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Abstract

We denote E_,, as an elliptic curve y* = x* — 2px with prime p = Hu* +
Iu?v? + Kv* then, we research the rank and submit examples.
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1 Introduction

Prime of the form p = Hu* + [u?v? + Kv* - - (f/‘) is important in treating the

ranks of elliptic curves y? = x3 + Apx. If the curve is gotten as generalized rank
1 then, it is appeared often. In y? = x3 — px and y? = x3 — 2px and y? = x3 +
3px and y2 = x3 — 4px and y? = x3 — 5px we can obtain this form [4], [6], [8],
[10], [7]. We also can attain rank 1 in form p = t* 4+ 324 in curve y? = x3 —

4px([2]) but form (7{7) is significant since from this we can obtain more terms of
primes as p = 163t* — 4t3u — 8tu® + 8t*u? + 4u* and p = 163t* + 4t3u —
8tud + 4u* and p =3t*+ 4t3u —8tud +4u* and p = 1251t* + 4t3u —
8tu3 + 4u*in y? = x3 — 2px ([13]) and p = 400s* + 4t* — 11u* + 80s2t? —
40s%u? — 4t?u? and p = 400s* + 4t* — 11u* — 80s2t2 + 40s%u? — 4t%u?
and p = 196s* + 16t* — 11u* — 112s%t? + 28s%u? — 8t?u? and p = 100s* +
4t* — 11u* + 40s%t? + 20s%u? + 4t%u? in y? = x3 — 3px([11]). Furthermore,
the forms p=16h*+3i*+j*+k*+1*+s*+t*+u*+ vt +w*+n*+
* + 6% + 2* — 8h%i% + 8h?j? + 8h%k? + 8h?1? + 8h?s? + 8h2t? + 8h%u? + 8

- h20? + 8R2w? + 8h2n2 + 8h2(% + 8282 + 8h2A2 — 2022 — 2i2k? — 2i2I2
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—2i2%s% — 2i%t? — 2i%u? — 2i%v? — 2i?w? — 2i?n? — 2i%% — 2i%6% — 2i%2% +
2j2k? 4+ 2j21% 4+ 2j%s% + 2j%t% + 2j%u® + 2j%v% + 2j°w? + 2j%n? + 2j22 + 2
j28% 4+ 2j22% + 2k21? + 2k?s? + 2k%t? + 2k*u® + 2k*v? + 2k*w? + 2k*n?
+2k?%%2 + 2k%6% + 2k22% + 212s% + 21%t2 + 21%u® + 21%v? + 21?w? + 21?n?
+2122 + 21262 + 217222 + 252t? + 25%u? + 25%v? + 2s?w? + 25%n? + 2522
+25282 + 2522% + 2t%u? + 2t2v? + 2t2w? + 2t%n? + 2t%% + 2t%6% + 2t?2?
+2u?v? + 2ulw? + 2u?n? + 2u?® + 2u?6? + 2u”A? + 2viw? + 2v?%n? + 2v?
2 4 202687 + 20227 + 2win? 4+ 2w2i% + 2w26? + 2w?A? + 2122 + 21262 +
20272 + 2262 + 21222 + 262 %2 andp = 6h* + it +jr + kY + 1Y + st + et +
ut + v+ wt +pt + 0t + 8% + A* — 4hZ%i% + 4h?%j? + 4h%k? + 4h%1% + 4h%s?
+4h2t? + 4h%u? + 4h*v? + 4h?w? + 4h?n? + 4h?(%2 + 4h?8% + 4h?2% — 2i?
L j2 = 2i2k2 — 20212 — 24252 — 2i%t? — 2i%u? — 2i%v? — 2i?w? — 2{%n? — 2{2
12— 202627 — 2i%Q% + 2j%k% + 25217 + 2j%s? + 2j%t% + 2j%u? + 2j%v?% + 2j°
w2+ 2j%n% + 2522 + 2j26% + 2j2A% + 2k%1? + 2k%s? + 2k%t? + 2k*u? + 2
k20?2 4+ 2k w? + 2k?n? + 2k?1% + 2k%5% + 2k2 A% + 21%25% + 21262 + 21%u? +
21202 4+ 212w? + 21212 + 21202 + 21262 + 21222 + 2s%t? + 25%u? + 25202 + 2
- s2w? + 25%n? + 25%12 + 25282 + 25222 + 2t%u? + 2t%v? + 2t%w? + 2t?n?
+2t212 + 26262 + 2t22% + 2uPv? + 2uw? + 2u?n? + 2uPi? + 2u?6?% + 2u?A?
+2v%w? + 20202 + 2022 + 20%8% + 202 2% + 2w?n? + 2w?i% 4+ 2w?6% + 2
w222 4+ 210212 4+ 21267 4 2102 A% 4 2128% + 21222 + 26%4?% in curve y? = x3 —
2px ([12]) can be derived. Now we have notice that whether the rank is
maintained or not in curve y? = x3 — 2px when the prime is given as p = Hu* —
Iu?v? + Kv*. That is, only the symbol of term for Ju?v? is changed into negative
and others are unchanged then, whether the rank is maintained or not. In this case,
the residue of prime is not the subject to be considered. In this article, we
approach to this point. For it, we needed to define several notations. First, we
define that p; and p, are parity primes when it satisfies that p;, = Hu* + Iu?v? +
Kv* and p, = Hu* — Iu?v? + Kv*. Here, we restrict to our treatment to curve
y? = x3 — 2px.

2 Form p = Hu* — Iu?v? + Kv*

In section 2, we access to rank of curve. For E_5, it is enough that we only find
the solution of equation 4)N* = —2M* + pe* for I' from [3] and for E_,, it is
sufficient that we find the solutions of 3)N? = pM* — ge* for I and 5)N? =
2pM* + 2qe* for T from [5]. And the notations 4.2 and 4.4 and w.i.u.v.1 are
in[9]andw.i.u.v.w.1lisin [14].

Theorem 2.1. Assume that E_,,, is an elliptic curve y? = x3 — 2px wherep is a
prime and E_,, is an elliptic curve y? = x3 — pgx where p and q are distinct odd
primes such that p = 27u* + v* + w* + 10u?v? + 10u?w? + 2v?w? and q =
23u* + v* + w* + 10u?v? + 10uw? + 2v?wl w.iu.v.w. 1 and p=
3(mod 16), g = 15(mod 16) then, following result is derived:
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(1). We appoint that two distinct primes p; and p, are parity primes as p; =
243u* + 36u?v? + 4v* with integers u and v and (u,v)=1 and p, =
11(mod 16) and p, = 243u* — 36uv? + 4v* w.i.u.v.1 and p, = 3(mod 16)
in curve E_,, then, there educed that

rank(E—2(243u4+36u2v2+4v4) @)= Tank(E—2(243u4—36u2v2+4v4)(Q))
< rank(E—(27u4+v4+w4+---+10u2w2+2v2w2)(23u4+v4+w4+---+10u2w2+2v2w2)(Q))-
(2). Set two distinct primes p; and p, are parity primes as p; = 49u* +

28u?v? + 6v*w.i.u.v.1 and p; = 3(mod 16) and p, = 49u* — 28u?v? +
6v* w.i.u.v.1and p, = 11(mod 16) in E_,, then, we are faced with

rank (E_;(4out+28u2v21+6v4)(Q)) = rank(E_z(4out_28u2v2 46v4)(Q))
< rank(E—(Z7u4+v4+w4+---+10u2W2+2v2W2)(23u4+v4+w4+~-~+1Ou2W2+2v2W2)(Q))-
Proof. (1). From [3] we get that
rank(E_(2a3ut+36u202+4v4)(Q)) = 1.
Next, for prime p, = 243u* — 36u?v? + 4v* relating equation for I' is given as
N2 = —2M* + (243u* — 36u?v? + 4v*)e* from [3].

Suppose that two terms —36u?v? and 4v* are consisted of resultant.
We needed to regard arithmetical value

—2M* + 243utet.

Take e as 1 then, we see that —2M* + 243u* and it should be 81u*.
Hence, we confront to

2M* = 162u*.

Whence, it yields that M = 3u.
In addition, from

—2(Bu)* + 243u* — 36u?v? + 4v*
= 81u* — 36u?v? + 4v*

there induced that N = 9u? — 2v?2.
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Thus, the triple (3u, 1, 9u? — 2v?) is deduced as the solution.
Accordingly, we attain that r4.2.
Therefore, we reach that

rank (E—2(243u4—36u2v2+4v4) @)).

Now we treat rank of curve E_,.
There is given relating equation as

3)N? = (27u* + v* + w* + 10u?v? + 10uw? + 2v2w?)M* — (23u* + v* +
w* + 10u?v? + 10u?w? + 2v2w?)e* for I and

5)N? = 227u* + v* + w* + 10u?v? + 10u?w? + 2v?w?)M* + 2(23u* + v*
+w* + 10u?v? + 10u?w? + 2v2w?)e* for T.

Triples (1, 1, 2u?) and (1, 1, 10u? + 2v? + 2w?) is educed as the solutions of

above equations.
Thus, we acquire that r4.4.
Whence, there deduced that

rank(E—(27u4+v4+w4+~~~+2vzwz)(23u4+174+W4+~~+21;2w2) (@)= ( O/L)
Hence, the proof is completed.
(2). Next, we treat for primes p; = 49u* + 28u?v? + 6v* and p, = 49u* —
28u?v? + 6v*,
Equations are gotten as
4)N? = —2M* + (49u* + 28u?v? + 6v*)e* for I and
4)N? = =2M* + (49u* — 28u?v? + 6v*)e* for I' due to [3].
We got solutions as

(1,1, 7u? + 2v?) and (1, 1, 7u? — 2v?) respectively.

Therebys, it is induced that 4.2 in both p; and p,.
On this account, we confront to

rank (E—2(49u4+28u2v2+6v4) @)

= Tank(E—2(49u4—28u2v2+6v4)(Q)) =1
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For this reason, we achieved the proof from ( OF). L]

In above, we took parity primes p; = 243u* + 36u?v? + 4v* and p, =
243u* — 36u?v? + 4v* | p; = 49u* + 28uv?+ 6v* and p, = 49u’ —
28u?v? + 6v*. Meanwhile, the forms of residues are p; = 11(mod 16) and
p2 = 3(mod 16), p; = 3(mod 16) and p, = 11(mod 16) respectively. Even if
residues are different relating equations are the same, thus parity primes could be
induced.

Remark 2.2. In E_,, if we take p; = 13u* + 100u®v? 4+ 200v* and p; =
13(mod 16) then, rank is given as 1([6]). Take p, = 13u* — 100u?v? + 200v*

and p, = 5(mod 16) then, solution of equation 2)N? = —M* + 2(13u* —
100u?v? + 200v*)e* for I' and (u, 1, 5u? — 20v?) is gotten as the solution and
example is (353, 3, 1).
3 Examples
In this section, we regard examples of theorem 2.1.
Primality was taken by [1].
Examples are gotten as follows:
(p2, u, v): (211, 1, 1) and (150979, 5, 1) and (581683, 7, 1) and
(3553411, 11, 1).
(p,q,u, v,w): (227,223, 1, 3, 1) and (69827, 60223, 7, 3, 1).
(p1,u, v): (787, 1, 3) and (91283, 1, 11).

(py, U, v): (687403, 11, 3) and (482347, 11, 9).
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