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Abstract 

 

Take 𝐸−𝑝(𝑝−2) as an elliptic curve 𝑦2 = 𝑥3 − 𝑝(𝑝 − 2)𝑥 with twin primes 𝑝 and 

𝑝 − 2 then, we shall investigate the rank of it. Denote 𝐸−2𝑝 and 𝐸−4𝑝 as elliptic 

curves 𝑦2 = 𝑥3 − 2𝑝𝑥  and 𝑦2 = 𝑥3 − 4𝑝𝑥 then, we will research the  ranks and 

compare the results with previous curve.    
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1 Introduction 

 
If prime 𝑝  is given as the form 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑠2𝑡2 + 𝐹𝑠2𝑢2 +
𝐺𝑡2𝑢2 ⋯ ⋯ (𝑋)  then, there derived much results of generalized rank 1 in 

𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥. In curve 𝐸−4𝑝: 𝑦2 = 𝑥3 − 4𝑝𝑥 there deduced generalized 

rank 1 when 𝑝  is 𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢 + 𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4 ⋯ ⋯ (𝑍)  often. The 

forms (𝑋)  and (𝑍)  are not usual forms in 𝐸−2𝑝  and 𝐸−4𝑝 . These forms make 

extension of generalized ranks 1 in 𝐸−2𝑝  and 𝐸−4𝑝 . Main form in 𝐸−2𝑝  that 

induces rank 1 is 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 ⋯ ⋯ (𝑆) . In 𝐸−2𝑝  there are various 

forms of 𝑝(≠ (𝑋), (𝑍)) which yields rank 1. The number of terms in (𝑋) is 6 and 

there are three variables. But there exists prime 𝑝 with 14 variables and 105 terms  
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in 𝐸−2𝑝  with rank 1([9]). All primes 𝑝 are the comprised of terms for squares. 

Meanwhile in curve 𝐸−4𝑝, (𝑍) is as little different from (𝑋). There are non-square 

terms 𝐵𝑡3𝑢 and 𝐶𝑡𝑢3. This difference in components of 𝑝 is correlated to relating 

equations. Anyway, (𝑋) and (𝑍) are appeared (except 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4)  

in 𝐸−2𝑝 and 𝐸−4𝑝 respectively. In this article, we shall research the ranks of 𝑦2 =

𝑥3 − 2𝑝𝑥 and 𝑦2 = 𝑥3 − 4𝑝𝑥 where 𝑝 is (𝑋) and (𝑍). First, we calculate the rank 

of 𝐸−𝑝(𝑝−2): 𝑦2 = 𝑥3 − 𝑝(𝑝 − 2)𝑥. 

It is necessary to treat notations in [6], [10].  

We appoint that 𝐸 is an elliptic curve 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 and Γ is the set of 

rational points on 𝐸. 

Then, the set Γ is a finitely generated abelian group. 

There comes the structure Γ ≅ 𝐸(𝑄)𝑡𝑜𝑟𝑠 ⊕ 𝑍𝑟  with torsion subgroup 𝐸(𝑄)𝑡𝑜𝑟𝑠 

and  𝑀𝑜𝑟𝑑𝑒𝑙𝑙′𝑠 − 𝑊𝑒𝑖𝑙 rank 𝑟 .  
Take 𝑄× as the set of non-zero rational numbers then, this is a multiplicative 

group. Assign 𝑄×2 as the subgroup of squares of elements of 𝑄×. 

Let 𝛼 and 𝛼̅ be a homomorphism in [10] and [6].  

Denote 𝐸̅ as the curve 𝑦2 = 𝑥(𝑥2 − 2𝑎𝑥 + 𝑎2 − 4𝑏) and Γ̅ as the set of rational 

points on 𝐸̅. 

Take 𝛼 as a homomorphism in section 5 of chapter III in [10] and 𝛼̅  in 

homomorphism in [6].  

Assign 𝑁2 = 𝑏1𝑀4 + 𝑎𝑀2𝑒2 + 𝑏2𝑒4  as relating equation for Γ which satisfies 

conditions in section 6 of chapter III in [10].  

  Put 𝐸̅  as the curve 𝑦2 = 𝑥(𝑥2 − 2𝑎𝑥 + 𝑎2 − 4𝑏)  and Γ̅  as the set of rational 

points on 𝐸̅. 

We assume that 𝑁2 = 𝑏1𝑀4 − 2𝑎𝑀2𝑒2 + 𝑏2𝑒4  is relating equation for Γ̅  that 

satisfies the conditions in [6].   

Let (𝑀, 𝑒, 𝑁) be a solution of above equations in [10], [6] respectively. 

We have that 2𝑟 =
#𝛼(Γ)#𝛼̅(Γ)

4
  where 𝑟 is rank of 𝐸. 

Take the notations as follows: 

 

𝑟4.2: 2𝑟 =
4∙2

4
= 2([7]). 

 

𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 1: with integers 𝑠 and 𝑡 and 𝑢 and  

 

(𝑠, 𝑡, 𝑢) = 1([8]). 

 

𝑤. 𝑖. 𝑡. 𝑢. 1: with integers 𝑡 and 𝑢 and (𝑡, 𝑢) = 1. 

 

 

2 In Equation 𝑬−𝒑(𝒑−𝟐) 

 

Primes (𝑋) in equation 𝐸−2𝑝 has 6 terms in it. Usually, this number is not large 

but in computation of rank in 𝐸−2𝑝, it is not small number. There deduced prime 𝑝  
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that has 3 terms often in 𝐸−2𝑝 with rank 1, thus compared with it the number of 

terms 6 is not small. In equation 𝐸−4𝑝, 5 terms in (𝑍) is also not little numbers of 

terms. Now, we investigate rank of 𝐸−2𝑝 and 𝐸−4𝑝 where 𝑝 is the form as (𝑋) and 

(𝑍). We shall omit to say about solvability of relating equation 1) for Γ and 

equations 1), 5) for Γ̅. For this, see [6] and the notations 𝐿𝐷𝑉, 𝐿𝑆𝑉 are in [5].  

 

Lemma 2.1. Denote 𝐸−𝑝(𝑝−2) as an elliptic equation  𝑦2 =  𝑥3 − 𝑝(𝑝 − 2)𝑥 

with twin primes 𝑝  and 𝑝 − 2  as 𝑝 ≡ 7(𝑚𝑜𝑑 16) then, we gain the result 

𝑟𝑎𝑛𝑘(𝐸−𝑝(𝑝−2)(𝑄)) = 0.  

 

Proo𝑓. Assign 𝑝 = 16𝑘 + 7 with integer 𝑘.   

Then, we took relating equations for Γ as follows: 

 

1)𝑁2 = 𝑀4 − (16𝑘 + 7)(16𝑘 + 5)𝑒4 

2)𝑁2 = −𝑀4 + (16𝑘 + 7)(16𝑘 + 5)𝑒4 

3)𝑁2 = (16𝑘 + 7)𝑀4 − (16𝑘 + 5)𝑒4 

4)𝑁2 = −(16𝑘 + 7)𝑀4 + (16𝑘 + 5)𝑒4 

 

Cutting down on equation 2)  by 16 shows that 0 , 1 ,  4 , 9 ≡ 𝑁2 ≡ 15𝑀4 +
35𝑒4 ≡ 3, 2, 15(𝑚𝑜𝑑 16), thus a contradiction is derived. 

Let equation 3)  possess a solution then, we are faced with the congruences  

𝑁2 ≡ (16𝑘 + 7)𝑀4(𝑚𝑜𝑑 𝑝 − 2) and 𝑁2 ≡ −(16𝑘 + 5)𝑒4(𝑚𝑜𝑑 𝑝)  respectively 

on account of reduction of it by 𝑝 − 2 and 𝑝 respectively. On this account, we 

ought to reach that    

 

1 = (
(16𝑘+7)𝑀4

𝑝−2
) = (

𝑝

𝑝−2
)  and 

 

1 = (
−(16𝑘+5)𝑒4

𝑝
) = − (

𝑝−2

𝑝
).  

 

We have 𝐿𝐷𝑉 in the above and it is unmatched to relation 𝐿𝑆𝑉 between 𝑝 and 

𝑝 − 2. It gives a contradiction. 

Relating equation 4) is also the form 𝑁2 = −𝑝𝑀4 + (𝑝 − 2)𝑒4 and thus if we 

reduce this by 𝑝  then, we arrive at that 𝑁2 ≡ −2𝑒4(𝑚𝑜𝑑 𝑝)  but there comes 

(
−2𝑒4

𝑝
) = −1. Accordingly, this equation cannot take a solution.  

Consequently, it yields the conclusion #α(Γ) = 2. 

In the next step,  𝐸−𝑝𝑞
̅̅ ̅̅ ̅̅   is deduced as 𝑦2 = 𝑥3 + 4(16𝑘 + 7)(16𝑘 + 5)𝑥. 

This submits several relating equations for Γ̅ as follows: 

 

1)𝑁2 = 𝑀4 + 4(16𝑘 + 7)(16𝑘 + 5)𝑒4 

2)𝑁2 = 2𝑀4 + 2(16𝑘 + 7)(16𝑘 + 5)𝑒4 

3)𝑁2 = 4𝑀4 + (16𝑘 + 7)(16𝑘 + 5)𝑒4 
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4)𝑁2 = (16𝑘 + 7)𝑀4 + 4(16𝑘 + 5)𝑒4 

5)𝑁2 = 2(16𝑘 + 7)𝑀4 + 2(16𝑘 + 5)𝑒4 

6)𝑁2 = 4(16𝑘 + 7)𝑀4 + (16𝑘 + 5)𝑒4 

 

Reducing equation 2) by 𝑝 − 2 educes the relation 𝑁2 ≡ 2𝑀4(𝑚𝑜𝑑 𝑝 − 2) and 

there deduced  (
2𝑀4

𝑝−2
) = −1. 

In modulo 4 in equation 3) induces unmatched congruence 1 ≡ 𝑁2 ≡ 35𝑒4 ≡
3(𝑚𝑜𝑑 4). 

Cutting down on equations 4) by 4 gives that 1 ≡ 𝑁2 ≡ 7𝑀4 ≡ 3(𝑚𝑜𝑑 4) and 

this is unmatched relation.  

Let equation 5) have a solution then, we gain 𝑁2 ≡ 2(16𝑘 + 7)𝑀4(𝑚𝑜𝑑 𝑝 − 2) 

and 𝑁2 ≡ 2(16𝑘 + 5)𝑒4(𝑚𝑜𝑑 𝑝) in modulo 𝑝 − 2 and 𝑝  respectively. Thereby, 

we must obtain next things:    

 

1 = (
2(16𝑘+7)𝑀4

𝑝−2
) = − (

𝑝

𝑝−2
)  and 

 

1 = (
2(16𝑘+5)𝑒4

𝑝
) = (

𝑝−2

𝑝
).  

 

There educed 𝐿𝐷𝑉  in the above and this is unmatched to 𝐿𝑆𝑉 that is relation 

between 𝑝 and 𝑝 − 2 .  

Relating equation 6) is also gotten as 6)𝑁2 = 4𝑝𝑀4 + (𝑝 − 2)𝑒4. In modulo 𝑝 

implies that 𝑁2 ≡ −2𝑒4(𝑚𝑜𝑑 𝑝) but we also acquire that  (
−2𝑒4

𝑝
) = −1.  

Consequentially, it is derived that #𝛼̅(Γ̅) = 2. 

For this reason, there comes that 𝑟2.2. 

Henceforth, 𝑟𝑎𝑛𝑘(𝐸−𝑝(𝑝−2)(𝑄)) = 0 is given.                                                   □ 

                     

In above relating equations 4)𝑁2 = −𝑝𝑀4 + (𝑝 − 2)𝑒4, 6)𝑁2 = 4𝑝𝑀4 + (𝑝 −
2)𝑒4  for Γ  and Γ̅  are noticeable because it affects to rank 0 severely. Other 

equations are possible to anticipate the solvability. But these are little different. If 

there is appointed as  𝑝 = 16𝑘 + 7, 𝑞 = 16𝑘′ + 5, namely if there doesn’t exist 

twin relations 𝑝, 𝑝 − 2 between 𝑝 and 𝑞 then, we confront to the congruences 4)0, 

1, 4, 9 ≡ 𝑁2 ≡ 9𝑀4 + 5𝑒4(𝑚𝑜𝑑 16) and 6)1, 9 ≡ 𝑁2 ≡ 12𝑀4 + 5𝑒4(𝑚𝑜𝑑 16) 

and so there can be deduced solutions in these equations but the correlation 𝑝, 𝑝 −
2 are given. Therefore, we can attain a contradiction from cutting down on it by 𝑝 

as 4)𝑁2 ≡ −2𝑒4(𝑚𝑜𝑑 𝑝) and 6)𝑁2 ≡ −2𝑒4(𝑚𝑜𝑑 𝑝). Since the relation 𝑝, 𝑝 − 2 

eliminates the numerical value 𝑝𝑒4 in the process of numeration in modulo 𝑝 as a 

result 𝑝 and 𝑝 − 2 determines the rank in 𝐸−𝑝(𝑝−2) . Above equation is kind of 

𝐸−𝑝𝑞. The number of relating equations for Γ̅  is 6. Meanwhile in form of curve 

𝐸𝑝𝑞, even though there are two relating equations for Γ but there exist 12 relating 

equations for Γ̅. Hence, compared with 𝐸−𝑝𝑞 it needs more attention. In [2], the  
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author showed that rank of  𝑦2 =  𝑥3 − 𝑝(𝑝 − 4)𝑥 is 2 under the hypothesis 𝑝 ≡
3(𝑚𝑜𝑑 8) and 𝑝 − 2 =  𝑡2 and in 𝐸∓𝑝𝑞 there are the result of rank 1. Not rank of 

3, 4 but there appeared generalized rank 0, 1, 2.  

 

Remark 2.2 If we mention about equation 5)𝑁2 = 2𝑝𝑀4 + 2(𝑝 − 2)𝑒4 for Γ̅ in 

the above then, doing modulo 16 in it also submits a contradiction from 0, 4 ≡
𝑁2 ≡ 14𝑀4 + 10𝑒4 ≡ 8(𝑚𝑜𝑑 16). By reduction of 32 its insolvability also can 

be verified. 

 

3 In Equations 𝑬−𝟐𝒑 and 𝑬−𝟒𝒑 

 
In this section, we will compute rank of elliptic equations 𝐸−2𝑝 and 𝐸−4𝑝 where 

prime 𝑝  is the form 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑠2𝑡2 + 𝐹𝑠2𝑢2 + 𝐺𝑡2𝑢2  and 

𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢 + 𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4. 

 

Theorem 3.1. (1). Suppose that prime 𝑝  is 𝑝 = 1286𝑠4 + 16𝑡4 + 𝑢4 −
48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2 𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 1 and 𝑝 ≡ 3(𝑚𝑜𝑑 16)  in 𝐸−2𝑝  then, it is 

derived that    

 

𝑟𝑎𝑛𝑘(𝐸−2(1286𝑠4+16𝑡4+𝑢4−48𝑠2𝑡2−12𝑠2𝑢2+8𝑡2𝑢2)(𝑄)) > 𝑟𝑎𝑛𝑘(𝐸−𝑝(𝑝−2)(𝑄)).  

 

(2). If prime 𝑝 is assumed as 𝑝 = 328𝑡4 − 16𝑡3𝑢 − 16𝑡𝑢3 − 804𝑡2𝑢2 + 533𝑢4 

𝑤. 𝑖. 𝑡. 𝑢. 1 and 𝑝 ≡ 5(𝑚𝑜𝑑 16) in 𝐸−4𝑝 then, we obtain that    

 

𝑟𝑎𝑛𝑘(𝐸−4(328𝑡4−16𝑡3𝑢−16𝑡𝑢3−804𝑡2𝑢2+533𝑢4)(𝑄)) > 𝑟𝑎𝑛𝑘(𝐸−𝑝(𝑝−2)(𝑄)).  

 

Proo𝑓. (1). There is left relating equation  

 

   4)𝑁2 = −2𝑀4 + (1286𝑠4 + 16𝑡4 + 𝑢4 − 48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2)𝑒4 for Γ 

 

from [3]. 

  In coefficient of 𝑒4 there are squares 16𝑡4 and 𝑢4.  

It is essential to find square term for 𝑠4.  

In arithmetical value −2𝑀4 + 1286𝑠4𝑒4  take 𝑒 = 1  then, we gain −2𝑀4 +

1286𝑠4 ⋯ ⋯ (ﾻￂ ). 

We note to terms −48𝑠2𝑡2, −12𝑠2𝑢2, 8𝑡2𝑢2. 

Since there are terms 16𝑡4 and 𝑢4 the term 8𝑡2𝑢2 can be deduced. 

Next, it is given −48𝑠2𝑡2 = −2 ∙ 4 ∙ 6𝑠2𝑡2 and −12𝑠2𝑢2 = −2 ∙ 6𝑠2𝑢2. 

Wherefore, it needs to be shown the term 36𝑠4 after selecting the value 𝑀 in 

(ﾻￂ ). 

Now we confront to 
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 −2𝑀4 + 1286𝑠4 = 36𝑠4. 

 

Then, we take that 2𝑀4 = 1250𝑠4. 

It yields that 𝑀 = 5𝑠. 

Thus, the pair (𝑒, 𝑀) = (1, 5𝑠) satisfies the part of solution. 

Now from the numeration 

 

−2(5𝑠)4 + 1286𝑠4 + 16𝑡4 + 𝑢4 − 48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2 

 

                 = −1250𝑠4 + 1286𝑠4 + 16𝑡4 + 𝑢4 − 48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2 

 

= 36𝑠4 + 16𝑡4 + 𝑢4 − 48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2 

 

there comes 𝑁 = 6𝑠2 − 4𝑡2 − 𝑢2.   

Eventually, there derived the solution of above equation as a triple 

 

(5𝑠, 1, 6𝑠2 − 4𝑡2 − 𝑢2).  

 

And hence we acquire the conclusion #α(Γ) = 4 and 𝑟4.2. 

This gives the result    

 

𝑟𝑎𝑛𝑘(𝐸−2(1286𝑠4+16𝑡4+𝑢4−48𝑠2𝑡2−12𝑠2𝑢2+8𝑡2𝑢2)(𝑄)) = 1. 

 

  Due to lemma 2.1, the proof is accomplished. 

  (2). It requires to find the solution of following equation for Γ from [4]:        

 

6)𝑁2 = −4𝑀4 + (328𝑡4 − 16𝑡3𝑢 − 16𝑡𝑢3 − 804𝑡2𝑢2 + 533𝑢4)𝑒4 . 

 

In numerical values 

 

 −4𝑀4 + 328𝑡4𝑒4 and −4𝑀4 + 533𝑢4𝑒4  

 

set 𝑒 as 1 then, we acquire that     

   

−4𝑀4 + 328𝑡4 and −4𝑀4 + 533𝑢4. 

 

Therefore, in looking for the value 𝑀 if it possesses variables 𝑡 and 𝑢 then, there 

can be gotten the terms 324𝑡4 and 529𝑢4. 

Now there is given −16𝑡3𝑢 and −16𝑡𝑢3. 

If 𝑀  is assigned as the form 𝑎𝑡 − 𝑏𝑢  with positive integers 𝑎 , 𝑏  then, due to  

degree 4 of 𝑀4, it is possible that terms for 𝑡3𝑢 and 𝑡𝑢3 are deduced.   

Let 𝑀 = 𝑡 − 𝑢 and 𝑒 = 1 then, there derived that    

 

−16𝑡3𝑢 − 16𝑡𝑢3 + 16𝑡3𝑢 + 16𝑡𝑢3. 
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Thus, the terms 𝑡3𝑢 and 𝑡𝑢3 are erased.  

In the next step, we see that    

 

−24𝑡2𝑢2 − 804𝑡2𝑢2 = −828𝑡2𝑢2. 

 

From the numeration    

 

−4𝑡4 + 328𝑡4 = 324𝑡4 and −4𝑢4 + 533𝑢4 = 529𝑢4 

 

the terms 324𝑡4, 529𝑢4, −828𝑡2𝑢2 are shown. 

  Hence, we get that   

 

 324𝑡4 − 828𝑡2𝑢2 + 529𝑢4. 

 

And it follows that   

 

 𝑁 = 18𝑡2 − 23𝑢2. 

 

For that reason, the triple 

 

  (𝑡 − 𝑢, 1, 18𝑡2 − 23𝑢2)  

 

is derived as the solution of above equation.  

Accordingly, next conclusions are given: 

 

 #α(Γ) = 4 and 𝑟4.2.   

 

Wherefore, we are confronted with following result: 

 

 𝑟𝑎𝑛𝑘(𝐸−4(328𝑡4−16𝑡3𝑢−16𝑡𝑢3−804𝑡2𝑢2+533𝑢4)(𝑄)) = 1. 

 

From lemma 2.1, we finish the proof.                                                                  □ 

 

In above prime 𝑝 = 1286𝑠4 + 16𝑡4 + 𝑢4 − 48𝑠2𝑡2 − 12𝑠2𝑢2 + 8𝑡2𝑢2 in 𝐸−2𝑝 

the coefficient of 𝑠4 is 1286 and this is not a square term. Thus, in calculation 

with −2𝑀4 if there comes square coefficient then, it is sufficient. Hence, we only 

treat the numerical value −2𝑀4 + 1286𝑠4. Whereas in 𝐸−4𝑝, relating equation is 

gotten as  6)𝑁2 = −4𝑀4 + 𝑝𝑒4. The coefficient of 𝑀4 is −4, whence for taking 

a square in resultant in computation −4(𝑎𝑡 − 𝑏𝑢)4 + 𝐵𝑡3𝑢 + 𝐶𝑡𝑢3, there must be 

eliminated the terms 𝐵𝑡3𝑢 and 𝐶𝑡𝑢3. This is difference in regarding rank of 𝐸−2𝑝 

and 𝐸−4𝑝. 
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4 Examples 
 

In this section, we shall submit examples of previous calculations. From [1], 

primality is checked.  

The examples from lemma 2.1 are followings: 

 

(𝑝, 𝑝 − 2): (7, 5), (103, 101), (1063, 1061), (1303, 1301),  

 

(1879, 1877), (2311, 2309), (3463, 3461). 

 

Next things are examples of theorems 3.1(1) and (2):  

 

(𝑝, 𝑠, 𝑡, 𝑢): (102931, 3, 1, 3), (103651, 3, 1, 1).  

 

(𝑝, 𝑡, 𝑢): (70549, 4, 1), (2547253, 10, 3). 
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