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Abstract

In this paper, we consider the k -Fibonacci and k -Lucas sequences
{Fk,n}n∈N and {Lk,n}n∈N . Let A = Cr(Fk,0, Fk,1, · · · , Fk,n−1) and B =
Cr(Lk,0, Lk,1, · · · , Lk,n−1) be r -circulant matrices. Afterwards, we give
upper and lower bounds for the spectral norms of matrices A and B. In
addition, we obtain some bounds for the spectral norms of Hadamard
and Kronecker products of these matrices.

Mathematics Subject Classification: 15A45, 15A60

Keywords: r -Circulant matrix; Spectral norm; k -Fibonacci number; k -
Lucas number

1 Introduction and Preliminaries

For n ≥ 1, let k be any positive real number, then the k -Fibonacci sequence
{Fk,n}n∈N and the k -Lucas sequence {Lk,n}n∈N are defined respectively by the
following equations:

Fk,n+1 = kFk,n + Fk,n−1, Fk,0 = 0, Fk,1 = 1

Lk,n+1 = kLk,n + Lk,n−1, Lk,0 = 2, Lk,1 = k

1This work was supported by K. C. Wong Magna Fund in Ningbo University.
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Obviously, when k = 1, these two sequences reduce to the well-known Fi-
bonacci sequence {Fn}n∈N and Lucas sequence {Ln}n∈N , respectively.

Let α and β be the roots of the characteristic equation x2 − kx − 1 = 0,
then the Binet formulas of the sequences {Fk,n}n∈N and {Lk,n}n∈N have the
form

Fk,n =
αn − βn

α − β
, Lk,n = αn + βn

Recently, some authors have given generating functions, derivation of sums
and combinatorial representations of the k -Fibonacci numbers and its certain
generalizations [1-4]. For example, Kilic [2] has given the sums of squares of the
terms of sequence {un} and the sums of products of consecutive terms of {un},
then he has obtained the generating functions and combinatorial representa-
tions of the products unun+1 and unun+2. Falcon and Plaza [3] have derived
the generating functions and sums of the k -Fibonacci sequence {Fk,an+r}n∈N

and the alternating sequence {(−1)nFk,an+r}n∈N , where a, r are integers and
0 ≤ r ≤ a − 1.

Further, there have been several papers on the norms of some special matri-
ces [5-11]. For example, Solak and Bozkurt [5] have found out upper and lower
bounds for the spectral norms of Cauchy-Toeplitz and Cauchy-Hankel matri-
ces in the forms Tn = [ 1

a+(i−j)b
]ni,j=1, Hn = [ 1

a+(i+j)b
]ni,j=1. Solak [7,8] has defined

A = [aij] and B = [bij ] as n×n circulant matrices, where aij ≡ F(mod(j−i,n)) and
bij ≡ L(mod(j−i,n)), then he has given some bounds for the A and B matrices
concerned with the spectral and Euclidean norms. Bani-Domi and Kittaneh
[11] have established two general norm equalities for circulant and skew cir-
culant operator matrices, furthermore, they also have obtained pinching type
inequalities for operator matrices.

In this paper, let A = Cr(Fk,0, Fk,1, · · · , Fk,n−1) and B = Cr(Lk,0, Lk,1, · · · ,
Lk,n−1) be r -circulant matrices. Afterwards, we give upper and lower bounds
for the spectral norms of matrices A and B. In the partial case k = 1, we
find out lower and upper bounds for the spectral norms of r -circulant matrices
with the Fibonacci and Lucas numbers. In addition, we obtain some bounds
for the spectral norms of Hadamard and Kronecker products of these matrices.

Now we give some preliminaries related to our study. A matrix C = [cij ] ∈
Mn,n(C) is called a r -circulant matrix if it is of the form

cij =
{

cj−i, j ≥ i
rcn+j−i, j < i

Obviously, the r -circulant matrix C is determined by parameter r and its
first row elements c0, c1, · · · , cn−1, thus we denote C = Cr(c0, c1, · · · , cn−1).
Especially, let r = 1, the matrix C is called a circulant matrix.

For any A = [aij ] ∈ Mm,n(C). The well-known Frobenius (or Euclidean)
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norm of matrix A is

‖A‖F =
[ m∑

i=1

n∑
j=1

|aij|2
] 1

2

and also the spectral norm of matrix A is

‖A‖2 =
√

max
1≤i≤n

λi(AHA)

where λi(A
HA) is eigenvalue of AHA and AH is conjugate transpose of matrix

A. Then the following inequality holds:

1√
n
‖A‖F ≤ ‖A‖2 ≤ ‖A‖F (1)

Lemma 1[12] For any A, B ∈ Mm,n(C), we have

‖A ◦ B‖2 ≤ ‖A‖2‖B‖2

where A ◦ B is the Hadamard product of A and B.
Lemma 2[12] Let A ∈ Mm,n(C), B ∈ Mp,q(C) be given, then we have

‖A ⊗ B‖2 = ‖A‖2‖B‖2

where A ⊗ B is the Kronecker product of A and B.
Lemma 3[2] Let Fk,n be the n-th term of the sequence {Fk,n}n∈N , then we

have
n∑

i=0

F 2
k,i =

Fk,n+1Fk,n

k
(2)

Lemma 4 For n ≥ 1, then we have the following recursion formulas
(i) Lk,n = kFk,n + 2Fk,n−1

(ii)Lk,nLk,n−1 = (k2 + 4)Fk,nFk,n−1 + (−1)n−1 · 2k.
Proof: (i) Since Fk,n = αn−βn

α−β
and α + β = k, then we have

kFk,n + 2Fk,n−1 = 2Fk,n+1 − kFk,n

=
2

α − β
(αn+1 − βn+1) − k

α − β
(αn − βn)

=
1

α − β
[αn(2α − k) − βn(2β − k)]

= αn + βn = Lk,n

(ii) Taking into account α + β = k and αβ = −1, then we have

Fk,nFk,n−1 =
αn − βn

α − β
· αn−1 − βn−1

α − β
=

α2n−1 + β2n−1 − (αβ)n−1(α + β)

(α − β)2

=
α2n−1 + β2n−1 − (−1)n−1k

k2 + 4
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then we obtain

α2n−1 + β2n−1 = (k2 + 4)Fk,nFk,n−1 + (−1)n−1k

hence

Lk,nLk,n−1 = (αn + βn) · (αn−1 + βn−1) = α2n−1 + β2n−1 + (−1)n−1k

= (k2 + 4)Fk,nFk,n−1 + (−1)n−1 · 2k
Thus, the proof is completed.

2 Main Results

Theorem 1 Let A = Cr(Fk,0, Fk,1, · · · , Fk,n−1) be r-circulant matrix, where
r ∈ C.

(i) If |r| ≥ 1, then√
Fk,nFk,n−1

k
≤ ‖A‖2 ≤ |r| − |r|n(Fk,n + |r|Fk,n−1)

1 − k|r| − |r|2

(ii)If |r| < 1, then

|r|
√

Fk,nFk,n−1

k
≤ ‖A‖2 ≤ Fk,n + Fk,n−1 − 1

k
.

Proof: The matrix A is of the form

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Fk,0 Fk,1 Fk,2 · · · Fk,n−1

rFk,n−1 Fk,0 Fk,1 · · · Fk,n−2

rFk,n−2 rFk,n−1 Fk,0 · · · Fk,n−3
...

...
...

. . .
...

rFk,1 rFk,2 rFk,3 · · · Fk,0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

then we have

‖A‖2
F =

n−1∑
i=0

(n − i)F 2
k,i +

n−1∑
i=1

i|r|2F 2
k,i

when |r| ≥ 1, by Lemma 3, we obtain

‖A‖2
F ≥

n−1∑
i=0

(n − i)F 2
k,i +

n−1∑
i=1

iF 2
k,i = n

n−1∑
i=0

F 2
k,i = n · Fk,nFk,n−1

k

hence

‖A‖2 ≥ 1√
n
‖A‖F ≥

√
Fk,nFk,n−1

k



Spectral norms of r-circulant matrices 573

when |r| < 1, we also obtain

‖A‖2
F ≥

n−1∑
i=0

(n − i)|r|2F 2
k,i +

n−1∑
i=1

i|r|2F 2
k,i = n|r|2

n−1∑
i=0

F 2
k,i = n · |r|

2Fk,nFk,n−1

k

hence

‖A‖2 ≥ 1√
n
‖A‖F ≥ |r|

√
Fk,nFk,n−1

k

On the other hand, let f(x) =
n−1∑
i=0

Fk,ix
i be a scalar-valued polynomial, and

πr = Cr(0, 1, 0, · · · , 0) be a r -circulant matrix. then we have

A = f(πr) =
n−1∑
i=0

Fk,iπ
i
r

hence

‖A‖2 = ‖
n−1∑
i=0

Fk,iπ
i
r‖2 ≤

n−1∑
i=0

‖Fk,iπ
i
r‖2 ≤

n−1∑
i=0

Fk,i‖πr‖i
2

Since the matrix πH
r πr is of the form

πH
r πr =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

|r|2 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

hence

‖πr‖2 =
√

max
1≤i≤n

λi(πH
r πr) =

{ |r|, |r| ≥ 1
1, |r| < 1

when |r| ≥ 1, 1 − α|r| 
= 0 and 1 − β|r| 
= 0, so we have

‖A‖2 ≤
n−1∑
i=0

Fk,i|r|i =
n−1∑
i=0

|r|i α
i − βi

α − β
=

1

α − β

[
1 − (α|r|)n

1 − α|r| − 1 − (β|r|)n

1 − β|r|
]

=
(α − β)|r| − (αn − βn)|r|n + αβ|r|n+1(αn−1 − βn−1)

(α − β)(1 − (α + β)|r| + αβ|r|2)
=

|r| − |r|n(Fk,n + |r|Fk,n−1)

1 − k|r| − |r|2 .

when |r| < 1, similarly, we have

‖A‖2 ≤
n−1∑
i=0

Fk,i =
Fk,n + Fk,n−1 − 1

k
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Thus, the proof is completed.
If we choose k = 1 in Theorem 1, then we have the following result:
Corollary 1 Let A = Cr(F0, F1, · · · , Fn−1) be r-circulant matrix, where

r ∈ C, and Fn is the n-th Fibonacci number.
(i) If |r| ≥ 1, then

√
FnFn−1 ≤ ‖A‖2 ≤ |r| − |r|n(Fn + |r|Fn−1)

1 − |r| − |r|2

(ii)If |r| < 1, then

|r|
√

FnFn−1 ≤ ‖A‖2 ≤ Fn+1 − 1.

In fact, this Corollary gives lower and upper bounds for the spectral norm
of r -circulant matrix with the Fibonacci numbers.

Theorem 2 Let B = Cr(Lk,0, Lk,1, · · · , Lk,n−1) be r-circulant matrix, where
r ∈ C.

(i) If |r| ≥ 1, then√
(k +

4

k
)Fk,nFk,n−1 + 2(1 + (−1)n−1) ≤ ‖B‖2

≤ 2 − k|r| − |r|n[(k + 2|r|)Fk,n + (2 − k|r|)Fk,n−1]

1 − k|r| − |r|2

(ii)If |r| < 1, then

|r|
√

(k +
4

k
)Fk,nFk,n−1 + 2(1 + (−1)n−1) ≤ ‖B‖2

≤ (k + 2)Fk,n + (2 − k)Fk,n−1 + k − 2

k
.

Proof: The matrix B is of the form

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Lk,0 Lk,1 Lk,2 · · · Lk,n−1

rLk,n−1 Lk,0 Lk,1 · · · Lk,n−2

rLk,n−2 rLk,n−1 Lk,0 · · · Lk,n−3
...

...
...

. . .
...

rLk,1 rLk,2 rLk,3 · · · Lk,0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

then we have

‖B‖2
F =

n−1∑
i=0

(n − i)L2
k,i +

n−1∑
i=1

i|r|2L2
k,i
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since

Lk,nLk,n−1 = (kLk,n−1 + Lk,n−2)Lk,n−1 = kL2
k,n−1 + Lk,n−1Lk,n−2 = · · ·

= kL2
k,n−1 + kL2

k,n−2 + · · · + kL2
k,1 + Lk,1Lk,0

= k
n−1∑
i=0

L2
k,i − 2k

then we have

n−1∑
i=0

L2
k,i =

Lk,nLk,n−1

k
+ 2 (3)

when |r| ≥ 1, from (3), we obtain

‖B‖2
F ≥

n−1∑
i=0

(n − i)L2
k,i +

n−1∑
i=1

iL2
k,i = n

n−1∑
i=0

L2
k,i = n ·

(
Lk,nLk,n−1

k
+ 2

)

hence, by Lemma 4, we have

‖B‖2 ≥ 1√
n
‖B‖F ≥

√
Lk,nLk,n−1

k
+ 2 =

√
(k +

4

k
)Fk,nFk,n−1 + 2(1 + (−1)n−1)

when |r| < 1, we also obtain

‖B‖2
F ≥

n−1∑
i=0

(n−i)|r|2L2
k,i+

n−1∑
i=1

i|r|2L2
k,i = n|r|2

n−1∑
i=0

L2
k,i = n|r|2·

(
Lk,nLk,n−1

k
+2

)

hence

‖B‖2 ≥ 1√
n
‖B‖F ≥ |r|

√
(k +

4

k
)Fk,nFk,n−1 + 2(1 + (−1)n−1)

On the other hand, let g(x) =
n−1∑
i=0

Lk,ix
i be a scalar-valued polynomial, and

πr = Cr(0, 1, 0, · · · , 0) be a r -circulant matrix. then we have

B = g(πr) =
n−1∑
i=0

Lk,iπ
i
r

hence

‖B‖2 = ‖
n−1∑
i=0

Lk,iπ
i
r‖2 ≤

n−1∑
i=0

‖Lk,iπ
i
r‖2 ≤

n−1∑
i=0

Lk,i‖πr‖i
2

while

‖πr‖2 =
√

max
1≤i≤n

λi(πH
r πr) =

{ |r|, |r| ≥ 1
1, |r| < 1
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hence, when |r| ≥ 1, by Lemma 4, we have

‖B‖2 ≤
n−1∑
i=0

Lk,i|r|i =
n−1∑
i=0

|r|i(αi + βi) =
1 − (α|r|)n

1 − α|r| +
1 − (β|r|)n

1 − β|r|

=
2 − (α + β)|r| − (αn + βn)|r|n + αβ|r|n+1(αn−1 + βn−1)

1 − (α + β)|r| + αβ|r|2

=
2 − k|r| − |r|n(Lk,n + |r|Lk,n−1)

1 − k|r| − |r|2

=
2 − k|r| − |r|n[(k + 2|r|)Fk,n + (2 − k|r|)Fk,n−1]

1 − k|r| − |r|2 .

when |r| < 1, similarly, we have

‖B‖2 ≤
n−1∑
i=0

Lk,i =
(k + 2)Fk,n + (2 − k)Fk,n−1 + k − 2

k

Thus, the proof is completed.
When k = 1 in Theorem 2, then we have the following result:
Corollary 2 Let B = Cr(L0, L1, · · · , Ln−1) be r-circulant matrix, where

r ∈ C, and Ln is the n-th Lucas number.
(i) If |r| ≥ 1, then√
5FnFn−1 + 2(1 + (−1)n−1) ≤ ‖B‖2

≤ 2 − |r| − |r|n[(1 + 2|r|)Fn + (2 − |r|)Fn−1]

1 − |r| − |r|2

(ii)If |r| < 1, then

|r|
√

5FnFn−1 + 2(1 + (−1)n−1) ≤ ‖B‖2 ≤ 3Fn + Fn−1 − 1.

In fact, this Corollary gives lower and upper bounds for the spectral norm
of r -circulant matrix with the Lucas numbers.

Considering the results of Theorem 1 and Theorem 2, then we have the
following important results.

Corollary 3 Let A = Cr(Fk,0, Fk,1, · · · , Fk,n−1) and B = Cr(Lk,0, Lk,1, · · · ,
Lk,n−1) be r-circulant matrices, where r ∈ C.

(i) If |r| ≥ 1, then

‖A ◦ B‖2 ≤ |r| − |r|n(Fk,n + |r|Fk,n−1)

1 − k|r| − |r|2

×2 − k|r| − |r|n[(k + 2|r|)Fk,n + (2 − k|r|)Fk,n−1]

1 − k|r| − |r|2
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(ii)If |r| < 1, then

‖A ◦ B‖2 ≤ (Fk,n + Fk,n−1 − 1) × [(k + 2)Fk,n + (2 − k)Fk,n−1 + k − 2]

k2
.

Proof: Since ‖A ◦ B‖2 ≤ ‖A‖2‖B‖2, the proof is trivial by Theorems 1
and 2.

Corollary 4 Let A = Cr(Fk,0, Fk,1, · · · , Fk,n−1) and B = Cr(Lk,0, Lk,1, · · · ,
Lk,n−1) be r-circulant matrices, where r ∈ C.

(i) If |r| ≥ 1, then

‖A ⊗ B‖2 ≤ |r| − |r|n(Fk,n + |r|Fk,n−1)

1 − k|r| − |r|2

×2 − k|r| − |r|n[(k + 2|r|)Fk,n + (2 − k|r|)Fk,n−1]

1 − k|r| − |r|2
and

‖A ⊗ B‖2 ≥ 1

k

√
Fk,nFk,n−1[(k2 + 4)Fk,nFk,n−1 + 2k(1 + (−1)n−1)]

(ii)If |r| < 1, then

‖A ⊗ B‖2 ≤ (Fk,n + Fk,n−1 − 1) × [(k + 2)Fk,n + (2 − k)Fk,n−1 + k − 2]

k2

and

‖A ⊗ B‖2 ≥ |r|2
k

√
Fk,nFk,n−1[(k2 + 4)Fk,nFk,n−1 + 2k(1 + (−1)n−1)].

Proof: Since ‖A ⊗ B‖2 = ‖A‖2‖B‖2, the proof is trivial by Theorems 1
and 2.
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[4] S. Falcón, Á. Plaza, On k -Fibonacci sequences and polynomials and their
derivatives, Chaos, Solitons Fract., 39(2009), 1005-1019.

[5] S. Solak, D. Bozkurt, On the spectral norms of Cauchy-Toeplitz and
Cauchy-Hankel matrices, Appl. Math. Comput., 140(2003), 231-238.

[6] S. Solak, D. Bozkurt, Some bounds on �p matrix and �p operator norms
of almost circulant, Cauchy-Toeplitz and Cauchy-Hankel matrices, Math.
Comput. Applicat. Int. J., 7(3)(2002), 211-218.

[7] S. Solak, On the norms of circulant matrices with the Fibonacci and Lucas
numbers, Appl. Math. Comput., 160(2005), 125-132.

[8] S. Solak, Erratum to “On the norms of circulant matrices with the Fi-
bonacci and Lucas numbers” [Appl. Math. Comput. 160(2005) 125-132],
Appl. Math. Comput., 190(2007), 1855-1856.
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