.43◦ ×
BEC 50.75◦ 50.75◦ 78.43◦ ×
CED 50.75◦ 50.75◦ 78.43◦ ×
AED 50.75◦ 50.75◦ 78.43◦ ×

ABDC 90◦ 90◦ 90◦ 90◦

Here we see that the circumcenter of all triangles and square are lying inside
the interior of each simplex. Also the circumcenter of the sphere lies inside the
pentahedron (pyramid). Hence the pentahedron is completely well-centered.
•Dihedral (”two-face”) angles:

Da Name V alue
Da.AB 35.25◦

Da.AD 35.25◦

Da.AE 131.76◦

Da.BC 35.25◦

Da.BE 131.76◦

Da.CD 35.25◦

Da.CE 131.76◦

Da.DE 131.76◦

Here four dihedral angles (Da.AE, Da.BE, Da.CE, Da.DE) are obtuse and
other four dihedral angles (Da.AB, Da.AD, Da.BC, Da.CD) are acute. So the
pentahedron (pyramid) is not dihedral acute.
Hence the quality statistics is:

Quality statistics
Quantity Minimum Maximum

h/R 0.60 0.816
R/� 0.884 0.884

Face Angle 50.75◦ 90◦

Dihedral Angle 35.25◦ 131.76◦

We see that the circumcenter of five faces lies interior of those faces and cir-
cumcenter of sphere lies interior of the pyramid. Hence it is completely well-
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centered.
Example-3: (Rectangle base pyramid)
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FIGURE.3: A pentahedron (pyramid) is 4P-well-centered and not dihedral
acute.

For our third example we choose the five coordinates in such way that all sat-
isfy the sphere equation x2 + y2 + z2=1. The points A, B, C, D are coplanar.
The coordinates of vertices of pentahedron are given by

Vertex Coordinates
x y z

A 0.224 -0.768 -0.6
B 0.8 0 -0.6
C -0.224 0.768 -0.6
D -0.8 0 -0.6
E 0 1 0

(2.03)

Then we have discussed the quality statistics of this pentahedron. Here we dis-
cusse the two ratio h/R and R/� and two angles are face and dihedral angles
respectively. Here the circumradius R = 1. Therefore
•Ratios: h/R (h: Perpendicular distances of the point (0, 0, 0) to the planes)
P lanes h/R
CDE -0.5986
ADE -0.3395
ABE 0.2613
BCE 0.706

ABDC 0.60
•Ratios: R/� (�: Shortest edge of the pentahedron)
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Length Name Length R/�
AB 0.960 1.0416
BC 1.28 0.781
CD 0.960 1.0416
DA 1.28 0.781
DE 1.414 0.707
CE 0.681 1.468
AE 1.8404 0.5317
BE 1.414 0.707

•Face angles:

Face 1st 2nd 3rd 4th
DEC 28.73◦ 86.60◦ 64.60◦ ×
ADE 48.72◦ 88.34◦ 42.86◦ ×
ABE 47.08◦ 103.04◦ 29.81◦ ×
BCE 28.73◦ 86.60◦ 64.60◦ ×

ABDC 90◦ 90◦ 90◦ 90◦

Here we see that the circumcenter of �ABE lies outside the interior region.
Hence the pentahedron is 4P-well-centered.
•Dihedral (”two-face”) angles:

Da Name V alue
Da.AB 25.81◦

Da.AD 25.11◦

Da.AE 144.53◦

Da.BC 118.02◦

Da.BE 39.93◦

Da.CD 86.15◦

Da.CE 88.17◦

Da.DE 93.45◦

Here two dihedral angles (Da.AE, Da.BC) are obtuse and other six dihedral
angles (Da.AB, Da.AD, Da.BE, Da.CD, Da.CE, Da.DE) are acute. So the
pentahedron (pyramid) is not dihedral acute.
Hence the quality statistics is:

Quality Statistics
Quantity Minimum Maximum

h/R -0.60 0.71
R/� 0.532 1.468

Face Angle 28.73◦ 103.04◦

Dihedral Angle 25.11◦ 144.53◦

We see that the circumcenter of four faces lies interior of those faces. Therefore
the pentahedron is not completely well-centered and not dihedral acute. But
it is 4P-well-centered.
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3 Meshing the cube with P-well-centered pen-

tahedra

Here we are trying to break the cube into some completely p-well-centered
pentahedrons (pyramids). Now our aim is pyramidisation of a cube by com-
pletely p-well-centered square base pyramid and completely p-well-centered
rectangle base pyramid. Now first, we are trying to pyramidisation of a cube
by completely p-well-centered square base pyramid. Here we consider a cube
with standard coordinates in three-dimension. Let the coordinates are given
by

Vertex Coordinates
x y z

O 0 0 0
A 1 0 0
B 1 1 0
C 0 1 0
D 0 1 1
E 0 0 1
F 1 0 1
G 1 1 1

Adding the diagonals of the cube (AD, BE, OG, CF) then we get the common
intersecting point Q(.5, .5, .5). Then we get the six completely P-well-centered
pentahedrons (pyramids). The pyramids are-

Pyramids
1 OABCQ
2 FGDEQ
3 BCDGQ
4 AFEOQ
5 ABGFQ
6 CDEOQ

Therefore the upper bound for this problem are simple to present. Here we
see that six completely P-well-centered square base pyramids cover the whole
cube. The six pyramids similar to each other that means the face angles and
dihedral angles are same for each pyramid. Here we calculate the quality statis-
tics of pyramid (OABCQ), which is given below-
•Face angles:
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Face 1st 2nd 3rd 4th
OQA 54.71◦ 54.71◦ 70.50◦ ×
AQB 54.71◦ 54.71◦ 70.50◦ ×
BQC 54.71◦ 54.71◦ 70.50◦ ×
CQO 54.71◦ 54.71◦ 70.50◦ ×
OABC 90◦ 90◦ 90◦ 90◦

•Dihedral (”two-face”) angles:

Da name V alue
Da.AB 45◦

Da.AO 45◦

Da.AQ 120◦

Da.BC 45◦

Da.BQ 120◦

Da.CO 45◦

Da.CQ 120◦

Da.OQ 120◦

Therefore the quality statistics is:
Quality Statistics

Quantity Minimum Maximum
Face Angle 54.71◦ 70.50◦

Dihedral Angle 45◦ 120◦
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FIGURE.4: Pyramidisation of a cube with completely P-well-centered square
base pyramids.

The analytical lower bound are rather more complicated to explain. Although,
we are trying to investigate the lower bound of square base pyramidisation of
the cube. First, we find out the midpoints of all edges of the cube. If we take
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one face of the cube then there are four edges, therefore we get four midpoints.
Then we add the opposite midpoints of edges, we get four squares in one face
of the cube. In this way we get 24 squares of six faces all over the cube. If we
take any one pyramid from six completely P-well-centered square base pyra-
mid then we can split this pyramid into four completely P-well-centered square
base pyramids. Each pyramid has at least two dihedral angles which are 90◦.
Therefore the total cube is formed by completely P-well-centered square base
pyramids. If we approach the same way we get 96 square base pyramids and in
this process the number of square base pyramids will gradually increase. But
here we can show that after 24 pyramids (that is 96 and greater 96) all are not
completely P-well-centered.

If we approach on the other way, after the cube is covered by six completely
P-well-centered square base pyramids, if we divide that means, cut the cube
edges on the mid point along X-axis, Y-axis, Z-axis,then we get 8 equal cubes.
Each cube is covered by six completely P-well-centered square base pyramids,
therefore the main cube is covered by 48 completely P-well-centered square
base pyramids and after splitting we get 192(48*4) completely P-well-centered
square base pyramids. Proceeding the same way next we get 64 cubes. Hence
the total cube is covered by 384 completely P-well-centered square base pyra-
mids and after splitting we get 1536(384*4) completely P-well-centered square
base pyramids. In this way the number of cubes increase and the number of
pyramids increase. Here the interesting case is that, each pyramid is com-
pletely P-well-centered.

Next we have discussed about the pyramidisation of a cube with rectangle
base pyramids. If we consider one face of the cube and then add the midpoints
of any two of the opposite side of the square, we get two rectangles. There-
fore overall we get 12 rectangles from six faces of the cube. Therefore the
upper bound for this problem is simple to present. Here we see that 12 com-
pletely P-well-centered rectangle base pyramids are cover the whole cube. Let
the midpoints of the side OA and CB are R(.5,0,0) and S(.5,1,0) respectively.
Here we calculate the quality statistics of rectangle base pyramid (ORSCQ).
Which is given below-
•Face angles:

Face 1st 2nd 3rd 4th
ORQ 54.71◦ 89.96◦ 35.25◦ ×
RQS 45◦ 45◦ 90◦ ×
SQC 89.96◦ 54.71◦ 35.25◦ ×
OQC 54.71◦ 54.71◦ 70.50◦ ×
ORSC 90◦ 90◦ 90◦ 90◦

•Dihedral(”two-face”) angles:
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Da name V alue
Da.OR 45◦

Da.OC 45◦

Da.OQ 120◦

Da.RS 90◦

Da.RQ 90◦

Da.SC 45◦

Da.SQ 90◦

Da.CQ 120◦

Therefore the quality statistics is:
Quality Statistics

Quantity Minimum Maximum
Face Angle 35.25◦ 89.96◦

Dihedral Angle 45◦ 120◦
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FIGURE.5: Pyramidisation of a cube with completely P-well-centered
rectangle base pyramids.

The analytical lower bound with rectangle base pyramids are rather more com-
plicated. The pyramidisation of cube with completely P-well-centered rectan-
gle base pyramids are the same approach as use above. If we use the first
approach we get 24 squares that means 48 rectangles. Therefore the cube will
be filled with 48 rectangle base pyramids but here is a question that all rectan-
gle base pyramids are not completely P-well-centered. One may also approach
another way, any facets of cube cut into two rectangles then cut the each rect-
angle into two rectangles (that is total four rectangles) and proceed. Then
the whole cube is filled by rectangle base pyramids. In this way all rectangle
base pyramids are not completely P-well-centered. If we consider the second
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approach, we will get 8 equal cubes. Therefore the whole cube is covered by 96
completely P-well-centered rectangle base pyramids. Proceeding in this way
next we get 768 completely P-well-centered rectangle base pyramids and so on.

4 Some subdivisions of pentahedra into P-well-

centered pentahedra

Having seen that the cube can be subdivided into P-well-centered pentahe-
dra, now we have shown that a pentahedron can be subdivided into some
P-well-centered pentahedra. Subdivisions of pentahedron into P-well-centered
pentahedra could be used to refine an existing mesh. Subdividing the square
pyramid (whose length of all edges are equal excepting base edges) into smaller
P-well-centered is relatively simple, but the problem is not so easy on the other
case.

Connecting the midpoints of the edges (except base edges) of a pentahedron
and adding the diagonals of quadrilateral then we get two pentahedra that are
similar to the original pentahedron. One pentahedron (pyramid) is formed by
adding the midpoints of edges and top vertex and other is formed by adding
the mid points of edges and intersecting point of the diagonals of the base
respectively. If we cut off this two similar pentahedra from original pentahe-
dron, then from the remaining shape we get four pentahedra. If the original
pentahedron is completely P-well-centered then the two similar pentahedra
(pyramids) are also completely P-well-centered but the completeness property
of the remaining four pentahedra, we can not say definitely whether they are
completely P-well-centered or not. But if the pentahedron be square base
pyramid (whose length of all sides are equal excepting base edges) then after
cutting off the two similar pentahedrons, remaining four pyramids are similar
to each other. And the similar case arise for rectangle base pyramid if the
condition (length of all sides are equal excepting base edges) hold. Therefore
in general, we can say that the pentahedron can be filled by six(6) pyramids
(may be completely P-well-centered or not). Therefore the upper bound of
pyramidisation of pyramid is six. Here we give a picture of pentahedra mesh
of a square base pyramid with the help of above approach.
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FIGURE.6: Pyramidisation of pentahedron (square base pyramid) by the
above approach.

Next we approach in other way, in this process connecting the mid points of
the edges (except base edges) of pentahedron and adding the diagonals of new
quadrilateral then we get two pentahedra which are similar to the original
pentahedron. One pyramid is formed by adding the mid points of edges and
top vertex and other is formed by base edges points of original pyramid and
intersecting point of the diagonals of the new quadrilateral. If we cut off this
two similar pyramids from original pyramid then from the remaining shape
we get four pyramids. If the original pyramid is completely P-well-centered
then the two similar pyramids are also completely P-well-centered. But the
completeness property of the remaining four pyramids, we can not say defi-
nitely whether they are completely P-well-centered or not. In this process, the
upper bound of pyramidisation of pyramid is six.Similarly we give a picture of
pentahedra mesh of a square base pyramid with the help of above approach.
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FIGURE.7: Pyramidisation of pentahedron(square base pyramid) by the
above approach.

Now here we see that, if we take one parallel plane to the base of original
pyramid then we get six pyramids. If we take two parallel planes to the base
of original pyramid then we get eleven pyramids. Proceeding in this way, if we
take n parallel planes then we get (5n+1) number of pyramids where (n+1)
pyramids are similar to each other (n=0,1,2,3...). Here we give one example of
pentahedron, where the vertices are given by (2.02). After simple calculation
we get the quality statistics of similar two pyramids which is given by (apply-
ing first approach)

Quality Statistics
Quantity Minimum Maximum

Face Angle 50.75◦ 90◦

Dihedral Angle 35.25◦ 131.76◦

Which is same as original pyramid’s statistics. Therefore this two pyramids
are completely P-well-centered as the original pyramid is completely P-well-
centered. Now the other four pyramids are similar to each other and their
minimum face angle is 26.55◦ and maximum face angle is 129.17◦. Therefore
those pyramides are not completely P-well-centered. If we pyramidise of a
pentahedron which is given by (2.02) with the help of second approach then
we can find that the top pyramid of similar two pentahedra is similar as the
original pyramid but the bottom pyramid is not similar to the original pyra-
mid. That means we want to say that the minimum and maximum face angles
and dihedral angles are not same as the original pyramid. Here the quality
statistics of the bottom pyramid is given by
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Quality Statistics
Quantity Minimum Maximum

Face Angle 46.67◦ 90◦

Dihedral Angle 19.46◦ 152.67◦

So the bottom pyramid is completely P-well-centered. But the other four
pyramids are similar to each other and their minimum face angle is 12.52◦ and
maximum face angle is 129.17◦. Therefore those pyramides are not completely
P-well-centered. Hence we can say that the pentahedron (2.02) is completely
pyramidised by some completely P-well-centered pyramids.

5 Conclusions

In this paper we have discussed some properties of well-centered pentahedron
and seen that it is possible to pyramidisation of basic three-dimensional shapes
with completely P-well-centered pentahedra. The pyramidisation shown here
can be used to form mesh of simple domains in R3 with P-well-centered pen-
tahedra.
In this paper the discussion about completely well-centeredness, 4P-well-centeredness,
and 3P-well-centeredness are the special case, as we always can not find a
sphere through five vertices. The well-centeredness property of pentahedron
can be different but here we can not find the dihedral acuteness property of
the pentahedron. If the main pentahedron is completely P-well-centered then
it can be pyramidised by some completely P-well-centered pyramids and the
similar two pyramids must be completely P-well-centered (applying first ap-
proach). But if the main pyramid is not completely P-well-centered then the
two similar pyramids (which are similar to the original pyramid) can not be
completely P-well-centered. Therefore over all we can say that the simple 3D-
shape like cube will be completely filled with P-well-centered pyramids but
the meshing of pentahedron with completely P-well-centered pentahedra is
depending upon the completeness property of the original pentahedron.
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