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Abstract 

 

 Denote 𝐸𝑝𝑞 as an elliptic curve 𝑦2 = 𝑥3 + 𝑝𝑞𝑥 with distinct odd primes 𝑝 and 𝑞 

then, we shall compute the rank of curve where 𝑝 and 𝑞 are composed of more 

than 10 variables and 15 terms. 
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1 Introduction 
 

In [3], the author showed that rank of 𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥 with prime 𝑝 as 𝑝 =

6ℎ4 + 𝑖4 + 𝑗4 + 𝑘4 + 𝑙4 + 𝑠4 + 𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 𝜂4 + 𝜄4 + 𝛿4 + 𝜆4 − 

4ℎ2𝑖2 + 4ℎ2𝑗2 + 4ℎ2𝑘2 + 4ℎ2𝑙2 + 4ℎ2𝑠2 + 4ℎ2𝑡2 + 4ℎ2𝑢2 + 4ℎ2𝑣2 + 4ℎ2𝑤2 

+4ℎ2𝜂2 + 4ℎ2𝜄2 + 4ℎ2𝛿2 + 4ℎ2𝜆2 − 2𝑖2𝑗2 − 2𝑖2𝑘2 − 2𝑖2𝑙2 − 2𝑖2𝑠2 − 2𝑖2𝑡2 

−2𝑖2𝑢2 − 2𝑖2𝑣2 − 2𝑖2𝑤2 − 2𝑖2𝜂2 − 2𝑖2𝜄2 − 2𝑖2𝛿2 − 2𝑖2𝜆2 + 2𝑗2𝑘2 + 2𝑗2𝑙2 + 

2𝑗2𝑠2 + 2𝑗2𝑡2 + 2𝑗2𝑢2 + 2𝑗2𝑣2 + 2𝑗2𝑤2 + 2𝑗2𝜂2 + 2𝑗2𝜄2 + 2𝑗2𝛿2 + 2𝑗2𝜆2 + 2 

∙ 𝑘2𝑙2 + 2𝑘2𝑠2 + 2𝑘2𝑡2 + 2𝑘2𝑢2 + 2𝑘2𝑣2 + 2𝑘2𝑤2 + 2𝑘2𝜂2 + 2𝑘2𝜄2 + 2𝑘2𝛿2 

+2𝑘2𝜆2 + 2𝑙2𝑠2 + 2𝑙2𝑡2 + 2𝑙2𝑢2 + 2𝑙2𝑣2 + 2𝑙2𝑤2 + 2𝑙2𝜂2 + 2𝑙2𝜄2 + 2𝑙2𝛿2 + 

2𝑙2𝜆2 + 2𝑠2𝑡2 + 2𝑠2𝑢2 + 2𝑠2𝑣2 + 2𝑠2𝑤2 + 2𝑠2𝜂2 + 2𝑠2𝜄2 + 2𝑠2𝛿2 + 2𝑠2𝜆2 + 

2𝑡2𝑢2 + 2𝑡2𝑣2 + 2𝑡2𝑤2 + 2𝑡2𝜂2 + 2𝑡2𝜄2 + 2𝑡2𝛿2 + 2𝑡2𝜆2 + 2𝑢2𝑣2 + 2𝑢2𝑤2 

+2𝑢2𝜂2 + 2𝑢2𝜄2 + 2𝑢2𝛿2 + 2𝑢2𝜆2 + 2𝑣2𝑤2 + 2𝑣2𝜂2 + 2𝑣2𝜄2 + 2𝑣2𝛿2 + 2𝑣2 
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∙ 𝜆2 + 2𝑤2𝜂2 + 2𝑤2𝜄2 + 2𝑤2𝛿2 + 2𝑤2𝜆2 + 2𝜂2𝜄2 + 2𝜂2𝛿2 + 2𝜂2𝜆2 + 2𝜄2𝛿2 + 

2𝜄2𝜆2 + 2𝛿2𝜆2 ⋯ ⋯ (𝐴𝐴) with integers ℎ, 𝑖, 𝑗, 𝑘, 𝑙, 𝑠, 𝑡, 𝑢, 𝑣, 𝑤, 𝜂, 𝜄, 𝛿, 𝜆 and (ℎ, 

𝑖 ,  𝑗 , 𝑘 , 𝑙 , 𝑠 , 𝑡 , 𝑢 , 𝑣 , 𝑤 , 𝜂 , 𝜄 , 𝛿 , 𝜆) = 1  and 𝑝 ≡ 11(𝑚𝑜𝑑 16)  is 1 . In curve 

𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥 we can obtain many results of rank 1 where the prime is the 

form 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 ⋯ ⋯ (𝐴𝐵). If we force to choose one of forms 
(𝐴𝐴) and (𝐴𝐵) then, taking latter one is effective. But we also pursue the form 
(𝐴𝐴). This is involved to examples. The examples of (𝐴𝐴) are given as 443, 

43051([3]). Between these primes there are 491, 571, ⋯ ⋯ ⋯ ⋯ ⋯ ⋯, 39371, 

⋯ ⋯ ⋯ with 𝑝 ≡ 11(𝑚𝑜𝑑 16) . Without result of (𝐴𝐴) we cannot group into a 

single category the numbers 443, 43051. Namely, these two primes cannot be 

correlated to same category except the form 𝑝 ≡ 11(𝑚𝑜𝑑 16). It is similar in 

curve 𝐸−𝑝𝑞: 𝑦2 = 𝑥3 − 𝑝𝑞𝑥 . In [5], the author verified that rank of 𝐸−𝑝𝑞  is 2 

where primes are 𝑝 = 𝑐4 + 𝑑2 + 𝑓2 + 𝑔2 + ℎ2 + 𝑖2 + 𝑗2 + 𝑘2 + 𝑙2 + 𝑠2 + 𝑡2 + 

𝑢2 + 𝑣2 + 𝑤2 + 3𝑧2 − 2𝑐2𝑑 + 2𝑐2𝑓 + 2𝑐2𝑔 + 2𝑐2ℎ + 2𝑐2𝑖 + 2𝑐2𝑗 + 2𝑐2𝑘 + 2 

∙ 𝑐2𝑙 + 2𝑐2𝑠 + 2𝑐2𝑡 + 2𝑐2𝑢 + 2𝑐2𝑣 + 2𝑐2𝑤 + 2𝑐2𝑧 − 2𝑑𝑓 − 2𝑑𝑔 − 2𝑑ℎ − 2𝑑𝑖 
−2𝑑𝑗 − 2𝑑𝑘 − 2𝑑𝑙 − 2𝑑𝑠 − 2𝑑𝑡 − 2𝑑𝑢 − 2𝑑𝑣 − 2𝑑𝑤 − 2𝑑𝑧 + 2𝑓𝑔 + 2𝑓ℎ + 2 

∙ 𝑓𝑖 + 2𝑓𝑗 + 2𝑓𝑘 + 2𝑓𝑙 + 2𝑓𝑠 + 2𝑓𝑡 + 2𝑓𝑢 + 2𝑓𝑣 + 2𝑓𝑤 + 2𝑓𝑧 + 2𝑔ℎ + 2𝑔𝑖 
+2𝑔𝑗 + 2𝑔𝑘 + 2𝑔𝑙 + 2𝑔𝑠 + 2𝑔𝑡 + 2𝑔𝑢 + 2𝑔𝑣 + 2𝑔𝑤 + 2𝑔𝑧 + 2ℎ𝑖 + 2ℎ𝑗 + 2ℎ 

∙ 𝑘 + 2ℎ𝑙 + 2ℎ𝑠 + 2ℎ𝑡 + 2ℎ𝑢 + 2ℎ𝑣 + 2ℎ𝑤 + 2ℎ𝑧 + 2𝑖𝑗 + 2𝑖𝑘 + 2𝑖𝑙 + 2𝑖𝑠 + 2𝑖 
∙ 𝑡 + 2𝑖𝑢 + 2𝑖𝑣 + 2𝑖𝑤 + 2𝑖𝑧 + 2𝑗𝑘 + 2𝑗𝑙 + 2𝑗𝑠 + 2𝑗𝑡 + 2𝑗𝑢 + 2𝑗𝑣 + 2𝑗𝑤 + 2𝑗𝑧 

+2𝑘𝑙 + 2𝑘𝑠 + 2𝑘𝑡 + 2𝑘𝑢 + 2𝑘𝑣 + 2𝑘𝑤 + 2𝑘𝑧 + 2𝑙𝑠 + 2𝑙𝑡 + 2𝑙𝑢 + 2𝑙𝑣 + 2𝑙𝑤 

+2𝑙𝑧 + 2𝑠𝑡 + 2𝑠𝑢 + 2𝑠𝑣 + 2𝑠𝑤 + 2𝑠𝑧 + 2𝑡𝑢 + 2𝑡𝑣 + 2𝑡𝑤 + +2𝑡𝑧 + 2𝑢𝑣 + 2𝑢 

∙ 𝑤 + 2𝑢𝑧 + 2𝑣𝑤 + 2𝑣𝑧 + 2𝑤𝑧 and 𝑞 = 𝑐4 + 𝑑2 + 𝑓2 + 𝑔2 + ℎ2 + 𝑖2 + 𝑗2 + 𝑘2 

+𝑙2 + 𝑠2 + 𝑡2 + 𝑢2 + 𝑣2 + 𝑤2 − 𝑧2 + 2𝑐2𝑑 + 2𝑐2𝑓 + 2𝑐2𝑔 + 2𝑐2ℎ + 2𝑐2𝑖 + 2 

∙ 𝑐2𝑗 + 2𝑐2𝑘 + 2𝑐2𝑙 + 2𝑐2𝑠 + 2𝑐2𝑡 + 2𝑐2𝑢 + 2𝑐2𝑣 + 2𝑐2𝑤 + 2𝑐2𝑧 − 2𝑑𝑓 − 2𝑑 

∙ 𝑔 − 2𝑑ℎ − 2𝑑𝑖 − 2𝑑𝑗 − 2𝑑𝑘 − 2𝑑𝑙 − 2𝑑𝑠 − 2𝑑𝑡 − 2𝑑𝑢 − 2𝑑𝑣 − 2𝑑𝑤 − 2𝑑𝑧 

+2𝑓𝑔 + 2𝑓ℎ + 2𝑓𝑖 + 2𝑓𝑗 + 2𝑓𝑘 + 2𝑓𝑙 + 2𝑓𝑠 + 2𝑓𝑡 + 2𝑓𝑢 + +2𝑓𝑣 + 2𝑓𝑤 + 2 

∙ 𝑓𝑧 + 2𝑔ℎ + 2𝑔𝑖 + 2𝑔𝑗 + 2𝑔𝑘 + 2𝑔𝑙 + 2𝑔𝑠 + 2𝑔𝑡 + 2𝑔𝑢 + 2𝑔𝑣 + 2𝑔𝑤 + 2𝑔𝑧 

+2ℎ𝑖 + 2ℎ𝑗 + 2ℎ𝑘 + 2ℎ𝑙 + 2ℎ𝑠 + 2ℎ𝑡 + 2ℎ𝑢 + 2ℎ𝑣 + 2ℎ𝑤 + 2ℎ𝑧 + 2𝑖𝑗 + 2𝑖𝑘 

+2𝑖𝑙 + 2𝑖𝑠 + 2𝑖𝑡 + 2𝑖𝑢 + 2𝑖𝑣 + 2𝑖𝑤 + 2𝑖𝑧 + 2𝑗𝑘 + 2𝑗𝑙 + 2𝑗𝑠 + 2𝑗𝑡 + 2𝑗𝑢 + 2𝑗 

∙ 𝑣 + 2𝑗𝑤 + 2𝑗𝑧 + 2𝑘𝑙 + 2𝑘𝑠 + 2𝑘𝑡 + 2𝑘𝑢 + 2𝑘𝑣 + 2𝑘𝑤 + 2𝑘𝑧 + 2𝑙𝑠 + 2𝑙𝑡 + 2 

∙ 𝑙𝑢 + 2𝑙𝑣 + 2𝑙𝑤 + 2𝑙𝑧 + 2𝑠𝑡 + 2𝑠𝑢 + 2𝑠𝑣 + 2𝑠𝑤 + 2𝑠𝑧 + 2𝑡𝑢 + 2𝑡𝑣 + 2𝑡𝑤 + 

2𝑡𝑧 + 2𝑢𝑣 + 2𝑢𝑤 + 2𝑢𝑧 + 2𝑣𝑤 + 2𝑣𝑧 + 2𝑤𝑧 𝑤. 𝑖. 𝑐. 𝑑. 𝑓. 𝑔. ℎ. 𝑖. 𝑗. 𝑘. 𝑙. 𝑠. 𝑡. 𝑢. 𝑣. 
𝑤. 𝑧. 1 ⋯ ⋯ (𝐵𝐵)  and 𝑝 ≡ 11(𝑚𝑜𝑑 16)  and 𝑞 ≡ 7(𝑚𝑜𝑑 16)  and examples are 

443, 439 and 56171, 56167. Between these primes there are prime numbers 

with 𝑝 ≡ 11(𝑚𝑜𝑑 16)  and 𝑞 ≡ 7(𝑚𝑜𝑑 16)  as 827 , ⋯ ⋯ ⋯ ⋯ ⋯ , 50891  , 

⋯ ⋯ ⋯ ⋯ ⋯ and 1319, ⋯ ⋯ ⋯ ⋯ ⋯,48407, ⋯ ⋯ ⋯ ⋯ ⋯.  Henceforth, without 
(𝐵𝐵) it is difficult to relate the primes 443, 56171 and 439, 56167. In [4], the 

author proved that rank of 𝐸𝑝𝑞: 𝑦2 = 𝑥3 + 𝑝𝑞𝑥 is at least 2 where primes are 𝑝 = 

9𝑠2 + 2𝑡2 + 2𝑢2 + 2𝑣2 + 2𝑤2 + 8𝑠𝑡 + 8𝑠𝑢 + 8𝑠𝑣 + 8𝑤𝑤 + 4𝑡𝑢 + 4𝑡𝑣 + 4𝑡𝑤 

+4𝑢𝑣 + 4𝑢𝑤 + 4𝑣𝑤  and 𝑞 = 7𝑠2 + 2𝑡2 + 2𝑢2 + 2𝑣2 + 2𝑤2 + 8𝑠𝑡 + 8𝑠𝑢 +
8𝑠𝑣 + 8𝑠𝑤 + 4𝑡𝑢 + 4𝑡𝑣 + 4𝑡𝑤 + 4𝑢𝑣 + 4𝑢𝑤 + 4𝑣𝑤 𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1  and 𝑝 ≡
1(𝑚𝑜𝑑 8) and 𝑞 ≡ 7(𝑚𝑜𝑑 16). But compared with the case of 𝐸−𝑝𝑞 the number 

of terms in primes are less. There is no certain number that which is many terms  
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in prime. In this article, we shall treat rank of curve 𝐸𝑝𝑞 where distinct odd primes 

are more than 5  variables and 15  terms. Put 𝐸  as an elliptic curve 𝑦2 = 𝑥3 +
𝑎𝑥2 + 𝑏𝑥 and Γ as the set of rational points on 𝐸 and take 𝐸̅ is the curve 𝑦2 =
𝑥(𝑥2 − 2𝑎𝑥 + 𝑎2 − 4𝑏) and Γ̅ as the set of rational points on 𝐸̅.  For the set Γ and 

Γ̅  we take 𝑁2 = 𝑏1𝑀4 + 𝑎𝑀2𝑒2 + 𝑏2𝑒4  and 𝑁2 = 𝑏1𝑀4 − 2𝑎𝑀2𝑒2 + 𝑏2𝑒4  as 

relating equation in section 6 of Chapter III in [6] and in [2]. Lastly, we acquire 

that 2𝑟 =
#𝛼(Γ)#𝛼̅(Γ̅)

4
  where 𝑟 denotes the rank of 𝐸. 

We assume several notations as follows: 

 

 𝑤. 𝑖. 𝐴. 𝐵. 𝐶. 𝐷. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 1: with integers 𝐴 and 𝐵 and 𝐶 and 𝐷 and 𝐹 and 

 

𝐺 and 𝐻 and 𝐼 and 𝐽 and (𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻,  

 

𝐼, 𝐽) = 1. 

 

                                     𝑟≥4.4: 2𝑟 ≥
4∙4

4
([2]). 

 

 

2 Composition of Primes 
 

Now we consider the rank of curve.  

 

Theorem 2.1.  (1). Set the primes 𝑝 and 𝑞 as 𝑝 = 9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2 

∙ 𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 − 8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8 

∙ 𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 

4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 

4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽  and 𝑞 = 7𝐴2 + 2𝐵2 +
2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 − 8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8 

∙ 𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 

+4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 

+4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 𝑤. 𝑖. 𝐴. 𝐵. 𝐶 

. 𝐷. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 1 and 𝑝 ≡ 1(𝑚𝑜𝑑 8) and 𝑞 ≡ 7, 15(𝑚𝑜𝑑 16) in 𝐸𝑝𝑞 : 𝑦2 = 𝑥3 +

𝑝𝑞𝑥 then, we gain   

 

𝑟𝑎𝑛𝑘(𝐸(9𝐴2+2𝐵2+⋯⋯−8𝐴𝐵−⋯⋯⋯⋯+4𝐼𝐽)(7𝐴2+2𝐵2+⋯⋯−8𝐴𝐵−⋯⋯⋯⋯+4𝐼𝐽)(𝑄)) ≥ 2. 

 

(2). Let the primes 𝑝  and 𝑞  be 𝑝 = 9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 +
2𝐻2 + 2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4 

∙ 𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 

+4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 

+4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽  and 𝑞 = 7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 +
2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 
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8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 

4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 

4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 𝑤. 𝑖. 𝐴. 𝐵. 𝐶. 𝐷. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 
1  and 𝑝 ≡ 1(𝑚𝑜𝑑 8)  and 𝑞 ≡ 15(𝑚𝑜𝑑 16)  in 𝐸𝑝𝑞 : 𝑦2 = 𝑥3 + 𝑝𝑞𝑥  then, there 

derived that    

 

𝑟𝑎𝑛𝑘(𝐸(9𝐴2+2𝐵2+⋯⋯+8𝐴𝐵+⋯⋯⋯+4𝐼𝐽)(7𝐴2+2𝐵2+⋯⋯+8𝐴𝐵+⋯⋯⋯⋯+4𝐼𝐽)(𝑄)) ≥ 2. 

 

 (3). We assign that primes 𝑝  and 𝑞  as 𝑝 = 3𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 +
2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4 

∙ 𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 

4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 

4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 and 𝑞 = 𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 

2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4 

∙ 𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 

4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 

4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 𝑤. 𝑖. 𝐴. 𝐵. 𝐶. 𝐷. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 1  

and 𝑝 ≡ 3,11(𝑚𝑜𝑑 16) and 𝑞 ≡ 1(𝑚𝑜𝑑 8) in 𝐸𝑝𝑞 : 𝑦2 = 𝑥3 + 𝑝𝑞𝑥 then, we get 

the consequence    

 

𝑟𝑎𝑛𝑘(𝐸(3𝐴2+2𝐵2+⋯⋯+4𝐴𝐵+⋯⋯⋯⋯+4𝐼𝐽)(𝐴2+2𝐵2+⋯⋯+4𝐴𝐵+⋯⋯⋯⋯+4𝐼𝐽)(𝑄)) ≥ 2. 

 

Proo𝑓. (1). From [4] we only should find the solutions of  

 

2)𝑁2 = (9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 − 8 

 

∙ 𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 

 

4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 

 

4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4 

 

∙ 𝐻𝐽 + 4𝐼𝐽)𝑀4 + (7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 

 

8𝐴𝐵 − 8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 

 

4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 

 

+4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 

 

4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑒4 for Γ and  

 

9)𝑁2 = 2(9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 
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−8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 

 

+4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 

 

+4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 

 

4𝐻𝐽 + 4𝐼𝐽)𝑀4 − 2(7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 

 

−8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 

 

+4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 

 

+4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 

 

4𝐻𝐽 + 4𝐼𝐽)𝑒4  

 

for Γ̅. 

 

In equation 2) the terms 9𝐴2 and 7𝐴2 are in coefficients of 𝑀4 and 𝑒4.  

Thus, we can imagine the square 16𝐴2 after selecting the values 𝑀 and 𝑒 as 1. 

Now the remaining terms in coefficients of 𝑀4  and 𝑒4  is common numerical 

value 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 − 8𝐴𝐶 −
8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 

+4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 

+4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 +
4𝐼𝐽. 

 Henceforth, in determining the components of 𝑁 we take first one as 4𝐴. 

 And from the negative terms we choose others as −2𝐵  and −2𝐶  and −2𝐷 

and−2𝐹 and  −2𝐺 and −2𝐻 and −2𝐼 and  −2𝐽. 

Next, from taking a pair from −2𝐵 to −2𝐽 we can obtain other terms from 8𝐵𝐶 

to 8𝐼𝐽. 

Consequently, we get the solution of 2) as (1, 1, 4𝐴 − 2𝐵 − 2𝐶 − 2𝐷 − 2𝐹 −
2𝐺 − 2𝐻 − 2𝐼 − 2𝐽) . 

Thereby, we take that #α(Γ) = 4.  

In the next step, in equation 5) we assume that 𝑀 = 𝑒 = 1 then, there comes 

that 

 

2(9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐵 − 8𝐴𝐶 

 

−8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 

 

+4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 

 

+4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 
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4𝐼𝐽) − 2(7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴𝐶 − 8 

 

∙ 𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 

 

4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 

 

4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼 

 

∙ 𝐽) = 18𝐴2 − 14𝐴2 = 4𝐴2. 

 

 Wherefore, (1, 1, 2𝐴) is given as the solution of 5). 

And so we reach that #𝛼̅(Γ̅) ≥ 4.  

Therefore, we accomplished the proof from 𝑟≥4.4 

(2). Due to [4], there are equations as 

 

2)𝑁2 = (9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 8 

 

∙ 𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 

 

+4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 

 

+4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 

 

+4𝐻𝐽 + 4𝐼𝐽)𝑀4 + (7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 

 

+8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 

 

+4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 

 

+4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 

 

+4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑒4 for Γ and  

 

9)𝑁2 = 2(9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 

 

8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 

 

4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 

 

4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4 

 

∙ 𝐻𝐽 + 4𝐼𝐽)𝑀4 − 2(7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 

 

+8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 
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+4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 

 

+4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 

 

4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑒4 for Γ̅. 

 

The difference in primes between (1) and (2) is negative terms became positive 

terms. 

Henceforth, the we got the solutions (1, 1, 4𝐴 + 2𝐵 + 2𝐶 + 2𝐷 + 2𝐹 + 2𝐺 +
2𝐻 + 2𝐼 + 2𝐽) and (1, 1, 2𝐴) respectively. 

  Whence, we take that #α(Γ) = 4 and #𝛼̅(Γ̅) ≥ 4. 

  On that account, we are confronted with 𝑟≥4.4. 

  So it completes the proof. 

(3). First, we treat the primes 𝑝 ≡ 3(𝑚𝑜𝑑 16) and 𝑞 ≡ 1(𝑚𝑜𝑑 8). 

 In [2], the equations which take a solution are given as 2)𝑁2 = 𝑝𝑀4 + 𝑞𝑒4 for 

Γ and 10)𝑁2 = −2𝑝𝑀4 + 2𝑞𝑒4 for Γ̅. 

In it 𝑝 and 𝑞 are the forms 𝑝 ≡ 1(𝑚𝑜𝑑 8) and 𝑞 ≡ 3(𝑚𝑜𝑑 16). 

But here 𝑝 and 𝑞 are gotten as 𝑝 ≡ 3(𝑚𝑜𝑑 16) and 𝑞 ≡ 1(𝑚𝑜𝑑 8). 

Whence, we maintain 2)𝑁2 = 𝑝𝑀4 + 𝑞𝑒4  but for equation 10) it is changed 

into 9)𝑁2 = 2𝑝𝑀4 − 2𝑞𝑒4. 

Thus, we should find the solution of relating equations 2)𝑁2 = (3𝐴2 + 2𝐵2 +
2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4 

∙ 𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 

4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 

4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑀4 + (𝐴2 

+2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4 

∙ 𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 

4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 

4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑒4 

for Γ  and 9)𝑁2 = 2(3𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 +
2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 

4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 

4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 

4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑀4 − 2(𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 

+2𝐼2 + 2𝐽2 + 4𝐴𝐶 + +4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 

+4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 

+4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 

4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽)𝑒4 for Γ̅. 

Now the triples (1, 1, 2𝐴 + 2𝐵 + 2𝐶 + 2𝐷 + 2𝐹 + 2𝐺 + 2𝐻 + 2𝐼 + 2𝐽) and (1, 

1, 2𝐴) satisfies the solution of equations respectively.  

Therefore, we acquire that #α(Γ) = 4 and #𝛼̅(Γ̅) ≥ 4. 

For this reason, we gain 𝑟≥4.4. 

Second, we consider the case 𝑝 ≡ 11(𝑚𝑜𝑑 16) and 𝑞 ≡ 1(𝑚𝑜𝑑 8). 

Relating equations for Γ are given as 1)𝑁2 = 𝑀4 + (16𝑘 + 11)(8𝑘′ + 1)𝑒4 and 
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2)𝑁2 = (16𝑘 + 11)𝑀4 + (8𝑘′ + 1)𝑒4. 

As in first case in the above, 2) takes a solution (1, 1, 2𝐴 + 2𝐵 + 2𝐶 + 2𝐷 +
2𝐹 + 2𝐺 + 2𝐻 + 2𝐼 + 2𝐽).   

Hence, we have that #α(Γ) = 4. 

Next, relating equations for Γ̅ are 1)𝑁2 = 𝑀4 − 4(16𝑘 + 11)(8𝑘′ + 1)𝑒4 and  

2)𝑁2 = −𝑀4 + 4(16𝑘 + 11)(8𝑘′ + 1)𝑒4  and 3)𝑁2 = 2𝑀4 − 2(16𝑘 +
11)(8𝑘′ + 1)𝑒4  and 4)𝑁2 = −2𝑀4 + 2(16𝑘 + 11)(8𝑘′ + 1)𝑒4  and 5)𝑁2 =
4𝑀4 − (16𝑘 + 11)(8𝑘′ + 1)𝑒4  and  6)𝑁2 = −4𝑀4 + (16𝑘 + 11)(8𝑘′ + 1)𝑒4 
and 7)𝑁2 = (16𝑘 + 11)𝑀4 − 4(8𝑘′ + 1)𝑒4  and 8)𝑁2 = −(16𝑘 + 11)𝑀4 +
4(8𝑘′ + 1)𝑒4  and 9)𝑁2 = 2(16𝑘 + 11)𝑀4 − 2(8𝑘′ + 1)𝑒4  and 10)𝑁2 =
−2(16𝑘 + 11)𝑀4 + 2(8𝑘′ + 1)𝑒4  and 11)𝑁2 = 4(16𝑘 + 11)𝑀4 − (8𝑘′ +
1)𝑒4 and 12)𝑁2 = −4(16𝑘 + 11)𝑀4 + (8𝑘′ + 1)𝑒4. 
  In modulo 8 in equation 2) yields that  1 ≡ 𝑁2 ≡ 7𝑀4 + 4𝑒4 ≡ 7, 3(𝑚𝑜𝑑 8) 

and the sides do not match.  

In modulo 𝑝 in 3) educes that 𝑁2 ≡ 2𝑀4(𝑚𝑜𝑑 𝑝) but we also have (
2𝑀4

𝑝
) = −1, 

thus a contradiction is emerged. 

Cutting down on 6)  by 4  implies that 1 ≡ 𝑁2 ≡ 11𝑒4 ≡ 3(𝑚𝑜𝑑 4)  and both 

sides are unmatched. 

In modulo 4 in 7) deduces that 1 ≡ 𝑁2 ≡ 11𝑀4 ≡ 3(𝑚𝑜𝑑 4) and two sides are 

unmatched. 

As in first case in the above equation 9) has a solution (1, 1, 2𝐴). 

Equation 11) has no solution since cutting down on it by 4 gives that 1 ≡ 𝑁2 ≡
−𝑒4 ≡ 3(𝑚𝑜𝑑 4) and two sides 𝐿𝐻𝑆 and 𝑅𝐻𝑆 are unmatched. 

Therefore, the conclusion #𝛼̅(Γ̅) ≥ 4. 

Accordingly, the proof is done.                                                                            □ 

                                                                                                                                                                        
Above consequences shows that variables 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽 are added to existing 

results of at least rank 2 in [4] where in it the variables are 𝑠, 𝑡, 𝑢. Resultantly, 

there educed 45 terms. Even if above variables in primes are not 10 variables we 

attained the forms of primes which are not least number of terms. There is left 

probability that we can obtain 10 or more number of variables in primes in curve 

𝐸𝑝𝑞 whose rank is at least 2. 

 

Remark 2.2. In [2], the primes were 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 and 𝑞 = 𝐻′𝑢4 +
𝐼′𝑢2𝑣2 + 𝐾′𝑣4  and 𝑝 ≡ 1(𝑚𝑜𝑑 8)  and 𝑞 ≡ 3(𝑚𝑜𝑑 16)  and in [4] the primes 

were 𝑝 = 9𝑠2 + 2𝑡2 + 2𝑢2 + 2𝑣2 + 2𝑤2 − 8𝑠𝑡 − 8𝑠𝑢 − 8𝑠𝑣 − 8𝑠𝑤 + 4𝑡𝑢 +
4𝑡𝑣 + 4𝑡𝑤 + 4𝑢𝑣 + 4𝑢𝑤 + 4𝑣𝑤 and 𝑞 = 7𝑠2 + 2𝑡2 + 2𝑢2 + 2𝑣2 + 2𝑤2 − 8𝑠𝑡 

−8𝑠𝑢 − 8𝑠𝑣 − 8𝑠𝑤 + 4𝑡𝑢 + 4𝑡𝑣 + 4𝑡𝑤 + 4𝑢𝑣 + 4𝑢𝑤 + 4𝑣𝑤  𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1 

and 𝑝 ≡ 1(𝑚𝑜𝑑 8)  and 𝑞 ≡ 7 , 15(𝑚𝑜𝑑 16)  and 𝑝 = 9𝑠2 + 2𝑡2 + 2𝑢2 − 8𝑠𝑡 −
8𝑠𝑢 + 4𝑡𝑢  and 𝑞 = 7𝑠2 + 2𝑡2 + 2𝑢2 − 8𝑠𝑡 − 8𝑠𝑢 + 4𝑡𝑢 𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 1  and 𝑝 ≡
1(𝑚𝑜𝑑 8) and 𝑞 ≡ 15(𝑚𝑜𝑑 16). Compared with [2] the numbers of primes were 

increased and simultaneously 𝑞  is changed from 𝑞 ≡ 3(𝑚𝑜𝑑 16)  into 𝑞 ≡ 7 , 

15(𝑚𝑜𝑑 16) in (1) and (2).  
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3 Examples 
 

In this section, we suggest examples. Primality was taken by [1].    

There comes examples of theorem 2.1(1): 

 

(𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽)(𝑞 ≡ 7(𝑚𝑜𝑑 16)):  

 

(1193, 743, 15, 1, 1, 1, 1, 1, 1, 1, 1), (7817, 5639, 33, 1, 1, 1, 1, 1, 1, 1, 1, 1), 

 

(31817, 23879, 63 ,1, 1, 1, 1, 1, 1, 1, 1); 

 

                         (𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽)(𝑞 ≡ 15(𝑚𝑜𝑑 16)):  

 

(2753, 1871, 21, 1, 1, 1, 1, 1, 1, 1, 1), (15473, 11423, 45, 1, 1, 1, 1, 1, 1, 1, 1, 1). 

 

We got examples of theorem 2.1(2): 

 

(𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽): 

 

(401, 383, 3, 1, 1, 1, 1, 1, 1, 1, 1), (26801, 21599, 51, 1, 1, 1, 1, 1, 1, 1, 1, 1), 

 

There derived examples of theorem 2.1(3): 

 

(𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽)(𝑝 ≡ 3(𝑚𝑜𝑑 16)):  

 

(499, 401, 7, 1, 1, 1, 1, 1, 1, 1, 1), (2803, 1553, 25, 1, 1, 1, 1, 1, 1, 1, 1, 1), 

 

(4003, 2081, 31 ,1, 1, 1, 1, 1, 1, 1, 1); 

 

                          (𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽)(𝑝 ≡ 11(𝑚𝑜𝑑 16)):  

 

(251, 233, 3, 1, 1, 1, 1, 1, 1, 1, 1), (15739, 6761, 67, 1, 1, 1, 1, 1, 1, 1, 1, 1). 
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