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Abstract

Let P be an arbitrary full subset of the set E(S) of the idempo-
tents in an eventually regular semigroup S. We shall prove that each
regular congruence on eventually regular semigroup S is completely de-
termined by its P -partial kernel normal system and give the P -partial
kernel normal system in an eventually regular semigroup an abstract
characterization.

A semigroup S is called an eventually regular semigroup if for every a ∈ S
there exists a positive integer n such that an is regular. The class of eventually
regular semigroups which contains both the class of all regular semigroups and
the class of all finite semigroups was introduced by Edwards [1]. The strategy
was to generalize known results for regular semigroups and for finite semigroups
to eventually regular semigroups. Edwards [1] showed that several aspects of
regular semigroups and of finite semigroups have joint natural extensions to
eventually regular semigroups.

The concept kernel normal system was introduced by Wanger [2] and Pre-
ston [3] to describe the congruences on inverse semigroups and then was gen-
eralized to the class of orthodox semigroups by Meakin [4]. The kernel normal
systems in inverse and orthodox semigroups have been abstractly character-
ized, we know each congruence on a regular semigroup is completely deter-
mined by its kernel normal system. Yong He [5] proved that each congruence
on regular semigroup S is completely determined by the congruence classes
containing elements in any full subset of E(S). Yanfeng Luo[6] have shown
that each regular congruence on eventually regular semigroup S is uniquely
determined by its kernel normal system, Yong He [7] have proved that each
regular congruence on eventually regular semigroup S is completely determined
by its P -partial kernel normal system, but he have not given the P -partial ker-
nel normal system and regular congruence decided by P -partial kernel normal
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system in an eventually regular semigroup an abstract characterization and
we can not decide whether a given pair (a, b) belong to ρ which decided by
P -partial kernel normal system. In this brief paper, we will give the P -partial
kernel normal system and regular congruence decided by P -partial kernel nor-
mal system in an eventually regular semigroup an abstract characterization
and we can decide whether a given pair (a, b) belong to ρ which decided by
P -partial kernel normal system or not.

Let C be a class of semigroups. We say that a congruence ρ on a semigroup
S is a C congruence if S/ρ is a C semigroup. For example, a congruence ρ on
semigroup S is said to be an regular congruence if S/ρ is an regular semigroup.

Throughout this paper, S will always be a eventually regular semigroup and
E(S) be the set of all idempotents in S. The lattice of congruences on S is
denoted by C(S). RC(S) be the partial ordered subset of regular congruences
of C(S). Reg(S) be the regular element of S.

A subset P of E(S) is said to be a full subset of E(S) if it meets with each
regular L− and R−class in S. In this case, for any a ∈ Reg(S), an inverse
a′ of a is called a P -inverse of a if aa′, a′a ∈ P . The non-empty set of all
P -inverses of regular element a is denoted by VP (a).

If P is a full subset of E(S), a set B of subsets of S is called a P−partial
kernel normal system in S if there exists ρ ∈ RC(S) such that B= {pρ | p ∈
P}. In this case, B is said to be the P−partial kernel normal system of ρ,
then P -partial kernel normal system of a congruence ρ on S will be denoted
by KNP (ρ). Specially, if P = E(S), then the B is said to be the kernel
normal system of ρ described as Yanfeng Luo, then kernel normal system of a
congruence ρ on S will be denoted by KN(ρ).

Lemma 1. [1] A congruence ρ on an eventually regular semigroup S is regular
if and only if for each a ∈ S, there exists a′ ∈ W (a) = {x | xax = x} such that
aρaa′a.

Lemma 2. [1] Let ρ ∈ C(S) and a ∈ S.

(1) If aρ ∈ Reg(S/ρ), then aρb for some b ∈ Reg(S).

(2) If aρ ∈ E(S/ρ), then aρe for some e ∈ E(S) such that He ≤ Ha.

Theorem 2. Let S be a eventually regular semigroup and P is a full subset
of E(S). A set B={Bi | i ∈ I} of pairwise disjoint subsets of S is a P−partial
kernel normal system in S if and only if it satisfies the following conditions:

(1) Pi = Bi ∩ P �= ∅ for any i ∈ I;

(2)
⋃

i∈I Pi = P ;

(3) for any i, k ∈ I and x, y ∈ S1, if aBib ∩ Bk �= ∅, then xBiy ⊆ Bk;

(4) for any a ∈ S and x, y ∈ S1, there exists a′ ∈ W (a), such that xay ∈ Bi

for some Bi ∈ B if and only if xaa′ay ∈ Bi.
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In this case, ρ = {(a, b) ∈ S×S : (∀x, y ∈ S1)(∀i ∈ I)xay ∈ Bi if and only if xby ∈
Bi} is the unique regular congruence on S with B as its P -partial kernel nor-
mal system.

Proof. Each P -partial kernel normal system in S satisfies (1), (2) and (3) of
course, since lemma 1., it satisfies (4) also.

Conversely, if B satisfies (1), (2) and(3). It is easy to verify that ρ is an
equivalent relation on S. To show that ρ is a congruence, let a, b, c ∈ S with
aρb. By the definition of ρ for all x, y ∈ S1 we have that x(ca)y = (xc)ay ∈ Bi

for some i ∈ I if and only if (xc)by = x(cb)y ∈ Bi also and hence (ca, cb) ∈ ρ.
Dually, we have (ac, bc) ∈ ρ, so we have ρ is a congruence on S. Since the
condition (4), we follow that for each a ∈ S, there exists a′ ∈ W (a) such that
aρaa′a, so that ρ is a regular congruence on S.

Next we will show that KNP (ρ) = B. For any e ∈ P , it is obvious that
there exists a unique Bi ∈ B containing e. If a ∈ Bi and x, y ∈ S1 are such
that xay ∈ Bj for some Bj ∈ B, then xBiy ⊆ Bj by (3) and hence xey ∈ Bj.
Similarly, xey ∈ Bj for x, y ∈ S1 and Bj ∈ B implies xay ∈ xBiy ⊆ Bj

also. So aρe, by the arbitrariness of a, we have Bi ⊆ eρ. Conversely, we
need to show eρ ⊆ Bi, For any b ∈ eρ. By the definition of ρ, we know
that xby ∈ Bi if and only if xey ∈ Bi for any x, y ∈ S1, i ∈ I, especially, if
x = y = 1 then b ∈ Bi if and only if e ∈ Bi, so b ∈ Bi is obvious since
assumption that e ∈ Bi.

If B is the P−partial kernel normal system of another regular congruence
ξ on S and (a, b) ∈ ξ then for all x, y ∈ S1 and Bj ∈ B,

xay ∈ Bj ⇔ (∀e ∈ Pj) (xay, e) ∈ ξ

⇔ (∀e ∈ Pj) (xby, e) ∈ ξ

⇔ xby ∈ Bj .

So (a, b) ∈ ρ, and by the arbitrariness of (a, b), we conclude ξ ⊆ ρ.
Conversely, for any (a, b) ∈ ρ, For any p ∈ P , it is obvious that pρ = pξ,

since (a, b) be an arbitrary element in ρ. By Lemma 2., there is c ∈ Reg(S)
such that

cρ = aρ = bρ ∈ S/ρ.

To show that (a, b) ∈ ξ, it is enough to check that (a, c) ∈ ξ. Let c′ ∈ VP (c).
Then, we have

ac′ ∈ (cc′)ρ = (cc′)ξ,

i.e.,
(ac′)ξ = (cc′)ξ.

Assume that d ∈ aξ∩Reg(S), then for any d′ ∈ VP (d), we have Green relation

Rcc′ξ = Rac′ξ ≤ Raξ = Rdξ = Rdd′ξ,
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it follows that
Rcc′ξ ≤ Rdd′ξ.

Dually, we can verify that

Rdd′ρ = Rad′ρ ≤ Raρ = Rcc′ρ

in S/ρ, Thus (cc′)ρ(dd′)ρ = (dd′)ρ. It follows pρ = pξ (∀p ∈ P ) that

(cc′)ξ(dd′)ξ = (dd′)ξ

i.e.,
Rdd′ξ ≤ Rcc′ξ

in S/ξ. So
Rcξ = Rcc′ξ = Rdd′ξ = Rdξ = Raξ

in S/ξ. Notice that c′a ∈ (c′c)ρ = (c′c)ξ, so aξ = cc′ξaξ = cξc′aξ = cc′cξ = cξ.
i.e., (a, c) ∈ ξ as required.

Corollary 1. Each regular congruence on S is uniquely determined by each
of its P−partial kernel normal systems.

Corollary 2. If B = {Bi | i ∈ I} is a P−partial kernel normal system in
S, then the congruence K∗

B on S generated by the binary relation

KB = {(a, b) ∈ S × S | a, b ∈ Bi}

is the unique congruence on S with B as its P−partial kernel normal system.

Proof. By the definition of K∗
B, it is easy to see.

Corollary 3. Let S be a eventually regular semigroup. A set B={Bi | i ∈ I}
of pairwise disjoint subsets of S is a kernel normal system in S if and only if
it satisfies the following conditions:

(1) Pi = Bi ∩ E(S) �= ∅ for any i ∈ I;

(2)
⋃

i∈I Pi = E(S);

(3) for any i, k ∈ I and x, y ∈ S1, if aBib ∩ Bk �= ∅, then xBiy ⊆ Bk;

(4) for any a ∈ S and x, y ∈ S1, there exists a′ ∈ W (a), such that xay ∈ Bi

for some Bi ∈ B if and only if xaa′ay ∈ Bi.

In this case, ρ = {(a, b) ∈ S×S : (∀x, y ∈ S1)(∀i ∈ I)xay ∈ Bi if and only if xby ∈
Bi} is the unique regular congruence on S with B as its kernel normal system.

Corollary 4. [5] The set B= {Bi : i ∈ I} of pairwise disjoint subsets of
regular semigroup S is a P -partial kernel normal system in S if and only if it
satisfies the following conditions:
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(A1) Pi = Bi ∩ P �= ∅ for any i ∈ I;
(A2)

⋃
i∈I Pi = P ;

(A3) for any i, k ∈ I and a, b ∈ S1, if aBib ∩ Bk �= ∅. Then aBib ⊆ Bk.
Furthermore, the unique congruence ρ associated with such a set B of subsets
of S may be defined as follows:

ρB = {(a, b) ∈ S×S : (∀x, y ∈ S1)(∀i ∈ I)xay ∈ Bi if and only if xby ∈ Bi} (1)

Next we shall give each congruence on regular semigroup S determined by
its given P -partial kernel normal system some new characterizations.

Let ∼ denote the restriction of ρB to B = ∪i∈IBi. Thus a ∼ b if and only
if a and b belong to the same Bi. We provide a proof of following theorem.

Corollary 5. Let S be a regular semigroup and P is a full subset of E(S).
The set B= {Bi : i ∈ I} of pairwise disjoint subsets of S which satisfies the
condition A(1), A(2), A(3), and let ρB be the unique congruence associated
with such a set B ,as defined by (1), then ρB may be characterized in the
following fashion:

ρB = {(a, b) ∈ S × S : (∃a′ ∈ VP (a), ∃b′ ∈ VP (b))aa′ ∼ ba′ and b′a ∼ b′b}.

If (a, b) ∈ ρB, the relations aa′ ∼ ba′ and b′a ∼ b′b hold for every P -inverse a′

of a and every P -inverse b′ of b.

Proof. Let(a, b) ∈ ρB, then (aa′, ba′) ∈ ρB for any P−inverse a′ of a, and
since aa′ is an idempotent of P . Hence aa′ ∼ ba′ and similarly ba′ ∼ b′b for
any P−inverse b′ of b.

Conversely, let a′ and b′ be P -inverse of a and b respectively such that
aa′ ∼ ba′ and b′a ∼ b′b. Then aa′ρBba′ and b′bρBb′a and it follows that

a = aa′aρBba′a = bb′ba′aρBbb′aa′a = bb′aρBbb′b = b.

The advantage of expression of ρB given by this theorem over the expression
(1) of ρB is the readiness with which we can decide whether a given pair (a, b)
belong to ρB. If we denote, for each idempotent e of P , the kernel class Bi to
which e belongs by Be, then the two relations to check (for any P−inverse a′

of a and b′ of b that we like ) are ba′ ∈ Baa′ and b′a ∈ Bb′b.
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