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Abstract

The correspondence between certain ideals and submodules arising from
annihilation plays a vital role in decomposition theory. In this paper our attempt is
to fuzzify the concept of annihilators of subsets of modules. We investigate
certain characteristics of fuzzy annihilators of fuzzy subsets of modules. Using the
concept of fuzzy annihilators, prime fuzzy sub module and fuzzy annihilator
ideals are defined and various related results are established.
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Introduction

In the trajectory of stupendous growth of fuzzy set theory, fuzzy algebra
has become an important area of research. In 1971, A. Rosenfield [6] used the
concept of fuzzy set theory due to Zadeh [10] in abstract algebra and opened up a
new insight in the field of Mathematical science. Since then the study of fuzzy
algebraic structure has been pursued in many directions such as semigroups,
groups, rings, semirings, near-rings and so on. Fuzzy sub modules of a module
M over a ring R were first introduced by Negoita and Ralescu [4]. Consequently
Pan [5] studied fuzzy finitely generated modules and fuzzy quotient modules. The
study of fuzzy submodules was also carried out by Zahedi [10], Sidky [8],
Mukherjee et al [3], and Saikia et al [7]. In the theory of rings and modules there
is a correspondence between certain ideals of a ring R and submodules of an R-
module that arise from annihilation. The submodules obtained using annihilation,
which correspond to prime ideals play an important role in decomposition theory
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and Goldie like structures. Fuzzification of such crisp sets leads us to structures
that can be termed as fuzzy prime submodules. Our attempt is to fuzzify the
concept of annihilators of modules. We define annihilator of a fuzzy subset of a
module using the concept of residual quotients and investigate various
characteristics of it. This concept will help us to explore and investigate various
facts about the fuzzy aspects of associated primes, Goldie like structures and
singular ideals.

2. Basic definitions and notations

Throughout this paper R denotes a commutative ring with unity and M
denotes an R-module. The zero elements of R and M are 0 and 0 respectively. The
class of fuzzy subsets of X is denoted by [0, 1]*.

Let pe[0, 11® Then p is called a fuzzy ideal of R if it satisfies
) pE-y)z2px) Apuy)  VxyeR
(i) p(xy) 2 p(x) v p(y) vV X,y €R.
The class of all fuzzy ideals of R is denoted by FI(R). Let pe[0, 1]™ Then
u is called a fuzzy sub module of M if it satisfies:

(1) w®) =1
(i) pux-y) = ux) A p(y) Vx,yeM
(1) w(rx) > pu(x) Vre R, x e M.

The class of fuzzy sub modules is denoted by F(M). Let ue[0, 1] *
.Then a fuzzy point x;, x € X, t € (0,1] is defined as the fuzzy subset x of X such

that x (x) =t and x (y) = 0 for all ye X —{x}. We write x;c p if and only if x ep,

Let p, o €[0, 1]". Then gy of uand o is defined as
(m+ )X =V {uy) Ao(@)]y, 2 e M, x =y +2}.
Let pe [0, 11™ and oe [0, 1]} then the product of p and o is defined as
(cw)(x) =V {o(r) A w(m) lreR,meM,x= rmj}.
Let i, oe [0, 17* Then the product of p and o is defined as
(GW(X) =V {u(y) Ao(2) |y, 2 € R, x=yz}.
By p? and p" we mean pp and pp™'  respectively. Let p e FI(R). Then
u is called a fuzzy prime ideal of R if for any o, y € F(R), oy < p implies 6 < p
oryc .
Let p € [0, 17™. then annihilator of z, denoted by ann(p) is defined as
ann(p) = U {nlne [0,1]%, nu < xo!}. It is seen that ann(n) € [0,1]%. We define
ann(’ye) as ann(yp) = Xr
Let pe [0, 11 is Then p is said to be a fuzzy faithful submodule if ann(p) = .

Let p € [0, 1% .Then p is called a fuzzy dense ideal if ann(p) = yo
Let o € [0, 1]1% Then the fuzzy ideal of the form ann(c) of R is called a

fuzzy annihilator ideal. Thus p is a fuzzy annihilator ideal if and only if p=
ann(c) for some fuzzy subset c of R with s (0)=1.
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3. Preliminaries

Now we present some preliminary results that are needed in the sequel.
Lemma 3.1: [8] Let pe [0, 17™. Then the level subset = {x € M| u(x) > t} is a
sub module of M if and only if p is a fuzzy sub module of M.
Lemma 3.2: [1] If u € FI(R) then p is a fuzzy prime ideal of R if and only if p, t
€ Im p is a prime ideal of R
Lemma 3.3 :[ 2]Let w; € FI(R), 1 € I Then n ; € FI(R).

iel

Lemma 3.4 : [2] If i € F(M), i e I where | 1> 1 then 2, i € F(M).and
iel

Lemma 3.5: [2] If 6 € FI(R); pu, y € F(M) then o(u +y) < op + o7.

The following results can be established in the same line as in section 4.5 of [2]
Lemma 3.6: If p € [0, 1]™ then 5o cann(p).

Lemma 3.7: Let p € [0, 1]1™. Then ann(p) = u {ra| reR,a € [0,1], rqpu < Yo}-
Lemma 3.8: Let p e [0, 11™. Then ann(p)p < xe. If p(0) = 1, then ann(p)p = ye.
Hence if p € F(M) then ann(p)p = yp.

Lemma 3.9: Let o € [0, 1]® and p e [0, 1]™. then op < yp , if and only if 6 <
ann(p). If o (0) =1 and u(8) =1, then op =y if and only if if o < ann(p).
LLemma 3.10: Let p € [0, 17™. Then ann(p) = U {c| o € FI(R) , op < y0}.
Lemma 3.11: Let w; € [0, 11 i € I, then .ann( U ;) = M ann (w; )

iel 1€l

4. Main Results

Now we present the main results.
Theorem 4.1: Let p, 6 € [0, 11™. If p < o, then ann(c) < ann(p).
Proof: Let y € [0, 1]®. Then for reR, meM, y (r) A w(m) <y (r) A o(m). This
implies
v {y(r)/\u(m)|r eR,meM,x=rm} <v {y(r)/\cs(m)|r € R,m e M, x =rm}.
So (yn) (x) £ (yo) (x), Vx € M. Hence yu c yo. Therefore yo < yo implies
YU < 0. Hence
{Ylye FR),vo = %o }< {Ylye FRR), yu < %0 }. So ann(c) < ann(p).
Theorem 4.2: [ o wo e [0, IT™. Then the following conditions are equivalent:
(1) ann(y) = ann(p), for all y < p,y # 7,
(i) yo < %o implies yu < yo, for all Y S K ¥ # %o, 5 € [0, 11}
Proof: Let Y6 < %o- Then by lemma 3.9, o < ann(y) = ann(p)
Again by lemma 3.9, ocp < %o .
Also using lemma 3.8 we get
ann(y)y < Xe-
So (ii) implies ann(y)u < xo, Where y < 1 and 7y #xo
By lemma 3.9 we have ann (y) = ann ( p) .Also y < p implies ann(p) < ann(y), by
theorem 4.1. So ann(y) < ann(p).
Corollary 4.3: If w(0) = 1, y(0) = 1, then the following conditions are equivalent:
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(1) ann(y) = ann(p), for all y < p, v #xe.
(ii) oy =y implies op = xp, forallY E WV # %o, 5 € [0, 11}
Theorem 4.4: Let pe [0, 1]1™ be faithful. If R is non zero then p #ye.
Proof: p faithful implies ann(p) = .
If u = ye, then ann(p) = ann(ye) = yr. This implies o = xr. So R = {0},
which is a contradiction. Therefore p #yp.
Theorem 4.5: Let p e [0, 1] ® with p(0) = 1. Then p c ann(ann(n)) and
ann(ann(ann(u))) = ann(u).
Proof: If u is a fuzzy subset of R module R then by lemma 3.8 we have, ann(u)u
= %o - Now by lemma 3.9, u < ann(ann(p)).
This implies ann(ann(ann(p))) < ann(p). Also ann(p) < ann(ann(ann(p))).
So ann(ann(ann(p))) = ann(u).
Theorem 4.6: If p, ye F(M), then ann(u+ y) = ann(u)N ann(y).
Proof: Let u, yeF(M), implies p + vy € FIM). p < u + vy and y < p + y imply
ann(p + v) < ann(u)Nann(y). Also
ann(p)Nann(y) = (U {o} | 61€FI(R), o1p < %0}) N (U {62 ] 52€FI(R), 627 < %0})
= U {o1No, | 61,6,€FI(R), 511 < 10,52y o}
cu{c lo=061Nos € FI(R), ou < 10,07 < Yo}
c U {olc e FIR), o(u +7) < xo}
= ann( +7)
Theorem 4.7: If u is a fuzzy ideal of a semi prime ring R then pu N ann(u) = o
and p + ann(p) is a fuzzy dense ideal of R.
Proof: Since p N ann(p) < p, pu N ann(p) < ann(p), so (p N ann(p))* < pann(p) <
¥o- Now R is a semi prime ring and it implies 0 is a semi prime ideal of R. So ¥,
is a fuzzy semi prime ideal of R. Also (u N ann(p))* < o implies p N ann(p) = xo.
Hence ann(p + ann(p)) = ann(p) N ann(ann(p)) = o proving thereby
p + ann(p) is a fuzzy dense ideal of R.
Theorem 4.8: Let u be a non zero fuzzy ideal of a prime ring R with u(0) = 1.
Then p is a fuzzy dense ideal of R.
Proof: pann(p) = o implies ann(p) = yo or u = yo. But p # %0, S0 ann() = .
In view of theorem 4.5 it follows that p is an annihilator ideal of R implies
ann(ann(p)) = p-
Theorem 4.9 : The annihilator ideals in a semi prime ring form a complete
Boolean algebra @ with intersection as infimum and ann as complementation.
Proof: Since M ann (u; )= ann( 2.1 ), so any intersection of annihilator ideals is
iel iel
a fuzzy annihilator ideal. Hence these ideals form a complete semi-lattice with
intersection as infimum. To show that they form a Boolean algebra it remains to
show that: u N ann(c) =y, if and only if u < o, for annihilator ideals p and ©.
If u € o, then u N ann(c) < o N ann(c) = Y.
Conversely, let u N ann(c) = y0. Now pann(c) < p N ann(c) = y,.
This implies © < ann(ann(c)) = ©.
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Theorem 4.10: Let M be a non zero R module. Suppose that there exists a fuzzy
ideal p maximal among the annihilators of non zero fuzzy sub modules of M.
Then p is a fuzzy prime ideal of R.
Proof: There is a fuzzy sub module ¢ (#%p) of M such that u = ann(c). Suppose
that oo and B and are fuzzy ideals of R properly containing p (i.e. p < o, p < B)
such that a3 < p. If Bo = yp, then B < ann(c) = pu, which is a contradiction to our
supposition. So o # ye. Now aff < p implies a(fo) € po = ann(c)o = xe. So o
c ann(Po). Hence p < ann(Po). This contradicts the maximality of p. So p is a
fuzzy prime ideal of R.

If ne F(M), p # e, satisfying one (hence both) of the conditions of
theorem 4.2 then p is called a fuzzy prime sub module of M..
Theorem 4.11: If p is a fuzzy prime sub module of M then ann(p) is a fuzzy
prime ideal of R.
Proof: Let p be a prime fuzzy sub module and a3 < ann(u) where [ is not
contained in ann(p). Then yp # Pp < p . Now aff < ann(u) implies (af)p <
ann(W)H = ye. So o < ann(Pp) = ann(p), as p is prime. Hence ann(p) is prime.
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