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Abstract 
 
 

  A group is termed quasi-free if it is a free product of a free group and of cyclic 
groups of order 2 and a graph is termed quasi -graph if an edge of the graph equals its 
inverse is allowed. In this paper we show that the fundamental group of the 
connected quasi-graph is a quasi-free group and  we show that if G is a group acting 
on a tree X with inversions then the quotient graph GX  is a connected quasi-graph 
and the fundamental group )( GXπ is a quasi-free group. Furthermore, we find the 
structures of quasi-free subgroups of G. 
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1     Introduction 

 
  In [7], H. Bass, and, J-P Serre, obtained the structures of groups acting on trees under 
the conditions that the edge of a graph does not equal its inverse, and the actions are 
without inversions. In [6], Mahmud generalized these concepts to the case where the an 
edge of the graph equals its inverse is allowed, and the actions of groups on trees are 
with inversions. The aim of this paper is to generalize the results related  free 
subgroups of groups acting on trees without inversions to the case where the actions of 
groups on trees are with inversions. This paper is divided into 5 sections. In section 2, 
we introduce the concepts of a quasi -graph.  In section 3 we show that if X is a 
connected quasi-graph, then the fundamental group π(X) of X is a quasi-free group. In  
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section 4, we introduce the concepts of the actions of groups on graphs with inversions, 
fundamental domains, and quotient graphs, and show that if G is a group acting on the 
tree X with inversions, and  if X⁄G the quotient graph induced by the action of G on X, 
then the fundamental group π( X⁄G) of X⁄G is quasi-free group. Furthermore, we find 
the structures of  groups acting on trees with inversions and obtain some results related 
to quasi-free subgroups. In section 5 we find the structures of quasi-free subgroups of 
groups acting on trees with inversions. 
 
 
2     Preliminaries 
 
In this section we recall some definitions  which will be used in the sequel. 
   A quasi-graph X consists of two disjoint sets V(X),( the vertices of X) and E(X), 
(the edges of X), with V(X) non-empty, together with three functions  

0∂ : E(X)→ V(X), 1∂ : E(X)→V(X), and η :E(X)→E(X) satisfying the conditions 
that 0110 , ∂=∂∂=∂ ηη ,  and η  is an involution fixing some elements of E(X). For 
simplicity, if e∈E(X), we write 0∂ (e) = o(e), 1∂ (e) = t(e), and η (e) = e .  
This implies that o(e ) = t(e), t(e ) = o(e), and e  = e. If e  = e, then e is called a 
quasi-edge. 
For example, if X is a non-empty finite set such that X and X×X are disjoint then   
Γ = X∪(X×X) forms a quasi-graph where the vertex set V(Γ ) = X, and  the edge set  
E(Γ ) = X×X,  and for the edge (x, y) we have o(x, y) = x, t(x, y) = y, and  
( , )x y  = (y, x). Moreover, for every x∈X, (x, x) is a quasi-edge. 
   An orientation of a graph X is a set of edges of X consisting of exactly one member 
of each of the set {e, e } for e≠ e , together with every edge e such that  e = e . 
    By a path p of  the graph X we mean the sequence 0 1 1 2( , , , ,...., , )n np v y v y y v= , 
where 0 1, ,...., nv v v  are vertices of X, and nyyy ...,,, 21   are edges of X such that 

1 0( )o y v= , ii vyt =)(  for i = 1, …, n, and 1( ) ( )j jt y o y +=  for j = 1, …, n-1.   
For simplicity we write 1 2: , ,...., np y y y . 
   We have the following concepts related to the path p defined above. 
[1] If n = 0 we write

0
1: vp , and say that p is the trivial path of 0v .  

[2] n is called the length of p, and is denoted by p  = n. 
[3] The origin o(p) and terminal t(p) are defined as o(p) = o( 1y ), and 
t(p) = t( ny ) and say that p is a path  in X joining the vertices 0v  and nv .  
We define o(1v ) = v, and t(1v ) = v.  
[4] p is called closed if o(p) = t(p). 
[5] The inverse of p is denoted by p  and defined as the sequence of edges  
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12 ,...,, yyyn . It is clear that p = p, and p  is a path joining nv  and 0v . Moreover, if p is 
closed, then p  is closed. 
[6] p is called reduced if n = 0 or 1i iy y+ ≠ for 1 ≤ i≤n. It is clear that if P is reduced, 
then p  is reduced. 
[7] If q is a path of X then we say that q is obtained from p by elementary reduction if 
for some i, 1i iy y+ = and q is the path 1 2 1 2, ,..., , ,...,i i ny y y y y− + . 
[8]  If q is the path 1 2, ,..., mx x x  of X such that t(p) = o(q), then pq is defined to be the 
path 1 2, ,...., ny y y , 1 2, ,..., mx x x . 

 It is clear that o(pq) = o(p), t(pq) = t(q), and pq q p= . 
    A quasi-graph X is connected if for every pair of vertices u, v in X there is a path in 
X from u to v, and is a tree if it is connected, and for any pair of vertices there is 
exactly one reduced path joining them. 
   A graph Y is called a subgraph of the graph X if V(Y) ⊆ V(X) and  
E(X) ⊆ E(X). If Y is a tree then Y is called a subtree of X.  
If Y is a subtree of X such that V(Y) = V(X) then Y is a maximal subtree of X.  
 
 
3     Fundamental groups of quasi-graphs 
 
In this section we obtain the structures of the fundamental groups of connected 
quasi-graphs. Let X be a connected quasi-graph, p and q be two paths of X. 
Then we say that  p is homotopic  to q, written p≈q, if there is a sequence of 
paths 1p = p, …, np = q in X such that for i < n one of 1,i ip p +  is an elementary 
reduction of the other. It is clear that if p≈q, then o(p) = o(q), t(p) = t(q), and 

qp ≈ . 
Let 0v  be a fixed vertex of X. Then  it is clear that ≈  is an equivalence relation 
on the set of all closed paths of X at 0v . For the closed path p of X at 0v , define 
[p] to be the class of all paths in X equivalent to p under ≈ , and π (X; 0v ) be 
the set of all equivalent classes under≈ . That is,  
π (X; 0v  ) = {[p]: p is a path in X, o(p) = t(p) = 0v }.  
π (X; 0v ) forms a group under multiplication [p][q] by [p][q] = [pq], where 

0
[1 ]v  is the identity element in π (X; 0v ) and the inverse of the class [p] is the 
class [ ]p , i.e., 1[ ] [ ]p p− = . π (X; 0v ) is called the fundamental group of X with 
respect to 0v . In [3] it is shown that if 0u ∈V(X), then π (X; 0v ) and π (X; 0u ) 
are isomorphic. So we speak of the fundamental group of X and denote it by  
π (X). 
Now we show that the fundamental group of a connected quasi-graph is a quasi- 
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free group, where a group is termed quasi free- group if it is a free product of 
copies of ∞C and 2C  where ∞C  denotes infinite cyclic group, and 2C  a cyclic 
group of order 2. The following are examples of quasi-free groups. 
(1) Every free group is a quasi-free group. That is, a free product of copies of 

∞C and a zero number of copies of 2C ; 
(2) The group 2CCC ∗∗ ∞∞  is a quasi-free group; 
(3) The infinite dihedral group 22 CC ∗  is a quasi-free group. 
For the rest of this section let X be a connected quasi-graph, 0v  be a fixed 
vertex of X, T be a maximal subtree of X, and A be an orientation of the graph 
X– E(T). Then 0v ∈V(T) and for each u∈V(X), there exists a unique reduced 
path denoted up in T joining 0v  and u  with convention that 

0vp is the trivial 
path. For each edge y∈E(X), let yp  be the closed path yp  = )()( ytyo pyp .  
It is clear that o( yp ) = t( yp ) = 0v , and yy pp = .  
Now we give a summary of the  proof of the following lemma. For details we 
refer the readers to [3]. 
 
Lemma 3.1. π (X; 0v ) is generated by [y] and [x], and π (X; 0v ) has the 
presentation 1, 2 =xxy  via the mapping y→[y],  x→[x] where 
y, x∈A, y y≠ , and x x= . 
 
Proof. Let p be the path nyyy ...,,, 21  such that o(p) = t(p) = 0v . Then it is clear 
that [p] = 

1 2
[ ][ ].....[ ]

ny y yp p p . Consequently π (X; 0v ) is generated by [e], for 
all e∈E(X). Let G be the group of  the presentation  
E R  = 1,,1,, 21 === − xyyexye , where e, y, and x are edges of X such that 

e∈E(T), y y≠ , and x x= . Then by Tietze transformations [2, p. 50] we 
delete the edges e and y , and the relations e = 1, yy =  from the generating 
symbols and the relations of the presentation of G yields that G has the 
presentation 1, 2 =xxy , where y, x∈A, y y≠ , and x x= . Then G is a free 
product of a free group of base the edges y∈E(X) and of cyclic groups 

12 =xx  of order 2 generated by x∈A. Thus, G is a quasi-free group. Now we 
show that π (X; 0v ) is isomorphic to G. Let F be a free group of base E and H 
be the normal subgroup of F generated by the relations  of R so that G = F H .  
Let : Eλ →  π (X; 0v )  be the function given by ( )zλ = [ ]zp , z∈E, where zp is  
as above. Then it is clear that ( )Eλ =  {[ zp ] : z∈E(X)}. Thenλ induces a unique 
epimomorphismλ% : F→  π (X; 0v )  given byλ% 1 2 1 2( ... ) ( ) ( )... ( )n ne e e e e eλ λ λ= ,  
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where  w = neee ...,,, 21   is a reduced word of F. Let H = ker(λ% ). For the edge e 
of T it is clear that ( ) ( )o e t ep e p=  or ( ) ( )o e t ep p e= . This implies that

0
1vep ≈ . 

Then ( )eλ =
0

[ ] [1 ]e vp =  and  the relation 1e =  holds in π (X; 0v ). 
 For the edge y not in T, y y≠ we have 

0
1vyy pp ≈  Then ( ) ( )y yλ λ = 

0
[1 ]v  and 

the relation 1y y −=  holds in π (X; 0v ). For the edge x not in T, x x= , we 
have p  = p. This implies that 

0
12

vxxx ppp ≈= . Then 2( ( ))xλ  = 
0

[1 ]v  and the 

relation 2 1x =  holds inπ (X; 0v ). This implies that H ≤  ker(λ% ). Now we show 
that ker(λ% )≤  H. Let w = neee ...,,, 21  be a reduced word of F such that w∉H. 
Then 1

1i ie e −
+ ≠  for i = 1, …, n-1, and there exists at least one edge 

ie ∈{ 1 2, ,..., ne e e } such that ie is not in T, and 1i ie e+ ≠ . We need to show that 
].1[)(~

0vw ≠λ  Let p be the path 
neee ppp ...

21
. By deleting the edges ie and 

1+ie from p if ii ee =+1 from p yields a reduced path q. This implies that 
].1[)(~)(~)(~

0vqpw ≠== λλλ  Hence H = ker(λ% ) and G ≅π (X; 0v ).  
This completes the proof. 
 
In [3] it was shown that if u and v are two vertices of the connected quasi-graph 
X then π (X; u) ≅ π (X; v) and the presentation type of such groups are 
independent of all choices of maximal subtrees and orientations of X. So we 
agree to speak of the fundamental group of X and write π (X).  
We conclude this section the following theory. 
 
Theorem 3.2. The fundamental groupπ (X) of the connected quasi-graph X is a 
quasi-free group of rank A  for any maximal subtree T of X and any orientation A of 
the graph X – E(T). Moreover, if X is a tree then π (X) is trivial. 
 
 
4     Fundamental groups of quotient-graphs 

 
   In this section we show that groups acting on trees with inversions induce 
connected quasi-graphs of quasi-free groups as their fundamental groups. In 
symbols, we show if G is a group acting on the tree X with inversions then the 
fundamental group )( GXπ of the quotient graph GX  is a quasi-free group. 
Moreover, we show that if the stabilizers of X  under G are  trivial, then G is a 
quasi-free group and G ≅ )( GXπ .  We start the following concepts. 
If X and Y are two graphs, then the mapping f: X→Y is called a morphism if f 
takes the vertices of X to the vertices of Y, and the edges of X to the edges of Y 
such that if e∈E(X), then o(f(e)) = f(o(e)), t(f(e)) = f(t(e)), and )()( efef = . 
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If G is a group, and X is a non-empty graph, then it is easy to show that   the set 
G×X forms a graph, where V(G×X) = G×V(X), E(G×X) = G×E(X), and if 
g∈G, and y∈E(X), then o(g, y) = (g, o(y)), t(g, y) = (g, t(y)), and ),(),( ygyg = . 
We say that a group G acts on a graph X if there is a graph morphism from 
G×X to X, or equivalently, if there is a group homomorphism  
φ : G →Aut(X), where Aut(X) is  the set of all automorphisms of the graph X 
which is a group under the composition of morphisms. In this case, if x∈X 
(vertex or edge) and g∈G, we write g(x) for (φ (g))(x). Thus, if g∈G, and 
y∈E(X), then g(o(y)) = o(g(y)),  g(t(y)) = t(g(y)), and g( y ) = )(yg .  
The case g(y) = y  for g∈G and y∈E(X) may occur. That is; G acts with 
inversions on X. For more details of groups acting on graphs without  
inversions we refer the readers to [1] and [7], and with inversions to 
 [ 5] and [6]. 
   The following notations are needed for the rest of the paper. 
Let G be a groups acting on a connected quasi-graph X with inversions.  
(1) If x∈X, define G(x) to be the set G(x) = {g(x): g∈G}. This set  
is called the orbit of x. It is clear that G(x) ⊆ X, and G(x) = G(y) if and only if x 
and y are in the same orbit. 
(2) For any Y⊆ X let G(Y) = {G(y): y∈Y}, and let  
G(X) = GX  = { G(z): z∈X},   
(3) If x, y∈X, define G(x→y) to be the set G(x→y) ={g∈G: g(x) = y}, and 
G(x→x) = xG , the stabilizer of x. It is clear that if y∈E(X) and u∈{o(y), t(y)}, 
then yG = yG and uy GG ≤ . 
 
Definition 4.1. Let G be a group acting on a tree  X with inversions, T  and Y 
be two subtrees of X such that T is contained in Y, and each edge of Y has at 
least one end in T, and T and Y satisfying the following.  
(i) T contains exactly one vertex from each vertex orbit.  
(ii) Y contains exactly one edge y(say) from edge orbit such that  
G(y→ y ) = Ø, and exactly one pair x, x  from each edge orbit such  
that G(x→ x ) ≠ Ø. Then the pair (Y; T) is called a fundamental domain for the 
action of G on X. 
 
Remark. For the rest of this paper let G, X, T, and Y be as in Definition 4.1. 
Definition 4.2. Let V, 10 ,, EEE  and 2E  be the sets defined as follows. 
(1)   V = V(T), the vertices of T; 
(2)   E = E(Y), the edges of Y; 
(3)  0E = E(T), the edges of T, 
(4)  1E  = {e∈E: o(e)∈V, t(e)∉V, G(e→e ) = Ø}, and  
(5)  2E  = {e∈E: o(e)∈V, t(e)∉V, G(e→e ) ≠ Ø}. 



  

On quasi-free subgroups                                                                                         535 
 
 
 It is clear that 21210 EEEEEE ∪∪∪∪= , where 2,1},:{ =∈= iEeeE ii  and 

21 EE ∪ is an orientation of the subgraph Y – E(T) of X. 
The proofs of the following propositions are clear. 
 
Proposition 4.3. Let π (T; Y) be the group of the presentation   
π (T; Y) = 1, 2 =xxy , where y∈ 1E  and y∈ 2E . Then π (T; Y) is  

a quasi-free group of rank 21 EE ∪ . 
 
Proposition 4.4. (i) For any v∈V(X), there exists a unique vertex denoted v* 
∈V such that G(v*→ v) ≠ Ø. That is, g(v*) = v, g∈G. 
v* is called the representative of v under G. 
(ii) For any e∈E(X), there exists e*∈E such that G(e*→ e) ≠ Ø.  
It is clear that e*∈ 1E  if  G(e→e ) = Ø and e*∈ 2E if G(e→ e ) ≠ Ø. 
 
Lemma 4.5. G(X) = X⁄G forms a connected quasi-graph and π( X⁄G) is a quasi- 
free group such that π( X⁄G) ≅ π (T; Y). If Y = T then X⁄G is a tree. 
 
Proof. Let V(X⁄G) = {G(v): v∈V(X)}, and  E(X⁄G) = {G(e): e∈E(X)}. The 
action of G on X implies that for any element g of G, any vertex v and any edge 
e of X, we have g(e) ≠ v. This implies that G(v)∩G(e) = ∅. Consequently, 
V(X⁄G) ∩E(X⁄G) = ∅. For the edge e∈E(X), let  o(G(e)) = G(o(e)),  
t(G(e)) = G(t(e)), and ).()( eGeG =   
This implies that X⁄G forms a graph. The action of G on X with  inversions 
implies that there exist an element g of G, and an edge e of X such that  
g(e) =e . This implies that G(g(e)) = G(e ). Then G(e) = )(eG . Consequently, 
X⁄G forms a quasi-graph. It is clear that the structure of X⁄G implies that the 
mapping p: X→ X⁄G given by p(x) = G(x) is a surjective morphism. Then p(X) 
= X⁄G. Since X is connected, therefore X⁄G is connected and by Theorem 3.2,  
π( X⁄G) is a quasi-free group. It is clear that Definitions 4.1, 4.2, and 
Proposition 4.4 imply that  G(X) = X⁄G, G(T) is a maximal subtree of X⁄G and 
G( 21 EE ∪ ) is an orientation of the subgraph G(X) – E(G(T)). For each y∈ 1E  
let y~ = G(Y) and for each x∈ 2E let x~  = G(X). Then by Theorem 3.2  π( X⁄G) is 
a quasi-free group such that π( X⁄G) ≅ 1~~,~ 2 =xxy . Then by Proposition  
4.3 we have  π( X⁄G) ≅ π (T; Y). If Y = T then G(Y) = G(X) = X⁄G = G(T) on 
which X⁄G is a tree. This completes the proof. 
 
Remark. X⁄G is called the quotient graph for the action of G on X. 
 
Definition 4.6. For every e∈E let [e] be an element of G be chosen such that  



  

536                                                                                                   R. M. S. Mahmood 
 
 
t(e) = [e]((t(e))*), and [e] satisfies the following.  
(1) If e∈ 0E  then [e] = 1; 
(2) If e∈ 1E , then 1][][ −= ee ; 
(3) If e∈ 2E , then ][][ ee = . 
 
Definition 4.7. For y∈E let –y be the edge –y = 1][ −y (y) if o(y)∈V and  
–y = y if t(y)∈V and let +y be the edge +y = [y](-y).  
It is clear that +y = y if o(y)∈V and +y = [y](y) if t(y)∈V. Moreover, 
t(-y)=(t(y))* , o(+y) = (o(y))*, ,))*(( yty GG ≤− and ))*(( yoy GG ≤+ .  
If y∈ 0E ∪ 2E then yyy GGG == +− . 
 
Convention. The following notations are needed to find the structures of 
groups acting on trees with inversions. 
(1) If  v∈V let )()( vv GrelGgen  stand for any presentation of vG , 
where )( vGgen is the set of generating symbols of vG and )( vGrel is the set of 
relations of vG . 
(2) If m∈ 0E  let mG  = mG  stand for the set of relations )()( gwgw ′= , where g is 
in the set of  generators of mG , and )(gw and )(gw′ are words in the generating 
symbols of )(mtG and )(moG  of value g.  
(3) If y∈ 1E  let y. 11 ].[][ −− yyGy y  = yG  stand for the set of the 
relations )][]([).(. 11 −− = ygywygwy , where g is in the set of generating symbols 
of  yG , and, )(gw  and ])[]([ 1 ygyw − are words in the generating symbols of 

))*(( ytG  and )( yoG  of values g and 1][][ −ygy respectively. 
(4) If x∈ 2E  let x. 1. −xGx  = xG stand for the set of the relations 

)][]([).(. 11 −− = xgxwxgwx , where g is in the generating symbols of xG , 
and, )(gw and )][]([ 1−xgxw are words in the generating symbols of )( xoG  of 
values g and 1][][ −xgx respectively. Moreover, 22 ][xx =  stands for the 
relation )]([ 22 xwx = , where ]]([ 2xw  is a word in the generating symbols of 

)( xoG  of value 2][x . 
 
Proposition 4.8.  G is generated by [y], [x] and  the generators of vG , where  
y∈ 1E , x∈ 2E and v∈V, and  G has the presentation )()( YRYS , where S(Y)  is 
the set of generating symbols of the following forms.  
(1) gen( vG ), the set of generating symbols of vG , where v∈V;  
(2) The set of symbols y, where y∈ 1E ; 
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(3) The set of symbols x, where x∈ 2E . 
R(Y)  is the set of  relations the following forms  
(1) rel( vG ), the set of relations of the presentation of vG , v∈V; 
(2) mm GG = , m∈ 0E ; 
(3) yy GyyGyy =−− 11 ].[].[ , y∈ 1E ; 
(4) xx GxGx =−1.. ; x∈ 2E ; 
(5) 22 ][xx = , x∈ 2E . 
Equivalently, G has the presentation 

22111 ][,..,].[].[,),(,),( xxGxGxGyyGyyGGGrelxyGgen xxyymmvv ==== −−−

via the mapping vG → vG , y→[y], x→[x]. 
 
Proof. See [6, Th. 5.1]. 
 
We have the following corollaries of Proposition 4.8. 
 
Corollary 4.9. If G acts on X without inversions then G has the presentation 

yymmvv GyyGyyGGGrelyGgen == −− 11 ].[].[,),(),( via the mapping vG → vG , 
y→[y], where v∈V and  y∈ 1E . 
 
Proof. Since G acts on X without inversions therefore 2E = ∅ and Proposition 
4.8 implies the required presentation. 
 
Corollary 4.10. If T = Y then G is the tree product 

mmvv GGGrelGgen =),()( of the groups vG with amalgamation subgroups mG  
and X⁄G is a tree where v∈V and m∈ 0E . 
 
Proof. The condition T = Y implies that 1E ∪ 2E = ∅ and G is the tree product 
of the subgroups vG with amalgamation subgroups mG , and π (T; Y) is trivial. 
Moreover, Lemma 4.5 implies that X⁄G is a tree.  
 

Corollary 4.11. If vG = {1}for all v∈V(X), then G is a quasi-free group  
such that G ≅ π( X⁄G). 
 
Proof. By substituting vG = {1}, }1{},1{ == ym GG and }1{=xG for all  v∈V 
m∈ 0E , y∈ 1E  and x∈ 2E in the presentation of G in Proposition 4.8 yields G  has 
the presentation  G = 22 ][, xxxy =  = π (T; Y). Then G is a quasi-free group 
and Lemma 4.5 implies that G ≅ π( X⁄G). 
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The main result of this section is the following theorem which is a generalization 
of  Proposition 4.4 of [1, page 17] and of different proof. 
 
Theorem 4.12. Let H be the subgroup of G generated by vG , v∈V(X). Then 
[1] H is a normal subgroup of G; 
[2] HX is a tree, 
[3] HG  acts on HX with inversions,  
[4] HG  is a quasi-free group and HG ≅ π( X⁄G). 
 
Proof. [1] For g∈G , v∈V(X) and  h∈H we have )(

1
vgv GggG =−  and the 

generators of H imply that nhhhh ...21=  where 
ivi Gh ∈ and )(XVvi ∈ for 

 i = 1, 2, .., n. Then 111
2

1
1

1 ... −−−−− = gghggghgghghg n  and 
HGggGggh

ii vgvi ≤=∈ −−
)(

11  for i = 1, 2, .., n. Consequently H is a normal 
subgroup of G. 
[2] For v∈V(X) we have vvv GGHH =∩= because HGv ≤ . The action of H on 
X implies that H is generated by the stabilizers of the vertices of any tree of 
representatives for the action of H on X. Then Corollary 4.10 implies that 

)( HXπ is trivial, or equivalently HX is a tree. 
[3] For g∈G and x∈X (vertex or edge), define gH(H(x)) = H(g(x)). It is clear 
that HG takes vertices to vertices and edges to edges of HX .  
Furthermore, o(gH(H(e))) = gH(o(H(e)))), t(gH(H(e))) = gH(t(H(e)))), and  

))(())(())(( eHgHeHgHeHgH == . The action of G on X with inversions 
implies that there exist g∈G and e∈E(X) such that g(e) = e . Then 

)()())(())(( eHeHeHgHegH === . Hence HG acts on HX with inversions.  
[4] Let x∈X and g∈G. Then  
gH(H(x)) = H(x) ⇒ H(g(x)) = H(x) 
                          ⇒ gh(x) = x, h∈H 
                          ⇒ gh∈ xG  

               ⇒ g∈ xG 1−h   
               ⇒ g∈ xG H 
            ⇒ gH∈ HHGx  
            ⇒ HHGHG xxH =)()( = HH because HGx ≤ . 

This implies that the stabilizer of gH(x)  is HH , the identity element  of HG . 
Then Corollary 4.11 implies that HG  is a quasi-free group and 

HG ≅ π( )() GXHG
HX π≅ ). This completes the proof. 
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Corollary 4.13. If G acts without inversions on X then H is a normal, HX is a 
tree, HG acts on HX without inversions and HG  is a free group. 

 
 
5     Quasi-Free Subgroups 

             
  In this section we use Theorem 4.7 of [4]  to find the structures of the quasi-
free subgroups of groups acting on trees with inversions. Let G be a group 
acting on a tree X with inversions, (T; Y) be a fundamental domain for the 
action of G on X, V, E, 0E , 1E , and 2E  be the sets of edges introduced in 
Definition 4.2. 
Let H be a subgroup of G such that H∩ vG = {1}for all v∈V(X). The purpose of 
this section is to show that H is a quasi-free subgroup of G and then find the 
generators of H. In view of Definition 4.2 of [4], if v∈V and  
e∈ 0E ∪ 1E  ∪ 2E we have the following. 
(a) eD and eD are  any left coset representative systems for )(eoG  mod eG  and 

))*(( etG  mod eG−  respectively containing 1, but otherwise arbitrary. 
(b) vD  is a double coset representative system for G mod (H, vG ) satisfying the 
condition that if g∈ vD , g ≠ 1,  g = nn22110 g ]y ..[ g ]y [g ]y [g , where  
n ≥ 0, ∈iy E, for i = 1, 2, … , n such  that ))*((0 1yoGg ∈ , ))*(( iyti Gg ∈  , for i = 1, 
2 , … , n, *))((*))(( 1+= ii yoyt  , for i = 1, 2, … , n-1, and *))(( nyt  = v, then  

if ∈ ))*(( 1+iyoD , and 
1+iyD where ]y ..[ g ]y [g ]y [gf i22110i =  for  i = 1, 2, ..., n-1. 

Lemma 4.3 of [4] implies that for any   e∈ 0E ∪ 1E ∪ 2E  and g∈G then there 

exist unique elements denoted ))*((][ etDeg ∈ , eDeg ∈][ , and ee Gg ∈ such that 

eg ,δ  = .][][][
11

Hegegegge ∈
−−

  
          It is clear that if g[e]∈ ))*(( etD , then eg ,δ = 1 and if e∈ 2E , a∈ )(eoD , b∈ eD  such that 

11][ −−∩ abGeabH e  ≠ ∅, then  11
, ][ −−= abeabeabδ . 

 
The main result of this section is the following theorem. 
 
Theorem 5.1. Let G be a group acting on a tree X with inversions,  
(T; Y) be a fundamental domain for the action of G on X., and H be a subgroup 
of G such that that H∩ vG = {1}for all v∈V(X). Then H is a quasi-free subgroup 
of G generated by mab,δ , yab,δ , xab,δ , and zab,δ , and H has the presentation  

H = 1))(()(),(),(),( 2 =zabzabxabyabmab via the mapping  
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ab(m) → mab,δ , m∈ 0E , a∈ )(moD  and b∈ mD  such that ab∉ )(mtD ;  
ab(y) → yab,δ , y∈ 1E , a∈ )( yoD  and b∈ yD  such that ab[y]∉ ))*(( ytD ; 
ab(x) → xab,δ , x∈ 2E , a∈ )(xoD and b∈ xD  such that ab[x]∉ )(xoD  
and 11][ −−∩ abGxabH x  = ∅; 
ab(z) → zab,δ , z∈ 2E , a∈ )( zoD and b∈ zD  such that ab[z]∉ )( zoD  
and 11][ −−∩ abGzabH z  ≠ ∅. 
 
Proof. H acts on X and for each p∈X (vertex or edge) we have 

}1{=∩= pp GHH . Then Corollary 4.12 yields that H is a quasi-free subgroup 
of G. In view of Theorem 4.7 of [4], the condition   
H∩ 1−aaGv  = {1}, a∈ vD , v∈V implies that H has the set of generators of the 
given forms. 
The conditions H∩ 11 −− ababGm  = H∩ 11 −− ababGm  = {1}, 
H∩ 11 −−

− ababG y  = 1
,,

−
−∩ yabyyab GH δδ = {1}, 

 H∩ 11 −− ababGx  = 1
,,

−∩ xabxxab GH δδ = {1}, and 
H∩ 11 −− ababGz  = 1

,,
−∩ zabzzab GH δδ = {1}, 

imply that H has the given set of generating symbols . 
The conditions and 11][ −−∩ abGxabH x  = ∅ and 11][ −−∩ abGzabH z  ≠ ∅ imply 
that H has the relations 1))(( 2 =zab . This completes the proof. 
By taking the set of edges 2E = ∅ yields the following corollary. 
 
Corollary 5.2. Let G be a group acting on a tree X without inversions,  
 (T; Y) be a fundamental domain and H be a subgroup of G such that that 
H∩ vG = {1}for all v∈V(X). Then H is a free subgroup of G  
generated by the elements mab,δ , m∈ 0E , a∈ )(moD  and b∈ mD  such that 
ab∉ )(mtD and by the elements yab,δ , y∈ 1E , a∈ )( yoD  and b∈ yD  such that 
ab[y]∉ ))*(( ytD . 
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