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Abstract  

 

 Elliptic curve 𝑦2 = 𝑥3 − 𝑝𝑥 can take ranks from 0 to 2. It means maximal rank is 

2. But finding it is not simple treatment. In this article, we approach to rank 2 in 

curve 𝑦2 = 𝑥3 − 𝑝𝑥. 
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1 Introduction 

 
Maximal rank of curve 𝑦2 = 𝑥3 − 𝑝𝑥 is 2. Thus, there can be deduced rank 0 and 

1 . When prime is such that 𝑝 ≡ 11(𝑚𝑜𝑑 16)  then, rank is 0([3]). And there 

derived many results of rank 1  of the form  𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4  where 

prime is 𝑝 ≡ 5(𝑚𝑜𝑑 16)([4], [6]). For getting maximal rank prime should be 𝑝 ≡
1(𝑚𝑜𝑑 8). From [11] and [2] we can obtain rank 2 where primes are gotten as 

𝑝 = 𝑢4 + 𝑣4 ⋯ ⋯ (𝐺𝐺)  for some integers 𝑢  and 𝑣  and 𝑝 = 𝑒2 + 1 , 𝑒 = 41𝑡2 +
58𝑡 + 41, 𝑡 ≠ −1 ⋯ ⋯ (𝑁𝑁)  with prime 𝑝  and integers 𝑒 , 𝑡 . Taking rank 2  in 

form 𝑦2 = 𝑥3 − 𝑝𝑥  is not simple. In [5] when curve is 𝑦2 = 𝑥3 − 𝑝𝑞𝑥  there 

derived rank 2  where primes are 𝑝 = 4𝑢4 + 20𝑢2𝑣2 + 27𝑣4 and 𝑞 = 4𝑢4 +
20𝑢2𝑣2 + 23𝑣4 𝑤. 𝑖. 𝑢. 𝑣. 1 , 𝑝 ≡ 3(𝑚𝑜𝑑 16)  and  𝑞 ≡ 15(𝑚𝑜𝑑 16)  and in [6] 

there also induced rank 2 in 𝑦2 = 𝑥3 − 𝑝𝑞𝑥 where primes  𝑝 and 𝑞 are 𝑝 = 4𝑢4 −
20𝑢2𝑣2 + 27𝑣4  and 𝑞 = 4𝑢4 − 20𝑢2𝑣2 + 23𝑣4 𝑤. 𝑖. 𝑢. 𝑣. 1 ⋯ ⋯ (𝑊𝑊)and 𝑝 ≡
11(𝑚𝑜𝑑 16)  and  𝑞 ≡ 7(𝑚𝑜𝑑 16) . Our concern is getting maximal rank 2  in 

elliptic curve 𝐸−𝑝: 𝑦2 = 𝑥3 − 𝑝𝑥 where prime is different from (𝐺𝐺) and (𝑁𝑁) .  
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We try to apply the form (𝑊𝑊) to 𝐸−𝑝. The relating equations that should be 

regarded the solvability are 2)𝑁2 = −𝑀4 + 𝑝𝑒4 for Γ and 2)𝑁2 = 2𝑀4 + 2𝑝𝑒4 

for Γ̅. We choose prime as 𝑝 = 17𝑢4 + 16𝑢2𝑣2 + 4𝑣4 then, equation 2) for Γ has 

a solution (𝑢 , 1 , 4𝑢2 + 2𝑣2)  whereas for Γ̅  we confront to 2𝑀4 + 2(17𝑢4 +
16𝑢2𝑣2 + 4𝑣4) = 2𝑀4 + 34𝑢4 + 32𝑢2𝑣2 + 8𝑣4 under the assumption that 𝑒 =
1. If 𝑀 is chosen as 𝑢 then, we are faced with 36𝑢4 + 32𝑢2𝑣2 + 8𝑣4 but due to 

non-square term 8𝑣4  we cannot expect an appearance of square. If we select 

prime as 𝑝 = 50𝑢4 + 14𝑢2𝑣2 + 𝑣4  then, there derived a solution (𝑢 , 1, 7𝑢2 +
𝑣2) of 2)𝑁2 = −𝑀4 + (50𝑢4 + 14𝑢2𝑣2 + 𝑣4)𝑒4but for Γ̅ we have that 2)𝑁2 =
2𝑀4 + 2(50𝑢4 + 14𝑢2𝑣2 + 𝑣4)𝑒4 = 2𝑀4 + (100𝑢4 + 28𝑢2𝑣2 + 2𝑣4)𝑒4. If we 

put 𝑀 = 𝑣  and 𝑒 = 1  then, there induced that 100𝑢4 + 28𝑢2𝑣2 + 4𝑣4 . There 

exist two squares but for non-square term it ought to be educed 40𝑢2𝑣2 but there 

is 28𝑢2𝑣2, hence it doesn’t match to our aim. Not only these attempts but in other 

tries under the hypothesis that prime is such that 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 it is 

difficult to attain rank 2 in curve 𝐸−𝑝 . Therefore, we consider other forms. In 

curve 𝐸−4𝑝: 𝑦2 = 𝑥3 − 4𝑝𝑥 we confront to primes 𝑝 = 68𝑡4 + 16𝑡3𝑢+16𝑡𝑢3 +

104𝑡2𝑢2 + 29𝑢4 with integers 𝑡 and 𝑢 and (𝑡, 𝑢) = 1 and 𝑝 ≡ 13(𝑚𝑜𝑑 16) and 

the case 𝑝 = 349𝑡4 − 432𝑡3𝑢−48𝑡𝑢3 + 336𝑡2𝑢2 + 148𝑢4 with integers 𝑡 and 𝑢 

and (𝑡, 𝑢) = 1 and 𝑝 ≡ 13(𝑚𝑜𝑑 16) where rank is 1([8]). That is, we apply the 

form 𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢+𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4  to the curve 𝑦2 = 𝑥3 − 𝑝𝑥 . The 

value 𝑀 of solution is given as 𝑎𝑡 ± 𝑏𝑢([8]). In this paper, we approach to rank 

2 of elliptic curve 𝑦2 = 𝑥3 − 𝑝𝑥  where prime is the form 𝑝 = 𝐴𝑡4 +
𝐵𝑡3𝑢+𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4 . Suppose that 𝑁2 = 𝑏1𝑀4 + 𝑎𝑀2𝑒2 + 𝑏2𝑒4  is 

relating equation for Γ  in section 6 of chapter III in [10] and 𝑁2 = 𝑏1𝑀4 −
2𝑎𝑀2𝑒2 + 𝑏2𝑒4 is relating equation for Γ̅  in [5]. And 𝑤. 𝑖. 𝑡. 𝑢. 1 and 𝑟4.4 are in 

[7] and [5]. 

 

 

2 Rank 2 

 
As we mentioned in the previous it is necessary to look for the solutions of two 

equations 2)𝑁2 = −𝑀4 + 𝑝𝑒4 for Γ and 2)𝑁2 = 2𝑀4 + 2𝑝𝑒4 for Γ̅. If the triple 

satisfies the solutions of these then, treating the rank of curve 𝑦2 = 𝑥3 − 𝑝𝑥 is 

done. 

 

Theorem 2.1. Elliptic curve 𝑝  satisfies that 𝑝 = 𝑡4 ± 4𝑡3𝑢±4𝑡𝑢3 + 6𝑡2𝑢2 +
2𝑢4 𝑤. 𝑖. 𝑡. 𝑢. 1 and 𝑝 ≡ 1(𝑚𝑜𝑑 8) in 𝐸−𝑝 then, we reach that     

 

𝑟𝑎𝑛𝑘(𝐸−(𝑡4±4𝑡3𝑢±4𝑡𝑢3+6𝑡2𝑢2+2𝑢4)(𝑄)) = 2. 

 

Proo𝑓. First, we treat the prime as the form 𝑝 = 𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 +
2𝑢4. 

There are equations as  
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2)𝑁2 = −𝑀4 + (𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4)𝑒4 for Γ and 

 

2)𝑁2 = 2𝑀4 + 2(𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4)𝑒4 for Γ̅. 

 

In equation 2) for Γ there is a square 𝑡4 in coefficient of 𝑒4. 

In arithmetical value −𝑀4 + 2𝑢4𝑒4 take 𝑒 as 1. 

If the value 𝑀 is given as 𝑢 then, there comes 𝑢4. 

Hence, there is remained 

 

 𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 𝑢4. 

 

And this is a quartic of 𝑡 + 𝑢. 

It means that square of 𝑡 + 𝑢 satisfies the integer 𝑁. 

That is, there derived that 𝑁 = 𝑡2 + 2𝑡𝑢 + 𝑢2. 

Thus, the triple (𝑢, 1, 𝑡2 + 2𝑡𝑢 + 𝑢2) is induced as the solution of equation. 

In addition, we can find another solution. 

If we choose 𝑀 and 𝑒 as 𝑡 + 𝑢 and 1 then, we confront to  

 

−(𝑡 + 𝑢)4 + 𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4 

 

= −(𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 𝑢4) 

 

                               +𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4 

 

= 𝑢4. 

 

  Whence, we get the solution as (𝑡 + 𝑢, 1, 𝑢2). 

  Consequently, there induced that #α(Γ) = 4. 

Next, we regard solution of 2) for Γ̅. 

The square 4𝑢4 is found in coefficient of 𝑒4. 

But there exists a non-square term 2𝑡4 simultaneously. 

In considering term 2𝑀4 with 2𝑡4 if we suppose 𝑀 = 𝑡 and 𝑒 = 1 then, we have 

that  

 

 2𝑡4 + 2𝑡4 = 4𝑡4. 

 

  Now, we notice that  

 

4𝑡4 + 8𝑡3𝑢+8𝑡𝑢3 + 12𝑡2𝑢2 + 4𝑢4. 

 

  This can be factored as  

 

4 ∙ (𝑡4 + 2𝑡3𝑢+2𝑡𝑢3 + 3𝑡2𝑢2 + 𝑢4). 
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There are two squares 𝑡4 and 𝑢4. 

Now we treat the terms 2𝑡3𝑢 and 2𝑡𝑢3. 

These are expressed as  

 

2𝑡3𝑢 = 2 ∙ 𝑡2 ∙ 𝑡 ∙ 𝑢 and 

 

2𝑡𝑢3 = 2 ∙ 𝑡 ∙ 𝑢 ∙ 𝑢2 ⋯ (𝑈𝑈). 

 

Our purpose is attaining a square. 

And the numbers of components are meaningless. 

We decide numbers of it as 3. 

We assume that 𝑡2 and 𝑢2 are components of integer 𝑁. 

Except 2 in above factorizations (𝑈𝑈) there are common factors 𝑡 and 𝑢. 

Henceforth, we determine another component as 𝑡𝑢  then, from the 

multiplications 

 

 2 ∙ 𝑡2 ∙ 𝑡𝑢 and 2 ∙ 𝑡𝑢 ∙ 𝑢2 

 

non-square terms 2𝑡3𝑢 and 2𝑡𝑢3 are educed. 

Accordingly, the value 𝑁 is gotten as 2(𝑡2 + 𝑡𝑢 + 𝑢2).  

Therefore, the solution is given as 

 

(𝑡, 1, 2(𝑡2 + 𝑡𝑢 + 𝑢2)). 

 

On this account, we confront to the conclusion 𝑟4.4. 

Thereby, the rank of 𝐸−(𝑡4+4𝑡3𝑢+4𝑡𝑢3+6𝑡2𝑢2+2𝑢4) became 2. 

Second, we investigate the rank where prime is such that 𝑝 = 𝑡4 −
4𝑡3𝑢−4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4. 

The difference with first case is symbols of terms for 𝑡3𝑢 and 𝑡𝑢3. 

Thus, solutions of 2) for Γ are derived as  

 

(𝑢, 1, 𝑡2 − 2𝑡𝑢 + 𝑢2) and (𝑡 − 𝑢, 1, 𝑢2). 

 

And that of 2) for Γ̅ are given as  

 

(𝑡, 1, 2(𝑡2 − 𝑡𝑢 + 𝑢2)). 

 

Wherefore, there deuced that 𝑟4.4.  

  For this reason, rank of 𝐸−(𝑡4−4𝑡3𝑢−4𝑡𝑢3+6𝑡2𝑢2+2𝑢4) is given as 2.                     □ 

                                                                                                                

 We got the primes as 𝑝 = 𝑡4 ± 4𝑡3𝑢±4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4 in the above. These 

are different from (𝐺𝐺) and (𝑁𝑁) and (𝑊𝑊). For the first time, the form of 

prime 𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢+𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4 ⋯ (𝑅𝑅)  was treated in curve 

𝐸−4𝑝: 𝑦2 = 𝑥3 − 4𝑝𝑥 which induces rank 1([8]), thus it was considered that the  



Maximal rank in elliptic curve 𝑦2 = 𝑥3 − 𝑝𝑥                                                     201 

 

 

form (𝑅𝑅)  is valid for rank 1 . And in curves 𝐸±2𝑝: 𝑦2 = 𝑥3 ± 2𝑝𝑥  and 

𝐸−3𝑝: 𝑦2 = 𝑥3 − 3𝑝𝑥 when rank is correlated to 2 prime is gotten as the form 𝑝 =

𝐻𝑢8 + 𝐼𝑢4𝑣4 + 𝐾𝑣8, hence we tried to find prime as 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 in 

𝐸−𝑝 which induces rank 2. But form of the prime was not induced readily. From 

breaking the conventional wisdom and applying the form (𝑅𝑅)  to curve 

𝐸−𝑝: 𝑦2 = 𝑥3 − 𝑝𝑥  we get new consequences. We also needed to mention about 

bigness. That of coefficient of 𝑡4 is 1 and it is smaller than we guessed. That of 𝑢4 

is 2 . Due to attempt to taking as 𝑝 = 17𝑢4 + 16𝑢2𝑣2 + 4𝑣4  or 𝑝 = 50𝑢4 +
14𝑢2𝑣2 + 𝑣4 in preceding section it is apt to guess that absolute value of 𝑡4 is 

two places of numbers or more. But number 1 is decided as coefficient of 𝑡4 in 

prime.   

 

 Remark 2.2. Above primes are the forms  𝑝 = 𝑡4 + 4𝑡3𝑢+4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4 

and 𝑝 = 𝑡4 − 4𝑡3𝑢−4𝑡𝑢3 + 6𝑡2𝑢2 + 2𝑢4 ⋯ (𝑍𝑍). The terms for squares are the 

same and other two terms have same absolute values of coefficients and only 

symbols are different. In [9] parity primes were defined. The forms are 𝑝 =
𝐻𝑢4 ± 𝐼𝑢2𝑣2 + 𝐾𝑢4. If we attempt to define parity primes to (𝑍𝑍) then, it will be 

profitable such that  𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢+𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4  and 𝑝 = 𝐴𝑡4 −
𝐵𝑡3𝑢−𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4. 

 

 Remark 2.3. In above equation for Γ there derived two solutions. In [8], the 

author regarded the rank of curve 𝐸−4𝑝: 𝑦2 = 𝑥3 − 4𝑝𝑥 where prime is such that 

𝑝 = 68𝑡4 + 16𝑡3𝑢+16𝑡𝑢3 + 104𝑡2𝑢2 + 29𝑢4  with integers 𝑡  and 𝑢  and (𝑡 , 

𝑢) = 1  and 𝑝 ≡ 13(𝑚𝑜𝑑 16)  and the case 𝑝 = 349𝑡4 − 432𝑡3𝑢−48𝑡𝑢3 +
336𝑡2𝑢2 + 148𝑢4  with integers 𝑡  and 𝑢  and (𝑡 , 𝑢) = 1  and 𝑝 ≡ 13(𝑚𝑜𝑑 16) 

and solutions of relating equations 6)𝑁2 = −4𝑀4 + 𝑝𝑒4  for Γ  are (𝑡 + 𝑢 , 1 , 

8𝑡2 + 5𝑢2) and (3𝑡 − 𝑢, 1, 5𝑡2 + 12𝑢2) respectively. The coefficients of 𝑡4 and 

𝑢4 in primes are 68, 29 and 349, 148 and these are not squares. And in these 

cases it is difficult to find another solution. 

 

 

3 Examples 
 

In section 3, we will suggest examples.  

Primality is done by [1].  

Now we submit examples: 

 

(𝑝, 𝑡, 𝑢)+4,+4:  

 

(17, 1, 1) and (97, 1, 2) and (881, 1, 4) and  

 

(10657, 1, 8) and (149057, 1, 16). 

 

(𝑝, 𝑡, 𝑢)−4,−4:  
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(17, 3, 1) and (257, 5, 1) and (641, 7, 2) and  

 

(1297, 7, 1) and (2417, 9, 2) and (6577, 11, 2) and (14657, 13, 2). 
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