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Abstract. In this paper we continue the study of Artin Schelter regular
categories, initiated by the authors in [7], [8], having in mind applications
to the representation theory of finite dimensional algebras. We will prove
the existence of Serre duality for these categories along the lines of [5]. As
an application we will get that for a finite dimensional algebra the quotient
category of the category of functors of a stable Auslander-Reiten component
module the category of functors of finite length will be a category with Serre
duality and homological dimension one.

In [5] it was implicitly assumed that all graded simple have the same projec-
tive dimension n and that there exists a fixed integer m such that for all graded
simple generated in degree zero the n-transpose defined in [7] is generated in
degree m. We will see here that this condition is not needed.
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In this paper we continue the study of Artin Schelter regular categories,
initiated by the authors in [7, 8], having in mind applications to the repre-
sentation theory of finite dimensional algebras. We will prove the existence of
Serre duality for these categories along the lines of [5]. As an application we
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will get that for a finite dimensional algebra the category of functors of a sta-
ble Auslander-Reiten component module the functors of finite length satisfies
Serre duality. In the case this category is of type A, , AY or D, we get a
noetherian category with Serre duality and homological dimension one.

The paper will be divided in three sections, in the first one we recall basic
definitions and we prove some homological properties of Artin-Schelter regular
categories which will led us to a categorical version of the local cohomology
theorem of commutative algebra. The second section will be dedicated to
prove a corresponding version of Serre duality. In the last section we give the

application to finite dimensional algebras.

1. A LOCAL COHOMOLOGY THEOREM FOR ARTIN-SCHELTER REGULAR
CATEGORIES

In this paper we will use freely the notions developed in [6, 7, 8]. We recall
the definition of a graded category.

Definition 1.1. Let K be a field, C an additive K -category, we say C is
graded if for each pair of objects, C' and D we have a decomposition

HOch(C, D) = @iGZ Homc(C', D)z
as Z- graded K -vector spaces, and if f € Hom¢(C, C"); and g € Home(C', D),
then gf € Home(C, D);4,. In particular the identity maps are in degree zero.

Example 1.2. Let A = ®;>0A; be a positively graded K-algebra. For a
graded module M, denote by M|i] the shifted module defined by M[i]; = M;4;.
Denote by Gr(A)g the category of graded modules and degree zero maps, and
by Gr(A) the category of graded modules and maps given by

Homg,a) (M, N) = ®icz Homeyay, (M, N[i]).
Then Gr(A) is a graded category.

Example 1.3. Let C be an additive K-category and denote by rad the radical
of C which we know is given by

rad(C, D) = {f € Hom¢(C, D) | gf € rad End¢(C) for all g € Home(D, C)}
= {f € Hom¢(C, D) | fh € rad End¢(D) for all h € Home(D, C)}
Hence, rad C = rad C°. Define inductively rad™ = rad - rad" .

Then the associated category A, (C) has the same objects as C and maps
given by

Hom 4, (¢)(C, D) = @;5grad’(C, D)/ rad™ (C, D).

Example 1.4. Let C be an abelian K-category. The Yoneda or Ext category
E(C) has the same objects as C and maps given by

Hompc)(4, B) = ®r>0 Exté(A, B).
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By K we will denote a fixed base field and by C a positively graded Krull-
Schmidt K-category, generated in degrees zero and one, that is, the Jacobson
radical rad(—, —) satisfies rad(—, —) = @®;~0 Home(—, —);. We assume further
C is locally finite, this means that for each ¢ and each pair of objects X and
Y we have dimy Home(X,Y); < oo.

Denote by Gr(C) the category of contravariant graded functors F': C? —
GrK, from C to the category of graded K-vector spaces. We saw in [6] that un-
der these conditions there exists a contravariant functor D: Gr(C) — Gr(C°P)
given by

D(F)i(X) = Homg (F(X);, K)

and there exists a natural monomorphism 7n: F — D?(F). Moreover, if we
denote by 1fGr(C), IfGr(C°P) the full subcategories of locally finite functors of
Gr(C) and Gr(C°P), respectively, then D: IfGr(C) — 1fGr(C°P) is a duality and
D sends finitely generated functors, to finitely cogenerated functors. projective
to injective, simple functors to simple, and it preserve functors of finite length.

We denote by Home (Y, X); the vector space consisting of all maps in degree
i and by Home (Y, X) = @®;ez Home (Y, Z);, the graded vector space of all maps
in all degrees, sometimes we will write (—, X) instead of Hom¢(—, X). In a
similar way, Ext]é(Y, X); is the vector space consisting of all k-extensions in
degree i and Extl(Y, X) = @z ExtE(Y, Z); is the graded vector space of all
k-extensions in all degrees.

Definition 1.5. Throughout this paper an Artin-Schelter reqular category
will be a graded K-category satisfying the above conditions and in addition

i) There is a positive integer n such that all simple functors S have projective
dimension n.
ii) For each simple functor S and each object X in C and Ext} (S, (—, X)) = 0
for0<i<n-—1.
iii) There is a bijection between the simple functors in Gr(C) and the simple
functors in Gr(C°P) given by S — Ext; (S, (—, —)).

For the applications we have in mind, we are mostly interesting in C being
the associated graded category of a stable component of the Auslander-Reiten
quiver of a finite dimensional algebra.

Theorem 1.6. Let C be an Artin-Schelter reqular K -category, M a C-functor
of finite length. By P and Peor we will denote the categories of projective
C-functors, (C°P), respectively. Then there ezists a functor o’: Pe — Peor and
a natural isomorphism: Extg (M, (—, X)) ~ Home(M, D(o'(—, X))) for all
(—, X) m 'Pc.

Proof. The proof will be divided in several steps.
Step 1: Assume X is indecomposable. We have in Gr(C) a minimal injective
coresolution of (—, X):

0O—-(—X)—=Iy—-6L— .1, 1 —1,—0
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Let Sc be a simple corresponding to an indecomposable object C' € C. By
hypothesis, Exty (S, (—, X)) =0 for 0 <i¢ <n—1. Then
Home (S, (—, X)) = Home(Se, Ip) =0,
hence,
Home(Se, 07 (—, X)) = Exti (S, (—, X)) = 0.

By induction, Hom¢ (Sg, Q7(—, X)) =0for 0 <i<n—1.

By the long homology sequence, the exact sequence

0— Q- X)—=1I,_1—1I,—0

induces an exact sequence.

0 — Home(Se, Q7" (—, X)) — Home(Se, 1) —
Hom¢(Sc, I,) — Extg(Se, (—, X)) — 0
and
Home(Se, Q7" (—, X)) = Home(Se, In-1) = 0.

It follows that Home(Se, I,) = Exté(Se, (—, X)) ~ o(Sc)(X)[mx], where
o is the bijection on the simple functors and [mx] is a shift of the simple
functor o(Sc) depending on X. The bijection S¢ — ¢(Sc) induces a bijection
o: ind¢ — indeer given by o(S¢) = S ()

0, if X #oC

Let o be the i fo. Th have: Home (S, I,,) =
et o be € 1mverse o1 o €1l we nhave OmC( c, ) {K’ if X =oC

It follows that Home(Se, I,) = Sy x(C)[mx].
Extend the definition of ¢’ to projective objects by letting
0'(=X) = (o' X—)[-mx].

Therefore I,, = D(0’X, —)[mx| @ I/, where I, has zero socle.

It follows Ext¢(Sc, (—, X)) ~ Home(Sc, D(o’(—, X))).

Once we know the structure of I, it follows, by induction, that for all functors
of finite length M,

Exty (M, (—, X)) ~ Home(M, D(o'(—, X))).

This completes the first step.

Step 2: We will prove that the map on projective objects o’ extends to a
functor o’: Pe — Peo.

Let f: X — Y be amap in degree k. We have a commutative exact diagram:
%)

O_>(_7X)—>IO—>II_>"'_> n—1—>D(OJ(_’X))@I7/1_>O

o oo e

0= (= Y)[k] = Jol[k] = Ji[k] = - = Jua[k] = D(o'(=,Y)) & J,[k] =0
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Since J/, has no socle, f, = Q7"(—, f) has triangular form: f, = (qé;)

The map v does not depend on the lifting. Let fl,fi, f5, ... ,f}, = (%/ Z:) be

another lifting of (—, f). Then fo—f5, fi—f1, fa—f5, ..., fu—f) are homotopic

to zero and (w_ow ';:;:) factors through J,_1[k]. Since J,_1[k] has no socle, it
follows ¢ —1)" = 0. By duality, there exists a map ¢: o'(—,Y)[—k] — o'(—, X)
such that D(p) = . It is clear that the assignment f — ¢ is functorial.

This induces a functor o’: Pe — Peop as follows.

On objects 0/(—=X) = (0’X—)[—mx]| and given a map (—, f): (-X) —
(—,Y)[k], that is, f: X — Y a map in degree k, and o'(—f) =
p: o'(=Y)[—k] — o(—=X). By Yoneda’s Lemma, there exists a map
d(f): o'(X) — o'(Y) in degree my — mx + k, such that (o' f, —) = ¢.

Before continuing with the proof we need the following definition.

Definition 1.7. Let C be a small graded K-category and 7: objC — Z,
7(X) = mx a function from the objects of C to the integers, we call 7 the

twist and a category with twist (C,7) to the category with the same objects
as C and maps Hom - (X,Y) = Home(X,Y)[my —mx].

Step 3: We have induced a graded functor ¢’: indC — (indC,7),indC
the full subcategory of C consisting of indecomposable objects. We prove
next that with this functor the isomorphisms given in Step 1, become natural
equivalences.

Let x € Ext;(M, (—, X)) be a n-fold extension. We have an induced map
of exact sequences: *x)

0= (—-X)—=Ey—FE — - —E,_,4 M 0

D | g

O_>(_7X)_>IO_>[1—>—> n_1—>D(0'/X7—>@_[/[mX]—>O

n

where n: M — D(0o’X, —)[mx] is a natural transformation.

Let f: X — Y be a map. As above we have the exact commutative diagram
%). But we can also take the big pushout to obtain an exact commutative
diagram: A)

JJ:O—>(—,X) Eo E1 En—l M 0

oo | |

y: 0 —(—-,Y) Ly Ly L, M 0
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y induces an exact commutative diagram: AA)

00—

(= Y)k] —Lo—=Li—-+—= Ly M
| ] | ©
(=, Y)[k] = Jolk] = Ji[k] = - -+ = Jp_1|k] = D(0'Y, =) & J,[my + k] =0

o2

00—

composing the diagrams x) and *x) we obtain the following commutative exact
diagram.

0—(—X)—E —FE ——FE,_; M 0

l(—,f) l l l i(D(Cf(;f)n)

0= (=, Y)[k] = Jolk] = Ji[k] = -+ = Ju_1[k] = D("Y, =) & J.[my + k] =0

Composing the diagrams A) and AA) we obtain the following diagram.

O_>(—aX)—>E0—>E1—>"'—> n—1

o L e

0= (=, Y)[k] = Jolk] = Ji[k] = -+ = Ju_1[k] = D("Y, =) & J.[my + k] =0

o2

By the uniqueness of the lifting we obtain: v = D(o’ f)n. We have proved the
following diagram commutes.

Extg (M, (—, X)) === Hom¢(M, D(d'(—, X)))
lExtg(M,(,f)) lHomc(MD(o/(—,f)))
Ext¢(M, (=, Y))[k] == Home (M, D(o’(—,Y))[k]

Let B: N — M be a natural transformation between functors of finite length.
Taking the big pull back Gz of x by 3 we obtain a diagram that we can glue
with %) as follows.

ﬁxO—>(—,X)—>FO—>F1—>—> n—1 N 0
] | ﬂ
20— (—X)=E—FE — - —FE,_, M 0

NN

0—(=X)—=lh—hL——1I1—D(X, ~
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The composition of diagrams has in the last column the map (’706 ) We obtain
the following commutative diagram.

EXtZ(Ma (_> X)) - HomC(Ma D(O',(_a X)))
lEth(ﬁv(_vX)) lHomc(ﬁyD(U’(:X)))
Ext; (N, (—, X)) == Hom¢(N, D(o'(—, X))

Proving the naturality of the isomorphism in Step 1. In a similar way we
consider covariant functors of finite length N: C — GrK and obtain a natural
equivalence

Extl, (N, (=, X)) = Homeer (N, D(o(—, X)).

Now we prove the following.

Proposition 1.8. For any functor of finite length M there exists a natural
equivalence pyr: M — Mo'o.

Proof. Since for every simple functor S. the functor Ext;(S,, (—, —)) is simple,
for any functor of finite length M, the functor Ext;(M, (—,—)) is of finite
length. It follows for any functor of finite length M,

EXtéOP(EXtZ(Mv (= =) (=) =0

for 0 <i <n—1and Extge, (Exts (M, (—, =), (—,—))) ~ M.
The functor o: Peow — Pc is an equivalence. The isomorphism

Extg(Se, (—, X)) ~ Syo[mx](X) induces an isomorphism.

EXtZOP(Eth(SCa (_> _))7 (_> _)) = Ethop(SU’C[mX]a (_? _))
~ Sag/c[mx][mlx] ~ SC

It follows that the twist 7': objC — 7Z corresponding to o is —7, where
7: objC — Z is the twist corresponding to o’.

We have functors ¢’: indC — (indC,7) and ¢: indC — (indC,7’), com-
posing them we obtain a functor oo’: indC — ind C and we like to prove that
it is isomorphic to the identity.

For every functor M of finite length we have natural equivalences.

M ~ Homeop (Home (M, D(c'(—, %)), D(a(—, —)).
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Evaluating in an indecomposable object X gives
M (X)) ~ Homeor (Home (M, D(o'(—, %)), D
~ Homeop (Home (M, D(0'(—, %)), D
~ Home((0 X, —), D Home (M, D(o’ :
~ DHome(M, D((—,0'0X))[-mx])[—mx]
~ DHome(M, D((—,0'0X)))[mx][—mx]
~ DHom¢(M, D((—, 0’0 X))
~ D Homcer (((—, 0’0 X)), D(M))
~ D*(M)(c'0X) ~ M(c'cX)
Therefore we obtain that M ~ Mo'c. We have proved that for any functor of
finite length M there is a natural equivalence py;: M — Mo'o.

In a similar way, for any functor of finite length N: C — GrK, there is a
natural equivalence ply: N — Noo'. O

The above proposition can be strengthen as follows.

Proposition 1.9. The family of maps p = {pm} give a natural isomorphism
p: 1 — oo in the category of functors of finite length.

Proof. et 0 - P, - P,y — -+ — P — P —- M —0and 0 — @, —
Qn1— - — Q1 — Qo — N — 0 be a minimal graded projective resolutions
of the modules of finite length M and N, respectively and nn: M — N a natural
transformation. It induces the following commutative exact diagram.

0—>Pn—>Pn,1 Pl po M 0
lnn lnn—l lm lno lﬂ
0——Qn—=Qn1 1 Qo N 0

Each P; is of the form, P; = Hom¢(—, C;). We denote by P’ to the projective
Hom(Home(—, C;), Home(—, C—)) ~ Home(C;, —). After dualizing we obtain
the following commutative exact diagram.

0 QS QT Qn—1—>Qn—>Eth(N7(_’_))—>O
it [ PR M
0 Pf)k Pl>|< P;—1—>P;—>EXtZ(M7(_7_))—>O

Dualizing again we obtain the following commutative exact diagram.

O_>Pn_>Pn—1_>"'_>P1_>POQEthop(EXtZ(M7(_’_))7(_’_))_>0

lnn lnn—l lm lno lExt"(Ext”(n7(7)),(v))

0— Qn - anl = Ql - QO QEXtZOD(Eth(Na (_7 _))7 (_7 _)) —0
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Hence we have isomorphisms # making the diagram below commute.

0 n n
M — EXtCOP (EXtC(Ma (_> _))7 (_> _))
n lEthOP (Extg (n,(—,—)),(——))
0 n n
N— EXtCOP(EXtC(N7 (_’ _))7 (_’ _))
But the isomorphisms Extgo, (Extg (M, (—, —)),(—,—)) ~ Mo'c are natural.

Therefore we obtain that p: 1 — ¢’c is a natural isomorphism in the category
of functors of finite length. O

Remark 1.10. Similarly, p’': 1 — o0’ is a natural isomorphism in the cate-
gory of functors of finite length.

We use the fact that graded categories are complete, as claimed in the fol-
lowing result. The proof is a natural extension of the one given in [5], and we
leave it to the reader.

Lemma 1.11. Let C be a positively graded K -category and M a bounded below
functor. Then there is a natural isomorphism: lim M /My =~ M.

Corollary 1.12. Let C be an Artin-Schelter reqular category. Then the iso-
morphism p: 1 — o’o given in previous proposition extends to an isomorphism
in the category of locally finite bounded below functors.

Proof. The isomorphisms 6;: M/Ms; — M/M->;0'c obtained in the proposi-
tion are natural, by the above lemma, they induce isomorphisms in the inverse
limits: 6: M — Mo'o. U

Proposition 1.13. The functors
o: indC — (indC, ")
and
o': indC — (indC, 1),
mduce inverse equivalences
indC = (indC, 7’) 2 indC
and
indC - (indC,7) ZindC.

Proof. By the above corollary, for any indecomposable module X we have a
natural isomorphism: 0: (—, X) — (—X)o’c, where 6 is a degree zero map.

Then 0x: (X, X) — (00’X, X) sends 1x to amap Ox(1x): 0'c X — X, but
since we are assuming rad(—, —) = @;>; Home¢(—, —); and o0’ X is indecom-
posable, it follows Ox(1x) = u is an isomorphism.
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Let f: X — Y be a degree ¢ map. We have the following commutative
diagram.
(X, X) (00’ X, X)
l(f X) l(w’ﬁX)
(X,)Y) ——= (00'Y, X)
Then Oy (f) = uo’'o(f), hence o'c(f) = 0 implies Oy (f) = 0, and Oy an
isomorphism implies f = 0. We have proved ¢’c is faithful.
Let g: 0'0Y — o’0X be a map. Taking the composition ug and using the

fact 6y is onto, we find a map f: Y — X with 0y (f) = ug = uo’o(f). But u
an isomorphism implies g = o’c(f). We have proved ¢’c is an equivalence. [

We need the following.

Lemma 1.14. Let C be any category and M a functor of projective dimension
n, and assume M has a minimal projective resolution consisting of finitely
generated projective functors. Then there is a natural isomorphism

Extg(M, L) ~ Extg(M, (—,—)) ®c L.
Proof. By dimension shift, Extg, (M, L) ~ Ext}(Q"'M, L). Let
0—-P,—-P,_1 Q"M -0

be a minimal projective presentation of Q"M . The long homology sequence
induces the exact sequence

0 — Home(Q" ' M, L) — Home(P,_1, L) — Home(P,, L) — Ext(M, L) — 0

But P, 1 = Hom¢(—,C,,_1) and P, = Hom¢(—,C,,). Then we have natural
isomorphisms

Home(P,—1, L) Home (P, L)

Hom¢(Cy—1, —) ®¢ L — Home(C),, —) ¢ L

We get an isomorphism of exact sequences:

Home (P, 1, L) — Home(P,, L) Extg (M, L) 0
Py ®c L P ®c L Extg (M ) ®c L——0
and the claim follows. O

We can prove our first important theorem
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Theorem 1.15 (Local Cohomology). Let C be an Artin Schelter reqular cat-
egory of global dimension n. Then for any locally bounded below functor
M: GrC® — GrK and any graded functor L: GrC°® — GrK there exists
natural isomorphisms

Hom (lim Extg ™ (M /My, L), K) ~ Extg (L, Mo)[7].

For 0 <i<mn, o indC® — (indC°P, 7) is the isomorphism induced by o' in
the opposite category and T 1s the twist.

Proof. By Lemma 1.14, there are isomorphisms:

Exte(M/Msy, L) ~ Exte (M /Mg, (—, —)) Qg) L

and

Ext3(M/Msy, (—, X)) ~ Home(M/Msy, D(d'(—, X))
~ Homeon ((0'(—, X), D(M/M>}))
~ Homeen (((—, 0’ X)[—mx], D(M/M>y))
~ D(M/[M>k(0’'X))[mx]

Therefore we have that Exts(M/Msy, L) ~ D(M/Msyo') ®c¢ L[], with 7’ the
twist. Then we have an isomorphism

hi)nkEth(M/MZk, L) ~ ll_H)lkD(M/MZkO'/) K L[T’].

From this isomorphism it follows there exists a chain of isomorphisms

Hom (lim  Extg ™" (M/Msy, L), K) ~ Home

(L[7] lim
~ Home (L[], lim ,D*(M/M>0"))
~ Home (L[7'], lim (M /M>ro"))
~ Hom¢(L[7'], Mc"))
~ Home(L, Mo'[7])

We have proved the claim for n = 0.
Assume the result is true for 0 < ¢ < n. Then

Homp (lim Extg ™ (M /My, L), K) ~ Extg (L, Mo)[7].

Let 0 - QL — P — L — 0 be exact with P, a not necessary, finitely
generated projective. By the long homology sequence we have the following
exact sequence

Ext}™ "' (M/Msy, P) — Ext} """ (M/Msy, L) —
Exty ™M/ Msy, QL) — Ext? ™ (M/Msy, P)
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But Ext}™"'(M/Msy, P) = 0, since M/Msy, is of finite length. Taking limits
and dualizing we obtain the following exact sequence

D(lim j, Extg ™" (M /My, P)) — D(lim , Extg ™' (M/Mzx, QL)) —
D(lim , Extg ™" (M /My, L)) — 0.
For each i > 0, we have the following exact sequence
Ext, (P, Mo')[7r] — Extl(QL, Mo')[r] — Exti™ (L, Mo')[r] — 0

By induction hypothesis we have natural isomorphisms

D(lim Ext} ™" (M /My, P)) ~ Extg(P, Mo)[7]
and

D(lim Extg ™" (M /My, QL)) ~ Ext¢(QL, Mo')[7].

It follows we have natural isomorphisms

D(lim Ext{ ™ (M /M>y, L)) ~ Exty (L, Mo')|7]
as claimed. O

The next section is dedicated to prove a version of Serre duality for Artin-
Schelter regular categories.

2. QUOTIENT CATEGORIES

By C we denote a positively graded locally finite Krull Schmidt K-category
with radical r(—, —) = @®;>; Home(—, —);.

As we remarked before, Gr(C) is abelian with enough projective and injec-
tive objects. We denote by FinC the full subcategory of Gr(C) consisting of all
functors with finite minimal projective resolutions consisting of finitely gen-
erated projectives. We assume further that the simple functors are in FinC.
Observe that these conditions are satisfied, both in the Artin-Schelter regular
and in the Koszul cases.

By Tors we denote the full subcategory of Gr(C) of all torsion functors, that
is, functors F' with ¢(F') = F and t(F) = > ;.. L, where £L = {L C F |
L of finite length}.

We proved in [7], that ¢ is an idempotent radical and it is easy to see Tors
forms a Serre category, this means: given an exact sequence of functors 0 —
L — M — N — 0, the functor M € Tors if and only if L and N are in Tors.

We consider the quotient category: QGr(C) = Gr(C)/ Tors. The category
has the same objects as Gr(C) and maps

HomQGr(c) (F, G) = h_r)n (F',G"eL HOch(F/, G/G/)

where £ = {(L,M) | L C F,M C G and F/L, M torsion}.
Let m: Gr(C) — QGr(C) be the canonical projection. Then it is known (see
3, 9]) that QGr(C) is abelian with enough injectives and 7 is exact. In fact,
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if I is a torsion free injective, then m(7I) is injective. The Ext-functors are the
derived functors of Homqg.(c)(F, —)-
The set L' = {(F1,t(G) | F/F’ is torsion} is cofinal in £, then

HomQGr(c) (F, G) = ll_H)l (F/,t(G))e[l’ HOIHC(F,, G/t(G))
Lemma 2.1. Let Gr(C) be a Krull Schmidt category and assume all simple
objects are in FinC. Then for any finitely generated functor M in FinC and
any k, M>y, is also in FinC.
Proof. We have the following exact commutative diagram.

0 0

! !

0 —= Q(M) —= Q(M/Ms},) —= Msj —= 0

}

—r

}

!
P
!
0 My, ]\f M/Ms, ——0
0

J

0

The module M5y, is finitely generated, by the Horseshoe Lemma, we have the
following exact sequence

0— QM — Q*(M/Msp) ® Q — Q(Msy,) — 0,
with @ a finitely generated projective, hence, Q(Msy) is finitely generated.

It follows by induction, M>j has a projective resolution consisting of finitely
generated projective. O

Lemma 2.2. Assume C satisfies the conditions above. Let M € Gr(C) be a
torsion functor and assume N is in FinC. Then lim, Home(N>,, M) = 0.
Proof. Changing M|k] for M, it will be enough to prove

lim Homg;,(¢)(N>p, M) = 0.
By Lemma 2.1, any truncation N> isin FinC, on the other hand, M = li

with M, a functor of finite length. —)
Then

M,

Homg,(c)(N>n, hi>n]\/[a) = lim Home,(¢) (Non, Ma).

—

Therefore we have that

li_H}n HomGr(C) (NZna M) = hi)ﬂ n HomGr(C) (NZny li_H)laMa)

e

im o lim ,, Homey ey (N>n, Ma) =0

—

This completes the proof. O

lim ,, lim o, Homee) (Nsn, M)

—_—
—_
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Proposition 2.3. Let C be a locally finite positively graded Krull-Schmidt cat-
egory with radical r(—.—) = ® Home(—.—);. If N is finitely generated and M
i>1

an arbitrary functor, then
Homqar(e) (7N, wM) = lim Homar(c) (Non, M/t(M))).

Furthermore, if we assume all graded simple are in FinC, then we have natural
1somorphisms
limy Eixths (N, M) = ling Extb(No., M /(M)

for allt > 0.

Proof. Let N’ be a subfunctor of N such that N/N’ is torsion. Since N is
finitely generated, N/N’ is actually of finite length and (N/N’)>, = 0 for large
enough k. This implies N>, C N’ for large enough k. We have proved that
the set {(N>g, t(M))} is cofinal in £’ . Therefore we have that

HomQGr(c) (7TN, 7TM) = hi)nHomGr(c)(sz M/t(M)))

We proved in Lemma 2.1, that for any £, the functor N> is in FinC. For
each k we have an exact sequence of finitely generated objects

x) 00— QY(Nsp) — t(f)l — ...Pl(k) — ék) — N> — 0.

For any p® and j < k, we have (Ps(k))j = 0. Hence, for j < k we have
(Q(Nsk)); = 0. The inclusion map N>y — Nsg_; it induces maps of projec-
tive functors P¥ — P¥™ and maps Q*(N>g) — Q°(N>g_1). The short exact
sequence

0= Q(Nai) = PE = Q7 (Nap) = 0
induces the following exact sequence of direct systems
0 — Home (21 (Nsy), t(M)) — Home(PF), ¢(M)) —
Home (Q(Nsy), t(M)) — Extl(Nsg, t(M)) — 0
Since direct limit of directed system is exact, we obtain the epimorphism
lim , Home (Q"(Nxx ), t(M)) — lim  Exte(Nsg, t(M)) — 0.
By an argument similar to the one used in Lemma 2.2,
lim 4 Home (QF(Nsy), t(M)) = 0.
It follows that lim , Extg(Nsg, t(M)) = 0. Therefore we have that
lim 4 Exty(Nsg, M) = lim Extl(Nsg, M/t(M)).
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Proposition 2.4. Let C be a positively graded Krull Schmidt locally finite K -
category with radical r(—, —) = ®;>1 Homegye)(—, —)i. Assume that all graded
simple are in FinC. Then given functors M, N in FinC, we have an iso-

morphism ©M =~ wN if and only if there exists some integer n such that
Ms,, >~ Nx,,.

Proof. Since 1M ~ wM>,, and 7N ~ N>, then it is clear that M, ~ N>,
implies 7TM ~ 7N.

Assume mM =~ wN. Then it is clear that there is a map f: N>y — M
such that 7(f) is an isomorphism. It follows that Ker f and Coker f are tor-
sion, M/Im f of finite length implies that for some integer ¢ the restriction
f: N>y — M, is an epimorphism. Since N>, and M, are in FinC they are
in particular finitely presented and it follows Ker f is of finite length. Then
there exists some n such that f: N>, — M5, is an isomorphism. O

Proposition 2.5. Let C be a positively graded Krull-Schmidt locally finite K -
category with radical r(—, —) = ®;>1 Homeycy(—, —)i. Assume all graded sim-
ple are in FinC. If L is a functor in FinC then for any functor M there are
1somorphisms

Extéyeey (1L, mM) = lim , Extg(Lsy, M).

Proof. We prove the claim by induction on k. The case k = 0 has been already
proved. Assume Ext]éalr(c) (rL,wM) = lim, Ext{ ' (Lsy, M). The injective
envelope of a torsion free functor is torsion free. Let

)0 — M/t(M) — I — Qfl(M/t(M)) —0

be exact with I the injective envelope of M/t(M). Applying m we have the
following exact sequence.

o) 0= m(M/HM)) — w(I) — 7(Q (M/t(M))) — 0.

It follows by [9] that 7([) is injective. The exact sequence %) induces by the
long homology sequence the following exact sequence.

Extg_Glr(c) (rL,nl) — Extg_Glr(c) (mL, m(Q (M) /t(M))) —
Extéye(ey (7L, w(M/t(M))) — 0.
Applying the long homology sequence to *) and taking direct limits we obtain

the exact sequence
lin ; Extg ™" (Lss, 1) — lim Extg™ (Lo, Q7 (M /(M) —
lim , Bxtg ™" (Ls¢, M/t(M)) — 0.
By induction we have natural isomorphisms
lim ; Extg ™" (L, 1) & Extéc o (L, wl)
and

limy , Bt (L, 0 (M /(M) = Extlh o) (rL,w(@ (M) /#(M))).
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It follows
lim ¢ Ext(Ls¢, M/t(M)) ~ Extq,c)(mL, 7(M/t(M))).
But we have proved
lim y Exté(Lsg, M/t(M)) ~ lim ¢ Exté(Lsy, M)
and w(M/t(M)) ~ n(M). Therefore we have that
lim ¢ Ext (L, M) ~ Ext@age) (T L, w(M)).
O

Corollary 2.6. Let C and L be as in the proposition and M a torsion functor.
Then lim ; Ext$ (L, M) = 0 for all k > 0.

Lemma 2.7. LetC be a positively graded Krull-Schmidt locally finite K -category
with radical ®;>1 Homeare)(—, —)i and {Ma}aer, {Nataer, {La}acr direct sys-
tems of graded locally finite functors. Then given an exact sequence of systems
0— L,— M, — N, —0,
taking inverse limits, the sequence
0—limL, — limM, — limN, — 0
— — —

15 exact.

Proof. Dualize the sequence to obtain direct systems, hen take direct limits
and dualize again. O

Theorem 2.8. Let C be an Artin Schelter reqular category of global dimension
n. Let M, L be torsion free functors , M,L € FinC. Then for all integers
0 <i<n—1, there exists natural homomorphisms

piars: lim g Exto(Msy, L) — Homp (lim  Extg ™' ' (Lsg, Mo'[7], K)
and if M = (—, X)), then puy is an isomorphism.

Proof. We apply the long homology sequence to 0 — My — M — M/Msy —
0 to obtain a connecting map Exth(Msg, L) — Extit' (M/Msy, L). Taking
direct limits we obtain a natural map

hl)nk EXté(MZk, L) — h_H)lk EXtéJrl(M/Mzk, L)
By local cohomology we have a natural isomorphism
lim j, Extgt (M /My, L) ~ Homg (Exty ™'~ (L, Mo'[7], K).
Substituting L, for L we obtain maps
lim j, Ext¢ (M, Ls¢) — Homg (Extg™' ™' (Lsg, Mo'[7], K).

Consider the exact sequence 0 — Ly — L — L/L>;, — 0 and apply the long
homology sequence to obtain the following exact sequence.

Exti ' (Msg, L/ Lsg) — Exti(Msy, Lsg) — Exti(Msy, L) — Exth(Msy, L/ Lsy).
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Taking direct limits and using Corollary 2.6, we get an isomorphism
lim j, Extg (Mg, L) ~ lim  Exte(Msy, L).

Composing with the above homomorphisms, we obtain a natural homomor-
phism

lim  Ext(Msy, L) — Hompg (Extg ™ ™ (Lsy, Mo'[7], K).

Finally, taking inverse limits over ¢ and the fact that the dual of a direct limit
is an inverse limit we get a natural homomorphism

UMLL: li_r)nkExtfj(MZk,L) — Homg (lim ¢ Ext} ™' (Lsy, Mo'[7], K).

It remains to prove that when M = (—, X) the homomorphism becomes an
isomorphism. Since L is torsion free, Home((—, X)/r*(—, X),L) = 0. The
exact sequence

0= (=, X) = (=, X) = (=, X)/r*(-, X) = 0
induces the following exact sequence
0 — Home((—, X), L) — Home(r*(—, X), L) —
Exte((—, X)/r*(—, X), L) — 0
Changing L for L>, we obtain exact sequences
0 — L>(X) — Home (r*(—, X), Lsg) — Exté((—, X)/r*(—, X), Ls¢) — 0.
Taking direct limits and composing with the natural isomorphism
lim  Exte((—, X)/r*(=, X), Lz¢) ~ Homg (Ext{ ™ (L, (—, X)o'[1]), K),
we obtain the exact sequence
0 — Lx¢(X) — lim , Home (r*(—, X), Ls¢) — D(Ext Lz, (—, X)o'[7])) — 0.
As above, there is a natural isomorphism
lim 4 Home (r*(—, X), Ls¢) ~ lim ;, Home (r*(—, X), L).

—
Hence we obtain the exact sequence

0 — Lx¢(X) — lim , Home (r*(—, X), L) — D(Extg ™" (Lse, (—, X)o'[7])) — 0.
Taking inverse limits and using the fact lim ,L>, >~ NL>, = 0, we get that
lim , Home (r*(—, X), L) ~ lim , Homg (Extg ™! (Lxy, (—, X)o'[7]), K).
It follows that
lim 4 Home (r*(—, X), L) ~ HomK(li_ngExtg_l(ng, (—, ' X)[7]), K).

We have proved pyy,r, is an isomorphism for ¢ = 0. We now prove that py 1, is
an isomorphism for ¢ > 0. We have the exact sequence

Extb((—, X), L) — BExtL(r*(—, X), L) —
EXt?—l((—,X)/?“k(—,X),L) - EXt?—l((_?X):L)
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with Ext((—, X), L) ~ Ext5™ ((—, X), L) = 0. Taking direct limits and using
local cohomology we obtain the isomorphisms

lim , Extg (r*(—, X), L) ~ lim , Extg (=, X) /7"(—, X), L)
~ Homg (Ext} ™" '(L, (—, X)o'[7]), K).

Changing as above L, for L, we obtain the isomorphisms

lim  Extg (r*(—, X), Lz¢) ~ Homg (Extg ™ (Lse, (—, X)o'[7]), K).
We obtain by a similar argument as above the exact sequence

h_n>1k EXté_l(rk(_7 X)v L/LZK) - h_H>1k EXté(Tk(—, X)? LZK) -
lim , Extg(r*(—, X), L) — lim , Extg(r*(—, X), L/ L)

But we proved

lim  Exty ' (r"(—, X), L/ Lzy) = lim  Exte(r*(—, X), L/ L) = 0.
It follows that

lim  Extg(r*(—, X), L) ~ Homg (Extg ™" (Lxy, (—, X)o'[7]), K).

Finally taking inverse limits over ¢ and commuting with the duality we obtain
the natural isomorphisms

lim 4 Exth(r*(—, X), L) ~ Homp (lim o Extg ™! (Lxy, (—, X)o'[7]), K).
U

Remark 2.9. Observe that if we assume C locally finite positively graded but
not necessary generated in degree 0, 1, the above arguments would give natural
isomorphisms

h_I)Il k EXté’((_7 X)Z’C? L) = HOIHK(li_I>Ilg Ethiiil(LZ& (_’ X)U,[T])v K)
We can generalize the previous theorem to get the following formula.

Theorem 2.10. Let C be an Artin Schelter reqular category of global dimen-
sion n. Let M, L be torsion free functors, M,L € FinC. Then for all integers
0 <i<n—1, there exists a natural isomorphisms

EthQGr(C) (mM,7L) ~ D(Extgalr(*ci) (xL, mMd'[7]).

Proof. We prove the theorem by induction on the projective dimension of M,
the case M being projective was proved in the previous theorem. So we may
assume that M has projective dimension k, and that the claim has been proved
for all functors of projective dimension less than k.

Consider the exact sequence 0 — QM — P — M — 0, with P the projective
cover of M. For any integer s, we obtain the truncated exact sequence

O—)QMZS—>PZS—>MZS_>O,
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which induces an exact sequence
Extp(Psg, L) — Exte((QM)sg, L) —
Exti™ (Mss, L) — Extit (Pss, L) — Exts (QM)ss, L)
Taking direct limits we obtain the exact sequence
lim , Ext(Pss, L) — lim , Extg ((QM) s, L) —
li_r)ns EXtéH(MES: L) — li_r)ns EXtéH(PZSa L) — li_r)ns EXtéJrl((QM)ZS: L)
On the other hand, the exact sequence
0 — QMod'[r] — Po'[r] = Md'[r] =0
induces for each k the exact sequence

— Ext} 7% Loy, (AMo'[7]) — Ext} ™" "%(Lsy, Po'[7]) —
Ext} " ?(Lsy, Mo'[7]) —— Extl™" " (Lsy, QMo'[1]) —
Exty™" ' (Lsy, Po'[r]) —
Taking limits and dualizing we the exact sequence
D(limy s Extg™"" Ly, Po’[7])) — D(limyj, Exty ™~ (Lay, QMo'[7])) —
— D(lim , Ext( ™" "%(Lxg, Mo'[7])) — D(lim x Extg™""?(Lxy, Po’[7])) —
— D(lim  Ext§ ™72 Lxy, (QMo'[7]))

By induction hypothesis we have the following isomorphisms

lim ; Exte(Ps, L) ~ D(lim x Extg ™! Ly, Po’[7])), lim , Extg ((QM) s, L)
~ D(lim  Extg """ (Lzg, QM0'[7])), lim , Extg™ (Pss, L)
~ D(lim  Ext¢ ™" "?(Lxk, Po’[7])), lim , ExtgH (QM) >, L)
~ D(lim  Ext¢ ™" "?(Lxk, Mo'[7]))

Using Proposition 2.8 and Five’s Lemma, it follows that
lim , BExtg (M, L) ~ D(lim j, Extg ™" ?(Lsg, Mo'[7])).
Therefore we have proved that

Ethér(C) (M, 7L) ~ D(EthE;Qr(_Ci) (rL,mMo'[T]).
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3. APPLICATIONS TO FINITE DIMENSIONAL ALGEBRAS

We recall the following notions and results from [7, 8]. Let A be a finite di-
mensional K-algebra, mod 4 the category of finitely generated A-modules, and
let C be a stable Auslander-Reiten component, A, (C) is Artin Schelter regular
of global dimension 2. Applying the above results we obtain generalizations
of the results on preprojective algebras concerning local cohomology and Serre
duality [5]. We have proved in [8] we also have similar results on noetherianess
and Gelfand-Kirillov dimension [4, 1, 2]. We recall results from [8].

Theorem 3.1 ([8]). Let C be a regular Auslander-Reiten component of the
finite dimensional algebra A and E(S(C)) the associated Ext category. Then
the following statements are true:

1) E(S(C)) is a Frobenius category of radical cube zero.

2) The categories E(S(C))/soc E(S(C)), C°P/r* are equivalent and
Gr(C°P/r?) is stably equivalent to Gr(S), where Gr(S) decomposes as a
product of sections Gr(S) = [ Gr(S;) x Gr(S;*) and each S; is an hered-
itary category, such that S; and S; have the same quiver @) but S; and
S;-’p have opposite quivers.

3) If the quiver Q of S; is finite, then S; is of infinite representation type.

Definition 3.2. Let C be a graded K-category, a graded functor F' such that
the functors F; defined by F;(X) = F(X);, have finite support. The growth of
F' is the function ¢p: Z — Z given by ¢p(i) = >, dimg F(X),.

XesuppF

Definition 3.3. Define the Gelfand Kirillov dimension of F' as

GKdim(F) = Tim log, () ¢r(k)).
n—00 o
Theorem 3.4 ([8]). Let C be a regular Auslander-Reiten component of the
finite dimensional algebra A. Assume the quiver Q) of the sections S; of E(S(C
)) is infinite and is not of type Ay, Doy or AL,
1) Then any finitely presented functor F € gr(Aq(C)) is either of finite
length or it has infinite Gelfand Kirillov dimension.
2) The category of finitely presented functors gr(Ag(C)) is not noetherian.
3) If E(S(C)) has sections of type As, Doy or A, then gr(Ag(C)) is noe-

therian of Gelfand-Kirillov dimension 1 or 2.
We obtain the following application of the results for Section 2.

Theorem 3.5 ([8]). Let C be a regular Auslander-Reiten component of the
finite dimensional algebra A. Assume E(S(C)) has sections of type A, Do
or AZ. Then the quotient category of the finitely presented functors modulo
the functors of finite length, Qgr(Ag(C)) is noetherian, of dimension one, with
Serre duality.
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If the sections of E(S(C)) are infinite not of type A, Do or A, then
Qgr(Ag(C)) is not noetherian, but the category Qgr(Fin(C)) satisfies Serre
duality.
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