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Abstract

In his work on the Solow-Swan model with power law logistic tech-
nology, Zhou [15] shows the dynamics of the model to be asymptotically
stable. In this paper, we provide a different proof of this result.
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1 Introduction

The standard one-sector neoclassical growth model (Solow [13]; Swan [14]) is a
one dimensional continuous time dynamical system able to generate monotonic
convergence to a steady growth equilibrium. This model has been at the heart
of macroeconomic research for many decades, and it has been generalized in
several different directions (see, e.g., Accinelli and Brida [1]; Barro and Sala-i-
Martin [2]; Bucci and Guerrini [4]; Ferrara and Guerrini [5]; Guerrini [6]-[12]).
Recently, Zhou [15] has explored the implications of studying the Solow-Swan
growth model under a power logistic-like technology hypothesis and showed the
resulting model to be described by a two-dimensional dynamical system, with
a unique equilibrium, which is a sink, whose solution happens to be globally
asymptotically stable. The purpose of this paper is to furnish an alternative
proof of this last statement.

2 The model

Consider a neoclassical production function F (K, AL), where K denotes phys-
ical capital, L population, and A is the level of technology. From homogeneity,
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we obtain F (K/AL, 1) = f(K/AL) = f(k), where k = K/AL. For equilibrium

to obtain, investment must equal saving, i.e.
.

K = sF (K, AL) − δK, where
s ∈ (0, 1) is the constant marginal propensity to save, and δ > 0 represents the
rate of capital depreciation. The Solow-Swan neoclassical differential equation
of growth is obtained as follows

.

k =
d(K/AL)

dt
=

.

K

AL
−
( .

A

A
+

.

L

L

)
k = sf(k) − (δ + n + g) k,

where
.

L/L = n > 0 and
.

A/A = g > 0. The existence, uniqueness and global
asymptotic stability properties of the steady state solution of this equation are
presented in Barro and Sala-i-Martin [2]. Suppose now that the technological
progress A, instead of growing at the constant rate g, evolves according to the
power law logistic growth equation,

.

A = aA

[
1 −

(
A

A∗

)b
]

, (1)

where A∗ is the maximum level of technology, the intrinsic growth rate a and
the power law index b are positive constants, and 0 < A(0) = A0 < A∗. If b = 1,
Eq. (1) becomes the ordinary Verhulst logistic function. Setting h = (A/A∗)

b ,
this modified version of the Solow-Swan model is described by

.

k = sf(k) − (δ + n + a − ah) k,
.

h = abh (1 − h) . (2)

Zhou [15] proved this dynamical system to have a unique non-trivial steady
state equilibrium (k∗, h∗), which is a sink.

3 Global asymptotic stability of the model’s

solution

In this section, we first wish to ascertain whether (2) has any periodic orbits.

Lemma 3.1. A limit cycle cannot occur.

Proof. Since f neoclassical implies kf ′(k)− f(k) < 0, we obtain from (2) that

∂
(
k−1h−1

.

k
)

∂k
+

∂
(
k−1h−1

.

h
)

∂h
= sk−2h−1 [kf ′(k) − f(k)] − abk−1 < 0.

The statement now follows applying the Bendixson-DuLac theorem with B(k, h) =
k−1h−1 (see, e.g., Boyce and DiPrima [3]).
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Lemma 3.2. Any solution (k, h) to system (2) is bounded, i.e. there exists
a compact set Ω ⊂ R

2
+ such that (k, h) ⊂ Ω for all t.

Proof. Immediate from the Inada conditions lim
k→0

f ′(k) = ∞ and lim
k→∞

f ′(k) =

0.

Theorem 3.3. The point (k∗, h∗) is globally asymptotically stable in R
2
+ for

the system (2).

Proof. By the Poincarè-Bendixson Theorem (see, e.g., Boyce and DiPrima [3])
every trajectory must become unbounded, or converge to a limit cycle, or
converge to a steady state equilibrium. Boundedness is shown in Lemma 3.2
and limit cycles are ruled out in Lemma 3.1. Consequently, all trajectories, no
matter where the initial point is, draw to the steady state.
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