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Abstract

Let R be a commutative Noetherian ring. In this paper, we study the
minimal injective resolutions of modules with finite Gorenstein dimen-
sion. As a consequence, we obtain a new characterization for Cohen-
Macaulay and Gorenstein rings.
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1 Introduction

Let R be a Noetherian ring and M be an R-module. Using the minimal injec-
tive resolution of M , H. Bass defined the i-th invariant µi(p, M) for all prime
ideals p ∈ Spec(R), in [3]. In general, it is noted that most nice properties of
µi(p, M) depend on M being finitely generated. Here, we study the minimal
injective resolutions of modules of finite Gorenstein dimension. We are partic-
ularly interested in the vanishing property of the Bass numbers. For instance,
Theorem 3.2 shows that R is Cohen-Macaulay if and only if µi(p, N) = 0
implies that htp > i, for all finitely generated R-modules N in G(R) and all
prime ideals p and i ≥ 0.

Let R be a Gorenstein local ring, and F an R-module with finite flat dimen-
sion. Proposition 2.2, in [7], shows that F is flat if and only if every maximal
R-sequence is also an F -sequence. Let N be a finitely generated R-module.
Observation 1.4.3, Theorem 1.4.9 and Auslander-Bridger Formula (Theorems
1.4.8), in [4], show that N has Gorenstein dimension zero if and only if every
maximal R-sequence is also an M-sequence. Therefore, over a Gorenstein local
ring, finitely generated modules with finite flat dimension are flat if and only
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if they have Gorenstein dimension zero. Now this is an interesting question:
whether finite flat dimension and finite Gorenstein dimension are equal, for
finitely generated modules? We give an affirmative answer to this question in
Corollary 3.9, when R is a Gorenstein local ring.

2 Preliminaries

Throughout the present paper, R denotes a commutative Noetherian ring with
identity and by an R-module we always mean a finitely generated R-module.

The notion of Gorenstein dimension (G-dimension) of modules was intro-
duced by Auslander in [1], and the finer details were developed in his joint
paper with Bridger [2]. Let us recall some definitions.

Definition 2.1 Let M be an R-module.

(1) We say that M has G-dimension zero and we write G.dimRM = 0 or
M ∈ G(R) if it satisfies the following conditions:

i) The natural homomorphism M −→ HomR(HomR(M, R), R) is an
isomorphism.

ii) ExtiR(M, R) = 0 for all i > 0.

iii) ExtiR(HomR(M, R), R) = 0 for all i > 0.

(2) If n is a non-negative integer such that there is an exact sequence

0 −→ Gn −→ Gn−1 −→ · · · −→ G1 −→ G0 −→ M −→ 0

of R-modules with G.dimRGi = 0, for every i = 0, 1, · · · , n, then we say
that M has Gorenstein dimension at most n, and we write G.dimRM ≤
n. If there is no such integer n we say that M has infinite Gorenstein
dimension and we write G.dimRM = ∞.

(3) If M has Gorenstein dimension at most n but does not have Gorenstein
dimension at most n− 1, then we say that M has Gorenstein dimension
n, and we write G.dimRM = n.

Let M be a non-zero R-module. A sequence of elements a1, . . . , an of R
is said to be an M-sequence if (a1, . . . , ai−1)M :M ai = (a1, . . . , ai−1)M for all
i = 1, . . . , n and M �= (a1, . . . , an)M .

Let M be an R-module. We say that M satisfies Serre’s condition (Sn) if
depthR�

M� ≥ min{dimR�
M�, n}, for all p ∈ SuppR(M).

For every R-module X, fdimRX stands for the flat dimension of X, pdimRX
stands for the projective dimension of X, and htp means the height of p for all
p ∈ Spec(R). We use N0 to denote the set of non-negative integers. All other
notations are standard.
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3 The main results

Recall that R is a commutative Noetherian ring. We begin this section with
an interesting result.

Theorem 3.1 Let n ∈ N0. Then the following statements are equivalent:

(i) R satisfies (Sn);

(ii) if µi(p, M) �= 0, then min{htp, n} ≤ i, for all modules M with G.dimM =
0 and for all p in Spec(R).

Proof. (i)⇒(ii) Let M be an R-module, p a prime ideal of R and µi(p, M) �= 0.
Then µi(pR�, M�) �= 0 and so depthR�

M� ≤ i. Lemma 1.3.1, in [4], shows that
G.dimR�

M� = 0. Hence, depthR�
M� = depthR�

R� by [4, Theorem 1.4.8]. Thus

min{htp, n} = min{htpR�, n} ≤ depthR�
R� = depthR�

M� ≤ i.

(ii)⇒(i) If p is a prime ideal of R, then depthR�
R� = inf{i ≥ 0 : µi(p, R) �=

0}. Now, let depthR�
R� = t. Thus µt(p, R) �= 0 and by the hypothesis

min{htp, n} ≤ t. Hence depthR� = t ≥ min{htp, n} and R satisfies (Sn).�
The next theorem provides a characterization of Cohen-Macaulay rings.

Theorem 3.2 The following statements are equivalent:

(i) R is Cohen-Macaulay;

(ii) if µi(p, M) �= 0, then htp ≤ i, for all modules M with G.dimM = 0 and
for all p in Spec(R).

Proof. The proof is similar to that of 3.1.�

Theorem 3.3 Let R be a Cohen-Macaulay ring and M an R-module. Then
the following statements are equivalent:

(i) G.dimM = 0;

(ii) M has finite Gorenstein dimension and if µi(p, M) �= 0, then htp ≤ i for
all p in Spec(R).

Proof. It is enough to prove that (ii)⇒(i). Let M be an R-module with
finite Gorenstein dimension and let p a prime ideal of R. Now, R� is a Cohen-
Macaulay ring and by hypothesis if µi(qR�, (M�)�R�

) = µi(q, M) �= 0, then
htqR� = htq ≤ i, for all prime ideals q of R with q ⊆ p. Thus, by Theorem
2 in [5], every R�-sequence is also an M�-sequence. Moreover, by Proposition
1.3.2 in [4], M� is an R� module with finite Gorenstein dimension. Hence,
Theorem 1.4.8 in [4] shows that G.dimR�

M� = 0 and so G.dimM = 0 by [4,
Lemma 1.3.1].�

As a generalization of 3.3, we have the following theorem.
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Theorem 3.4 Let R be a Cohen-Macaulay ring and M an R-module. Then
the following statements are equivalent:

(i) G.dimRM = s < ∞;

(ii) M admits a minimal injective resolution as

0 → M → E0 → E1 → · · · → Ei → Ei+1 → · · ·
such that E(R/p) ⊂ Ei only if htp ≤ i+ s for i ≥ 0 and s is the smallest
among such integers. In other words, µi(p, M) �= 0 only if htp ≤ i + s.

Proof. (ii)⇒(i)We use induction on s: if s = 0, then by 3.3 the result is clear.
So assume inductively n ≥ 0 and the result has been proved for all choices
of M satisfying the hypotheses when s = n; let M be an R-module and let
µi(p, M) �= 0 only if htp ≤ i + n + 1. We have to show that G.dimM = n + 1.
Consider the exact sequence

0 −→ N −→ G −→ M −→ 0 (1)

of R-modules with G.dimG = 0 and let µi(p, N) �= 0. Then Exti
R�

(k(p), N�) �=
0. Now, the following exact sequence

· · · −→ Exti−1
R�

(k(p), M�) −→ Exti
R�

(k(p), N�) −→ Exti
R�

(k(p), G�) −→ · · ·
(2)

shows that either µi−1(p, M) �= 0 or µi(p, G) �= 0 which implies that htp ≤
i − 1 + n + 1 or htp ≤ i by hypothesis and 3.3. However, htp ≤ i + n. Thus
N admits a minimal injective resolution such as M . Hence, by the inductive
hypothesis G.dimN = n and so G.dimM = n + 1.

(i)⇒(ii) We use induction on s the Gorenstein dimension of M : if s = 0,
then by 3.3 the result is clear. So assume inductively n ≥ 0 and the result has
been proved for all modules with Gorenstein dimension less than or equal to
s = n and suppose that G.dimRM = n + 1. The exact sequence (1) implies
that G.dimN = n. Hence, by the inductive hypothesis, N and G have desired
minimal injective resolutions. Such that µi(p, G) �= 0 only if htp ≤ i, and
µi(p, N) �= 0 only if htp ≤ i + n. Let µi(p, M) �= 0. Then Exti

R�
(k(p), M�) �= 0

and the exact sequence (2) shows that either µi(p, G) �= 0 or µi+1(p, N) �= 0
which implies that htp ≤ i or htp ≤ i + 1 + n. However, htp ≤ i + n + 1.
This completes the inductive step and the theorem follows by induction. By
the first part of the proof, we also can assert that s is the smallest among such
integers. Otherwise, we deduce that G.dimM < n + 1.�

The next theorem provides a characterization of Gorenstein rings.

Theorem 3.5 The following statements are equivalent.

(i) R is Gorenstein;
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(ii) if µi(p, M) �= 0, then htp = i, for all modules M with Gorenstein dimen-
sion zero and finite flat dimension.

Proof. (i)⇒(ii) Let M be an R-module such that G.dimM = 0 and fdimM <
∞. Then G.dimR�

M� = 0 and therefore every R�-sequence is also an M�-
sequence by [4, Observation 1.4.3]. By assumption R is Gorenstein, so R� is a
Gorenstein local ring and fdimR�

M� < ∞. Hence Proposition 2.2, in [7], shows
that M� is a flat R�-module and consequently M is a flat R-module. Now the
result follows by Theorem 2.1 in [7].

(ii)⇒(i) Is similar to the proof of (2) ⇒(1) in [7, Theorem 2.1].�
Corollary 3.6 Let R be a Gorenstein ring, M an R-module with G.dimM =
0. Then M is projective if and only if it has finite flat dimension.

Proof. In view of 3.5, M is a flat R -module. Hence, M is projective by [6,
Theorem 3.58].�
Corollary 3.7 Let R be a Gorenstein local ring, and M an R-module with
G.dimM = 0. Then M is free if and only if it has finite flat dimension.

Proof. The result follows by 3.6 and [6, Theorem 4.44].�
As a generalization of 3.5, we have the following theorem.

Theorem 3.8 Let R be a Gorenstein ring, and M an R-module. Then the
following statements are equivalent:

(i) G.dimRM = s < ∞ and fdimRM < ∞;

(ii) M admits a minimal injective resolution as

0 → M → E0 → E1 → · · · → Ei → Ei+1 → · · ·
such that E(R/p) ⊂ Ei only if i ≤ htp ≤ i + s for i ≥ 0 and s is
the smallest among such integers. In other words, µi(p, M) �= 0 only if
i ≤ htp ≤ i + s.

Proof. (i)⇒(ii) It is enough to show that, if µi(p, M) �= 0, then i ≤ htp. We
use induction on s the Gorenstein dimension of M : if s = 0, then M ∈ G(R)
and the result is clear by 3.5. So assume inductively n ≥ 0 and the result has
been proved for all modules with Gorenstein dimension less than or equal to
s = n and suppose that G.dimRM = n + 1. The exact sequence (1), with
free R-module G, shows that G.dimRN = n and N has finite flat dimension.
Hence, by the inductive hypothesis N and G have desired minimal injective
resolutions. Let µi(p, M) �= 0. Then Exti

R�
(k(p), M�) �= 0 and the exact

sequence (2) shows that either µi(p, G) �= 0 or µi+1(p, N) �= 0 which implies
that htp = i or i + 1 ≤ htp. However i ≤ htp. This completes the inductive
step and the theorem follows by induction.
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(ii)⇒(i) Theorem 3.4 shows that G.dimRM = s < ∞, also Theorem 2.2,
in [7], shows that fdimRM = s < ∞.�

The following result shows that, over a Gorenstein ring, finite flat dimension
and finite Gorenstein dimension are equal, for all modules .

Corollary 3.9 Let R be a Gorenstein ring, and M an R-module with finite
flat dimension and finite Gorenstein dimension. Then G.dimRM = fdimRM .

Proof. It is obvious by 3.8.�

Corollary 3.10 Let R be a Gorenstein local ring, and M an R-module with
finite flat dimension. Then

fdimRM = depthR − depthRM.

Proof. By [4, Theorem 1.4.9] we have G.dimRM < ∞. Then the result follows
by 3.9 and [4, Theorem 1.4.8].�

The following result shows that, over a Gorenstein local ring, finite flat
dimension and finite projective dimension are equal, for all modules.

Corollary 3.11 Let R be a Gorenstein local ring, and M an R-module with
finite projective dimension. Then pdimRM = fdimRM .

Proof. The result follows by 3.10 and Auslander-Buchsbaum Formula.�
Corollary 3.12 Let R be a regular local ring, and M an R-module. Then
pdimRM = fdimRM .

Proof. The result follows by 3.11 and Regularity Theorem in [4].�
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