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Abstract

The aim of the paper is to study some properties and interrelations
of ν-compact, compact and weakly compact spaces.

Mathematics Subject Classification: 54D30, 54D15

Keywords: ν−compact, nearly compact, weak compact, semi compact
and almost compact spaces

1 Introduction

Cammaroto, Faro and T. Noiri introduced and studied weakly compact spaces
which are strictly weaker than the notions of almost-compact spaces due to
Singhal and Singhal. Almost compact spaces were called quasi-H-closed spaces
by Porter and Thomas. Almost compact spaces are well known as H-closed
spaces. M. K. Singhal and A. Mathur studied nearly compact spaces and
the authors of the present paper studied basic properties of ν-compact and
ν-Lindeloff spaces using ν-open sets which are introduced by Cameron and
V.K. Sharma.
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In this we tried to find the interrelation between ν-compact, compact and
weakly compact spaces. Throughout the paper a space X means a topological
space (X, τ) unless otherwise mentioned without any separation axioms defined
in it. The class of ν−open sets is denoted by ν−O(X, τ). The interior, closure,
ν−interior, ν−closure are defined by Ao, A−, νAo, νA− respectively.

The paper is divided into five sections. In section 2 we discuss the basic
definitions and results used in this paper. In section 3 properties of ν-compact
spaces are discussed, in section 4 we discuss about relation between ν-compact
and compact spaces and in the last section relation between ν-compact and
weakly compact spaces are discussed.

2 Preliminaries

Definition 2.1 A subset A of a topological space X is said to be
1. Semi open(ν-open) if there exists an open(regular open) set U such that
U ⊆ A ⊆ U− .
2. Regular open[Regular closed] if A = (A−)o[A = (Ao)−].
3. semi closed(ν-closed) if its complement is semi open(ν-open).

Note 1:
↗ ν−open ↘

Regular open semiopen
↘ open ↗

Definition 2.2 A subset A of a topological space X is said to be
1. α-Hausdorff[7] iff for any two points a, b in a space X, where a ∈ A and
b ∈ X−A, there are disjoint open sets U and V containing a and b respectively
2. α-regular[7] iff for any point a ∈ A and any open set U containing a, there
exists an open set V such that a ∈ V ⊂ V − ⊂ U
3. α-almost regular[7] iff for any point a ∈ A and any regular open set U
containing a, there exists an open set V such that a ∈ V ⊂ V − ⊂ U
4. Almost ν-regular[1] iff for any point a ∈ A and any ν-open set U containing
a, there exists a ν-open set V such that a ∈ V ⊂ V − ⊂ U

Note 2: From the above definition we have the following interrelations.
α-almost regular → α-regular → α-Hausdorff where none of the relation is
reversible.

Definition 2.3 A subset A of a topological space X is said to be
1. Compact(resp. semi compact, nearly compact, ν-compact) if every open(resp.
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semi open, regular open, ν-open) cover has a finite sub cover.
2. Almost compact if every open cover has a finite subclass whose closure cov-
ers X.
3. Weakly compact if every regular open cover has a finite subclass whose clo-
sure covers X.

Note 3:
↗ ν-compact ↘

semi compact nearly compact → almost compact → weakly compact
↘ compact ↗

where none of the relation is reversible.

Definition 2.4 A mapping f : X → Y is
(i) almost continuous if inverse image of every regular open set is open.
(ii)irresolute[ν-irresolute] if inverse image of every semi-open[ν-open] set is
semi-open[ν-open].

Lemma 2.5 Let f : X → Y is almost continuous then for each A ⊂ Y
(f−1(A))− ⊂ f−1(A−).

Definition 2.6 A subset S of a space X is ν-compact relative to X if for
each ν-open cover {Vα : α ∈ ∇} of S by ν-open sets of X 	 for each α ∈
∇, ∃Fα ∈ RC(X) 	 Fα ⊂ Vα and S ⊂ ∪{(Fα)o : α ∈ ∇} there exists a finite
subset ∇0 of ∇ such that S ⊂ ∪{Fα : α ∈ ∇0}

Definition 2.7 Let S be a subset of X. A point x ∈ X is said to be ω-
accumulation point of S if every regular open neighborhood of x intersects S.

3 Properties of ν-compact spaces:

We state the following theorems without proof.

Theorem 3.1 If A is ν-compact subspace of a space X, then A is ν-compact
relative to X.

Theorem 3.2 Let X be any topological space. Then
(i) Any ν-closed subset of a ν-compact space is ν-compact.
(ii) ν-irresolute image of a ν-compact space is ν-compact.
(iii)A space X is ν-compact if and only if every ν-closed subset is ν-compact.
(iv) A space X = ΠXi is ν-compact if and only if every Xi is ν-compact.
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Theorem 3.3 In a space X, the following are equivalent:
i. X is ν-compact.
ii. For every family of ν-closed sets in X satisfying empty intersection, there
is finite subfamily whose intersection is empty.

Theorem 3.4 In a space X, the following are equivalent:
i. X is ν-compact.
ii. Every family of ν-closed sets with finite intersection property has a non-
empty intersection.

Theorem 3.5 (i) If S is an arbitrary ν-compact subset of a topological
space, then every infinite subset of S has a ν-accumulation point.
(ii)If S is an arbitrary ν-compact subset of a topological space, then every in-
finite subset of S has a ω-accumulation point.

Theorem 3.6 Let X be a ν-compact space, and let {Si} be a descending
chain of ω-closed subsets of X, then the intersection all Sn for n = 1, 2, ...... is
not empty.

Proof: Choose a point xn ∈ Sn for each n = 1, 2, ...... then xn will have a ω-
accumulation point x0 in X by theorem 1[11], since X is ν-compact, X is nearly
compact and hence it is N-closed. On the other hand, for each n = 1, 2, ......
x0 becomes a ω-accumulation point of {xk, xk+1, ......} also, hence of Sk. Since
each Sk is ω-closed, we know that x0 ∈ Sk for each k, hence that the intersection
of all Sk is not empty

Theorem 3.7 If f : X → Y is almost continuous, X is ν-compact and Y
be a topological space then Y is ν-compact.

Proof: Let {Vα} be ν-open cover of Y, then for each α there exists a reg-
ular open set Aα such that Aα ⊂ Vα ⊂ A−

α implies that f−1(Aα) ⊂ f−1(Vα) ⊂
f−1(A−

α ) = (f−1(Aα))− implies that {f−1(Vα)} is semi-open cover of X ⇒
{f−1(Vα)∪(f−1(Vα)−0} is ν-open cover for X ⇒ X = ∪n

i=1{f−1(Vαi)∪(f−1(Vαi)
−)o} =

∪n
i=1{(f−1(Vαi)

−)o ⇒ X ⊂ ∪n
i=1(f

−1(Aαi)
−)o ⇒ Y ⊂ ∪n

i=1((Aαi)
−)o ⇒ Y ⊂

∪n
i=1Aαi ⇒ Y ⊂ ∪n

i=1Vαi.

Theorem 3.8 The ν-irresolute image of any ν-compact space in any Haus-
dorff space is ν-closed.
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Theorem 3.9 If f is an almost continuous open mapping of a topological
space X into a ν-compact space Y with f−1(f(Aα)) ⊂ (Aα)− for each regular
open set Aα of X, then X is ν-compact.

Proof: Let {Vα} be ν-open cover of X, then {f(Vα)} is semi-open cover of
Y so{f(Vα) ∪ (f(Vα)−0} is ν-open cover for Y ⇒ Y = ∪n

i=1{f(Vαi) ∪ f(Vαi)
−o} =

∪n
i=1{f(Vαi)

−o} ⊂ ∪n
i=1(f(Aαi)

−o}, it follows that X = ∪n
i=1(f

−1(f(Aαi))
−)o. By

lemma 2.5 and hypothesis for f, X = ∪n
i=1(f(Aαi))

−o ⊂ ∪n
i=1(f

−1(f(Aαi)
−o) ⊂

∪n
i=1(Aαi)

−o = ∪n
i=1(Aαi) ⊂ ∪n

i=1Vαi. Hence X is ν-compact

Combaining 3.8 and 3.9 we have the following corollary.

Corollary 3.10 If f is an almost continuous open bijection. Then X is
ν-compact if and only if Y is ν-compact.

4 Relation between ν-compact and compact

spaces:

Definition 4.1 A subset A of a topological space X is said to be
Weak almost regular iff for any point a ∈ A and any regular-open set U con-
taining a, there exists a regular-open set V such that a ∈ V ⊂ V − ⊂ U.

Lemma 4.2 Each ν-compact and semiregular space X is compact.

Proof Let {Oi : i ∈ I} be an open cover of X. Since X is semiregular, there
is a regular open basis B and we have ν-open cover {Bj

i : Oi = ∪iB
j
i for each i,

where Bj
i ∈ B}. By ν-compactness of X, X ⊂ ∪k

k=1B
j
ik ⇒ ∪k

k=1Ok. Therefore
X is compact.

Corollary 4.3 Every nearly compact and semiregular space X is compact.

Theorem 4.4 If A ⊂ X is Almost ν-regular and compact, then A− is ν-
compact.

Proof: Let {Ui} be any ν-open cover of A and let x ∈ A be any point, then
for x ∈ A there exists a ν-open set Ux containing x and by almost ν-regularity
there exists an open set Vx such that x ∈ Vx ⊂ V −

x ⊂ U . For {Vx} forms a open
cover and X is compact, X = ∪n

i=1Vxi. Thus A− ⊆ (∪n
i=1Vxi)

− = ∪n
i=1(Vxi)

− ⊆
∪n

i=1Uxi, which implies that A− is ν-compact.
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Corollary 4.5 If A ⊂ X is Almost regular and compact, then A− is ν-
compact.

Theorem 4.6 If A ⊂ X is weak almost regular and nearly compact, then
A− is compact.

Proof: Let {Ui} be any ν-open cover of A and let x ∈ A be any point, then
for x ∈ A there exists a regular-open set Ux containing x and by weak almost
regularity there exists a regular-open set Vx such that x ∈ Vx ⊂ V −

x ⊂ U .
For {Vx} forms a open cover and X is nearly compact, X = ∪n

i=1Vxi. Thus
A− ⊆ (∪n

i=1Vxi)
− = ∪n

i=1((Vxi)
−) ⊆ ∪n

i=1Uxi, which implies that A− is compact.

Corollary 4.7 If A ⊂ X is weak almost regular and ν-compact, then A−

is compact.

Theorem 4.8 Every almost ν-regular and almost compact subset A of the
space X is ν-compact.

Proof: Let {Ui} be any ν-open cover of A and let x ∈ A be any point,
then for x ∈ A there exists ix ∈ I such that x ∈ Uix then there exists a open
set Vx such that x ∈ Vx ⊂ V −

x ⊂ Uix. For {Vx} forms a open cover and X is
almost compact, A ⊆ ∪n

j=1(Vxij)
−. Thus {Uxij},nj=1 is a finite subcovering of

{Ui}. Hence A is ν-compact.

Theorem 4.9 Every weak almost regular and nearly compact subset A of
X is ν-compact.

Corollary 4.10 Every weak almost regular and ν-compact subset A of X is
compact.

Theorem 4.11 If in a space X, there exist a dense weak almost regular,
regular compact subset A of X, then X is compact.

Theorem 4.12 Let A be any dense almost ν-regular subset of a space X
such that every ν-open covering of A is a ν-open covering of X. Then X is
almost compact if and only if X is ν-compact.

Theorem 4.13 Each ν-compact metrizable space is finite.
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5 Relation between ν-compact and weakly com-

pact spaces:

Theorem 5.1 If a space X is weakly compact and almost regular, then X
is ν-compact.

Proof: Let {Vi} be any ν-open cover of X. For each x ∈ X, there exists
ix ∈ I such that x ∈ Vix. Since X is almost regular, there exists a regular open
set Gix such that x ∈ Gix ⊂ (Gix)

− ⊂ Vix implies x ∈ Gix ⊂ (Gix)
− ⊂ Vix

where Gix are open. Since X is weakly compact, X = ∪n
i=1(Gix)

−. Thus
X = ∪n

i=1(Vix). Hence X is ν-compact.

The following two corollaries are immediate consequence of above theorem
and the proofs are thus omitted.

Corollary 5.2 An almost regular space is weakly compact if and only if X
is ν-compact.

Corollary 5.3 A Hausdorff space is almost regular and weakly compact if
and only if X is ν-compact.

Conclusion: In this paper we studied some properties and interrelations
of ν-compact, compact and weakly compact spaces.
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