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Abstract 

 

 If odd primes 𝑝  and 𝑞  are such that 𝑝 ≡ 3(𝑚𝑜𝑑 16)  and 𝑞 ≡ 15(𝑚𝑜𝑑 16)  or 

𝑝 ≡ 11(𝑚𝑜𝑑 16) and 𝑞 ≡ 7(𝑚𝑜𝑑 16)  in 𝐸−𝑝𝑞: 𝑦2 = 𝑥3 − 𝑝𝑞𝑥  then, rank 2  can 

be deduced([2] and [4]). It is trivial that we pursue primes 𝑝 and 𝑞 as complex as 

possible. The primes of the forms 𝑝 = (  )𝑢4 + (  )𝑣4 + (  )𝑤4 + (  )𝑢2𝑣2 +
(  )𝑢2𝑤2 + (  )𝑣2𝑤2 and 𝑞 = (  )′𝑢4 + (  )′𝑣4 + (  )′𝑤4 + (  )′𝑢2𝑣2 +
(  )′𝑢2𝑤2 + (  )′𝑣2𝑤2  in [5] was the beginning taking more numbers of terms 

than 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4  and 𝑞 = 𝐻′𝑢4 + 𝐼′𝑢2𝑣2 + 𝐾′𝑣4 . In [10], the 

primes 𝑝 and 𝑞 are composed of 22 variables and 253 terms where variables are 

𝐴 and 𝐵  and 𝐶  and 𝐷  and 𝐸  and 𝐹  and 𝐺  and 𝐻  and 𝐼  and 𝐽  and 𝐾  and 𝐿  and 𝑂 

and 𝑃 and 𝑄 and 𝑅 and 𝑆 and 𝑇 and 𝑈 and 𝑉 and 𝑊 and 𝑍. In this article, we add 

more variables to [10]. 
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1 Introduction 
 

In [6], the primes 𝑝  and 𝑞  as 𝑝 = (  )𝑐4 + (  )𝑑2 + (  )𝑓2 + (  )𝑔2 + (  )ℎ2 +
(  )𝑖2 + (  )𝑗2 + (  )𝑘2 + (  )𝑙2 + (  )𝑠2 + (  )𝑡2 + (  )𝑢2 + (  )𝑣2 + (  )𝑤2 + (  ) 

∙ 𝑧2 + (  )𝑐2𝑑 + (  )𝑐2𝑓 + (  )𝑐2𝑔 + (  )𝑐2ℎ + (  )𝑐2𝑖 + (  )𝑐2𝑗 + (  )𝑐2𝑘 + (  )𝑐2𝑙 
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+(  ) ∙ 𝑐2𝑠 + (  )𝑐2𝑡 + (  )𝑐2𝑢 + (  )𝑐2𝑣 + (  )𝑐2𝑤 + (  )𝑐2𝑧 + (  )𝑑𝑓 + (  )𝑑𝑔 + 
(  )𝑑ℎ + (  )𝑑𝑖 + (  )𝑑𝑗 + (  )𝑑𝑘 + (  )𝑑𝑙 + (  )𝑑𝑠 + (  )𝑑𝑡 + (  )𝑑𝑢 + (  )𝑑𝑣 + (  ) 

∙ 𝑑𝑤 + (  )𝑑𝑧 + (  )𝑓𝑔 + (  )𝑓ℎ + (  )𝑓𝑖 + (  )𝑓𝑗 + (  )𝑓𝑘 + (  )𝑓𝑙 + (  )𝑓𝑠 + (  )𝑓 

∙ 𝑡 + (  )𝑓𝑢 + (  )𝑓𝑣 + (  )𝑓𝑤 + (  )𝑓𝑧 + (  )𝑔ℎ + (  )𝑔𝑖 + (  )𝑔𝑗 + (  )𝑔𝑘 + (  )𝑔𝑙 
+(  )𝑔𝑠 + (  )𝑔𝑡 + (  )𝑔𝑢 + (  )𝑔𝑣 + (  )𝑔𝑤 + (  )𝑔𝑧 + (  )ℎ𝑖 + (  )ℎ𝑗 + (  )ℎ𝑘 + 
(   )ℎ𝑙 + (  )ℎ𝑠 + (  )ℎ𝑡 + (  )ℎ𝑢 + (  )ℎ𝑣 + (  )ℎ𝑤 + (  )ℎ𝑧 + (  )𝑖𝑗 + (  )𝑖𝑘 + (  ) 

∙ 𝑖𝑙 + (  )𝑖𝑠 + (  )𝑖𝑡 + (  )𝑖𝑢 + (  )𝑖𝑣 + (  )𝑖𝑤 + (  )𝑖𝑧 + (  )𝑗𝑘 + (  )𝑗𝑙 + (  )𝑗𝑠 + (  
)𝑗𝑡 + (  )𝑗𝑢 + (  )𝑗𝑣 + (  )𝑗𝑤 + (  )𝑗𝑧 + (  )𝑘𝑙 + (  )𝑘𝑠 + (  )𝑘𝑡 + (  )𝑘𝑢 + (  )𝑘𝑣 

+(  )𝑘𝑤 + ( )𝑘𝑧 + (  )𝑙𝑠 + (  )𝑙𝑡 + (  )𝑙𝑢 + (  )𝑙𝑣 + (  )𝑙𝑤 + (  )𝑙𝑧 + (  )𝑠𝑡 + (  )𝑠 

∙ 𝑢 + (  )𝑠𝑣 + (  )𝑠𝑤 + (  )𝑠𝑧 + (  )𝑡𝑢 + (  )𝑡𝑣 + (  )𝑡𝑤 + (  )𝑡𝑧 + (  )𝑢𝑣 + (  )𝑢𝑤 

+(  )𝑢𝑧 + (  )𝑣𝑤 + (  )𝑣𝑧 + (  )𝑤𝑧 and 𝑞 = {  }𝑐4 + {  }𝑑2 + {  }𝑓2 + {  }𝑔2 + {  } 

∙ ℎ2 + {  }𝑖2 + {  }𝑗2 + {  }𝑘2 + {  }𝑙2 + {  }𝑠2 + {  }𝑡2 + {  }𝑢2 + {  }𝑣2 + {  }𝑤2 + 

{  }𝑧2 + {  }𝑐2𝑑 + {  }𝑐2𝑓 + {  }𝑐2𝑔 + {  }𝑐2ℎ + {  }𝑐2𝑖 + {  }𝑐2𝑗 + {  }𝑐2𝑘 + {  }𝑐2 

∙ 𝑙 + {  }𝑐2𝑠 + {  }𝑐2𝑡 + {  }𝑐2𝑢 + {  }𝑐2𝑣 + {  }𝑐2𝑤 + {  }𝑐2𝑧 + {  }𝑑𝑓 + {  }𝑑𝑔 + 
{  }𝑑ℎ + {  }𝑑𝑖 + {  }𝑑𝑗 + {  }𝑑𝑘 + {  }𝑑𝑙 + {  }𝑑𝑠 + {  }𝑑𝑡 + {  }𝑑𝑢 + {  }𝑑𝑣 + {  }𝑑 

∙ 𝑤 + { }𝑑𝑧 + {  }𝑓𝑔 + {  }𝑓ℎ + {  }𝑓𝑖 + {  }𝑓𝑗 + {  }𝑓𝑘 + {  }𝑓𝑙 + {  }𝑓𝑠 + {  }𝑓𝑡 + 

+{  }𝑓𝑢 + {  }𝑓𝑣 + {  }𝑓𝑤 + {  }𝑓𝑧 + {  }𝑔ℎ + {  }𝑔𝑖 + {  }𝑔𝑗 + {  }𝑔𝑘 + {  }𝑔𝑙 + {  
}𝑔𝑠 + {  }𝑔𝑡 + {  }𝑔𝑢 + {  }𝑔𝑣 + {  }𝑔𝑤 + {  }𝑔𝑧 + {  }ℎ𝑖 + {  }ℎ𝑗 + {  }ℎ𝑘 + {  }ℎ𝑙 
+{  }ℎ𝑠 + {  }ℎ𝑡 + {  }ℎ𝑢 + {  }ℎ𝑣 + {  }ℎ𝑤 + {  }ℎ𝑧 + {  }𝑖𝑗 + {  }𝑖𝑘 + {  }𝑖𝑙 + {  }𝑖 
∙ 𝑠 + {  }𝑖𝑡 + {  }𝑖𝑢 + {  }𝑖𝑣 + {  }𝑖𝑤 + {  }𝑖𝑧 + {  }𝑗𝑘 + {  }𝑗𝑙 + {  }𝑗𝑠 + {  }𝑗𝑡 + {  } 

∙ 𝑗𝑢 + {  }𝑗𝑣 + {  }𝑗𝑤 + {  }𝑗𝑧 + {  }𝑘𝑙 + {  }𝑘𝑠 + {  }𝑘𝑡 + {  }𝑘𝑢 + {  }𝑘𝑣 + {  }𝑘𝑤 

+{  }𝑘𝑧 + {  }𝑙𝑠 + {  }𝑙𝑡 + {  }𝑙𝑢 + {  }𝑙𝑣 + {  }𝑙𝑤 + {  }𝑙𝑧 + {  }𝑠𝑡 + {  }𝑠𝑢 + {  }𝑠𝑣 

+{  }𝑠𝑤 + {  }𝑠𝑧 + {  }𝑡𝑢 + {  }𝑡𝑣 + {  }𝑡𝑤 + {  }𝑡𝑧 + {  }𝑢𝑣 + {  }𝑢𝑤 + {  }𝑢𝑧 + {   
}𝑣𝑤 + {  }𝑣𝑧 + {  }𝑤𝑧  were treated in elliptic curve 𝐸−𝑝𝑞: 𝑦2 = 𝑥3 − 𝑝𝑞𝑥  that 

derives rank 2 . In [7] and [8] and [9] similar primes were also considered. 

Furthermore, in [10] more complex forms of primes were regarded. The variables 

are 𝐴 and 𝐵 and 𝐶 and 𝐷 and 𝐸 and 𝐹 and 𝐺 and 𝐻 and 𝐼 and 𝐽 and 𝐾 and 𝐿 and 𝑂 

and 𝑃  and 𝑄  and 𝑅  and 𝑆  and 𝑇  and 𝑈  and 𝑉  and 𝑊  and 𝑍  and resultantly 

compared with [6], [7], [8], [9] the numbers of variables and terms are changed 

from 15 into 22 and 120 into 253 respectively. Henceforth, in view of numbers 

of terms, the terms 𝑅2, 𝑆2, 𝑇2, 𝑈2, 𝑉2, 𝑊2, 𝑍2 and 14𝐴𝑅, 14𝐴𝑆, 14𝐴𝑇, 14𝐴𝑈, 

14𝐴𝑉, 14𝐴𝑊, 14𝐴𝑍 and 2𝐵𝑅, 2𝐵𝑆, 2𝐵𝑇, 2𝐵𝑈, 2𝐵𝑉, 2𝐵𝑊, 2𝐵𝑍 and 2𝐶𝑅, 2𝐶𝑆, 

2𝐶𝑇 , 2𝐶𝑈 , 2𝐶𝑉 , 2𝐶𝑊 , 2𝐶𝑍  and 2𝐷𝑅 , 2𝐷𝑆 , 2𝐷𝑇 , 2𝐷𝑈 , 2𝐷𝑉 , 2𝐷𝑊 , 2𝐷𝑍  and 

2𝐸𝑅, 2𝐸𝑆, 2𝐸𝑇, 2𝐸𝑈, 2𝐸𝑉, 2𝐸𝑊 , 2𝐸𝑍 and 2𝐹𝑅, 2𝐹𝑆, 2𝐹𝑇, 2𝐹𝑈, 2𝐹𝑉, 2𝐹𝑊 , 

2𝐹𝑍  and 2𝐺𝑅 , 2𝐺𝑆 , 2𝐺𝑇 , 2𝐺𝑈 , 2𝐺𝑉 , 2𝐺𝑊 , 2𝐺𝑍  and 2𝐻𝑅 , 2𝐻𝑆 , 2𝐻𝑇 , 2𝐻𝑈 , 

2𝐻𝑉 , 2𝐻𝑊 , 2𝐻𝑍  and 2𝐼𝑅 , 2𝐼𝑆 , 2𝐼𝑇 , 2𝐼𝑈 , 2𝐼𝑉 , 2𝐼𝑊 , 2𝐼𝑍  and 2𝐽𝑅 , 2𝐽𝑆 , 2𝐽𝑇 , 

2𝐽𝑈, 2𝐽𝑉, 2𝐽𝑊, 2𝐽𝑍 and 2𝐾𝑅, 2𝐾𝑆, 2𝐾𝑇, 2𝐾𝑈, 2𝐾𝑉, 2𝐾𝑊, 2𝐾𝑍 and 2𝐿𝑅, 2𝐿𝑆, 

2𝐿𝑇 , 2𝐿𝑈 , 2𝐿𝑉 , 2𝐿𝑊 , 2𝐿𝑍  and 2𝑂𝑅 , 2𝑂𝑆 , 2𝑂𝑇 , 2𝑂𝑈 , 2𝑂𝑉 , 2𝑂𝑊 , 2𝑂𝑍  and 

2𝑃𝑅, 2𝑃𝑆, 2𝑃𝑇, 2𝑃𝑈, 2𝑃𝑉, 2𝑃𝑊 , 2𝑃𝑍 are added as new ones. Moreover, the 

terms 2𝑄𝑅, 2𝑄𝑆, 2𝑄𝑇, 2𝑄𝑈, 2𝑄𝑉, 2𝑄𝑊, 2𝑄𝑍 and 2𝑅𝑆, 2𝑅𝑇, 2𝑅𝑈, 2𝑅𝑉, 2𝑅𝑊, 

2𝑅𝑍 and 2𝑆𝑇, 2𝑆𝑈, 2𝑆𝑉, 2𝑆𝑊, 2𝑆𝑍 and 2𝑇𝑈, 2𝑇𝑉, 2𝑇𝑊, 2𝑇𝑍 and 2𝑈𝑉, 2𝑈𝑊, 

2𝑈𝑍 and 2𝑉𝑊, 2𝑉𝑍 and 2𝑊𝑍 are added as new ones. It is clear that we pursue 

more complex prims 𝑝 and 𝑞. It is matched to progression in systematization of 

rank in elliptic curve 𝑦2 = 𝑥3 + 𝐴𝑝𝑥. Namely, as we obtaining distinct primes 𝑝  
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and 𝑞 with more terms and more variables it contributes abstraction of rank in 

𝑦2 = 𝑥3 − 𝑝𝑞𝑥 . Our treatment is done under the hypothesis that resultant is 

gotten as a square form. Thus, the primes are also induced closely correlated to 

square forms. The form of prime as 𝑝 = 163𝑡4 − 4𝑡3𝑢 − 8𝑡𝑢3 + 8𝑡2𝑢2 +

4𝑢4 ⋯ ⋯ (바 ) is educed in 𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥. Outwardly, this form is little 

involved to square. And in curve 𝑦2 = 𝑥3 − 𝑝𝑞𝑥 with rank 2 it is not simple to 

take primes 𝑝  and 𝑞  as (바 )  since there are two relating equations 3)𝑁2 =

𝑝𝑀4 − 𝑞𝑒4 for Γ and 5)𝑁2 = 2𝑝𝑀4 + 2𝑞𝑒4 for Γ̅ which are necessary to search 

the solutions([2], [4]). In detail, in 𝐸−2𝑝 it only needs to take into account prime 𝑝 

related to term −2𝑀4 whereas in 𝐸−𝑝𝑞 it requires to regard two primes 𝑝 and 𝑞. 

We also needed to note about case of 𝑀 = 𝑡 + 𝑢. That is, if this holds then, 𝑀4 is 

gotten as 𝑡4 + 4𝑡3𝑢 + 4𝑡𝑢3 + 6𝑡2𝑢2 + 𝑢4 , hence if primes 𝑝  and 𝑞  should be 

involved to this value then, finding the solutions of relating equations became 

complex. Thus, it is usual that the integer 𝑀 is gotten as one variable with 𝑒 = 1 

then, searching the primes is done readily. Therefore, considering distinct odd 

primes 𝑝  and 𝑞  is done under the assumption that 𝑀 = 𝑒 = 1  became main 

tendency. But there is left probability that 𝑀 can be monomial or polynomial. 

Now our investigation is an extension of [10]. We add more variables to existing 

things for attaining rank 2 in 𝐸−𝑝𝑞 . We choose 𝑋 and 𝑌 as new variables. From 

these two things, more terms will be appeared in non-square parts in distinct 

primes. We appoint that primes 𝑝 and 𝑞 are the forms 𝑝 ≡ 3(𝑚𝑜𝑑 16) and 𝑞 ≡
15(𝑚𝑜𝑑 16) or 𝑝 ≡ 11(𝑚𝑜𝑑 16) and 𝑞 ≡ 7(𝑚𝑜𝑑 16). Due to [2] and [4], it is 

enough that we regard solutions of two relating equations 3)𝑁2 = 𝑝𝑀4 − 𝑞𝑒4 for 

Γ and 5)𝑁2 = 2𝑝𝑀4 + 2𝑞𝑒4 for Γ̅. In this paper, we approach to rank of elliptic 

curve 𝑦2 = 𝑥3 − 𝑝𝑞𝑥 where primes 𝑝 and 𝑞  are composed of more numbers of 

variables and terms than [10]. Now 𝑟4.4  is in [4] and  

𝑤. 𝑖. 𝐴. 𝐵. 𝐶. 𝐷. 𝐸. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 𝐾. 𝐿. 𝑂. 𝑃. 𝑄. 𝑅. 𝑆. 𝑇. 𝑈. 𝑉. 𝑊. 𝑋. 𝑌. 𝑍. 1  denotes that 

with integers 𝐴 and 𝐵  and 𝐶  and 𝐷  and 𝐸  and 𝐹  and 𝐺  and 𝐻 and 𝐼  and 𝐽 and 𝐾 

and 𝐿 and 𝑂 and 𝑃 and 𝑄 and 𝑅 and 𝑆 and 𝑇 and 𝑈 and 𝑉 and 𝑊 and 𝑋 and 𝑌 and 

𝑍 and (𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽, 𝐾, 𝐿, 𝑂, 𝑃, 𝑄, 𝑅, 𝑆, 𝑇, 𝑈, 𝑉, 𝑊, 𝑋, 𝑌, 𝑍) = 1.  
 

 

2 Decision of Primes 
 

As in previous section, we access to primes 𝑝 and 𝑞 with more numbers of terms 

than [10]. Two variables 𝑋 and 𝑌 will be added. Now we consider the primes. 

 

Theorem 2.1. Let distinct primes 𝑝 and 𝑞 be the forms 𝑝 = 11𝐴2 + 𝐵2 + 𝐶2 + 

𝐷2 + 𝐸2 + 𝐹2 + 𝐺2 + 𝐻2 + 𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 𝑄2 + 𝑅2 + 𝑆2 + 𝑇2 

+𝑈2 + 𝑉2 + 𝑊2 + 𝑋2 + 𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 6𝐴𝐸 + 6𝐴𝐹 + 6𝐴𝐺 

+6𝐴𝐻 + 6𝐴𝐼 + 6𝐴𝐽 + 6𝐴𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 6𝐴𝑅 + 6𝐴𝑆 + 6𝐴𝑇 

+6𝐴𝑈 + 6𝐴𝑉 + 6𝐴𝑊 + 6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 + 2𝐵𝐸 + 2𝐵𝐹 + 2𝐵 
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∙ 𝐺 + 2𝐵𝐻 + 2𝐵𝐼 + 2𝐵𝐽 + 2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 + 2𝐵𝑅 + 2𝐵𝑆 + 2 

∙ 𝐵𝑇 + 2𝐵𝑈 + 2𝐵𝑉 + 2𝐵𝑊 + 2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶𝐸 + 2𝐶𝐹 + 2𝐶𝐺 

+2𝐶𝐻 + 2𝐶𝐼 + 2𝐶𝐽 + 2𝐶𝐾 + 2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2𝐶𝑅 + 2𝐶𝑆 + 2𝐶𝑇 + 

2𝐶𝑈 + 2𝐶𝑉 + 2𝐶𝑊 + 2𝐶𝑋 + 2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 2𝐷𝐺 + 2𝐷𝐻 + 2𝐷𝐼 

+2𝐷𝐽 + 2𝐷𝐾 + 2𝐷𝐿 + 2𝐷𝑂 + 2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 + 2𝐷𝑇 + 2𝐷𝑈 + 2𝐷 

∙ 𝑉 + 2𝐷𝑊 + 2𝐷𝑋 + 2𝐷𝑌 + 2𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2𝐸𝐼 + 2𝐸𝐽 + 2𝐸𝐾 + 

2𝐸𝐿 + 2𝐸𝑂 + 2𝐸𝑃 + 2𝐸𝑄 + 2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 2𝐸𝑉 + 2𝐸𝑊 + 2𝐸𝑋 

+2𝐸𝑌 + 2𝐸𝑍 + 2𝐹𝐺 + 2𝐹𝐻 + 2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 2𝐹𝑂 + 2𝐹𝑃 + 2𝐹𝑄 

+2𝐹𝑅 + 2𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 + 2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 + 2𝐹𝑍 + 2𝐺𝐻 + 2𝐺𝐼 

+2𝐺𝐽 + 2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 + 2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 + 2𝐺𝑇 + 2𝐺𝑈 + 2𝐺𝑉 

+2𝐺𝑊 + 2𝐺𝑋 + 2𝐺𝑌 + 2𝐺𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 + 2𝐻𝑂 + 2𝐻𝑃 + 2𝐻 

∙ 𝑄 + 2𝐻𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2𝐻𝑌 + 2𝐻𝑍 + 2𝐼𝐽 + 

2𝐼𝐾 + 2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 + 2𝐼𝑉 + 2𝐼𝑊 + 2𝐼𝑋 

+2𝐼𝑌 + 2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 + 2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽𝑆 + 2𝐽𝑇 + 2𝐽𝑈 + 2𝐽𝑉 

+2𝐽𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾𝑄 + 2𝐾𝑅 + 2𝐾𝑆 + 2𝐾𝑇 

+2𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 + 2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 + 2𝐿𝑃 + 2𝐿𝑄 + 2𝐿𝑅 + 2𝐿 

∙ 𝑆 + 2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 + 2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 2𝑂𝑃 + 2𝑂𝑄 + 2𝑂𝑅 + 2 

∙ 𝑂𝑆 + 2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 + 2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂𝑍 + 2𝑃𝑄 + 2𝑃𝑅 + 2𝑃𝑆 

+2𝑃𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 2𝑄𝑅 + 2𝑄𝑆 + 2𝑄𝑇 + 2𝑄 

∙ 𝑈 + 2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 + 2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 + 2𝑅𝑈 + 2𝑅𝑉 + 2𝑅𝑊 

+2𝑅𝑋 + 2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 + 2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆𝑋 + 2𝑆𝑌 + 2𝑆𝑍 + 2𝑇𝑈 

+2𝑇𝑉 + 2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 + 2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 2𝑈𝑋 + 2𝑈𝑌 + 2𝑈𝑍 + 2𝑉 

∙ 𝑊 + 2𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋𝑌 + 2𝑋𝑍 + 2𝑌𝑍 and 𝑞 = 

7𝐴2 + 𝐵2 + 𝐶2+𝐷2 + 𝐸2 + 𝐹2 + 𝐺2 + 𝐻2 + 𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 

𝑄2 + 𝑅2 + 𝑆2 + 𝑇2 + 𝑈2 + 𝑉2 + 𝑊2 + 𝑋2 + 𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 

6𝐴𝐸 + 6𝐴𝐹 + 6𝐴𝐺 + 6𝐴𝐻 + 6𝐴𝐼 + 6𝐴𝐽 + 6𝐴𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 

6𝐴𝑅 + 6𝐴𝑆 + 6𝐴𝑇 + 6𝐴𝑈 + 6𝐴𝑉 + 6𝐴𝑊 + 6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 

+2𝐵𝐸 + 2𝐵𝐹 + 2𝐵𝐺 + 2𝐵𝐻 + 2𝐵𝐼 + 2𝐵𝐽 + 2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 

+2𝐵𝑅 + 2𝐵𝑆 + 2𝐵𝑇 + 2𝐵𝑈 + 2𝐵𝑉 + 2𝐵𝑊 + 2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶 

∙ 𝐸 + 2𝐶𝐹 + 2𝐶𝐺 + 2𝐶𝐻 + 2𝐶𝐼 + 2𝐶𝐽 + 2𝐶𝐾 + 2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2 

∙ 𝐶𝑅 + 2𝐶𝑆 + 2𝐶𝑇 + 2𝐶𝑈 + 2𝐶𝑉 + 2𝐶𝑊 + 2𝐶𝑋 + 2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 

2𝐷𝐺 + 2𝐷𝐻 + 2𝐷𝐼 + 2𝐷𝐽 + 2𝐷𝐾 + 2𝐷𝐿 + 2𝐷𝑂 + 2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 

+2𝐷𝑇 + 2𝐷𝑈 + 2𝐷𝑉 + 2𝐷𝑊 + 2𝐷𝑋 + 2𝐷𝑌 + 2𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2 

∙ 𝐸𝐼 + 2𝐸𝐽 + 2𝐸𝐾 + 2𝐸𝐿 + 2𝐸𝑂 + 2𝐸𝑃 + 2𝐸𝑄 + 2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 

2𝐸𝑉 + 2𝐸𝑊 + 2𝐸𝑋 + 2𝐸𝑌 + 2𝐸𝑍 + 2𝐹𝐺 + 2𝐹𝐻 + 2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 

2𝐹𝑂 + 2𝐹𝑃 + 2𝐹𝑄 + 2𝐹𝑅 + 2𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 + 2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 

+2𝐹𝑍 + 2𝐺𝐻 + 2𝐺𝐼 + 2𝐺𝐽 + 2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 + 2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 

+2𝐺𝑇 + 2𝐺𝑈 + 2𝐺𝑉 + 2𝐺𝑊 + 2𝐺𝑋 + 2𝐺𝑌 + 2𝐺𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 

+2𝐻𝑂 + 2𝐻𝑃 + 2𝐻𝑄 + 2𝐻𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2 

∙ 𝐻𝑌 + 2𝐻𝑍 + 2𝐼𝐽 + 2𝐼𝐾 + 2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 

+2𝐼𝑉 + 2𝐼𝑊 + 2𝐼𝑋 + 2𝐼𝑌 + 2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 + 2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽 

∙ 𝑆 + 2𝐽𝑇 + 2𝐽𝑈 + 2𝐽𝑉 + 2𝐽𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾 

∙ 𝑄 + 2𝐾𝑅 + 2𝐾𝑆 + 2𝐾𝑇 + 2𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 + 2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 

+2𝐿𝑃 + 2𝐿𝑄 + 2𝐿𝑅 + 2𝐿𝑆 + 2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 + 2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 
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+2𝑂𝑃 + 2𝑂𝑄 + 2𝑂𝑅 + 2𝑂𝑆 + 2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 + 2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂 

∙ 𝑍 + 2𝑃𝑄 + 2𝑃𝑅 + 2𝑃𝑆 + 2𝑃𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 

2𝑄𝑅 + 2𝑄𝑆 + 2𝑄𝑇 + 2𝑄𝑈 + 2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 + 2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 

+2𝑅𝑈 + 2𝑅𝑉 + 2𝑅𝑊 + 2𝑅𝑋 + 2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 + 2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆 

∙ 𝑋 + 2𝑆𝑌 + 2𝑆𝑍 + 2𝑇𝑈 + 2𝑇𝑉 + 2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 + 2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 

2𝑈𝑋 + 2𝑈𝑌 + 2𝑈𝑍 + 2𝑉𝑊 + 2𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋 

∙ 𝑌 + 2𝑋𝑍 + 2𝑌𝑍 𝑤. 𝑖. 𝐴. 𝐵. 𝐶. 𝐷. 𝐸. 𝐹. 𝐺. 𝐻. 𝐼. 𝐽. 𝐾. 𝐿. 𝑂. 𝑃. 𝑄. 𝑅. 𝑆. 𝑇. 𝑈. 𝑉. 𝑊. 𝑋. 𝑌. 
. 𝑍. 1  and 𝑝 ≡ 11(𝑚𝑜𝑑 16)  and 𝑞 ≡ 7(𝑚𝑜𝑑 16)  in 𝐸−𝑝𝑞 : 𝑦2 = 𝑥3 − 𝑝𝑞𝑥  then, 

the consequence   

 

𝑟𝑎𝑛𝑘(𝐸−(11𝐴2+⋯+𝑍2+6𝐴𝐵+⋯+6𝐴𝑍+2𝐵𝐶+⋯+2𝑌𝑍)(7𝐴2+⋯+𝑍2+6𝐴𝐵+⋯+6𝐴𝑍+2𝐵𝐶+⋯+2𝑌𝑍)(𝑄)) 

 

= 2. 

 

is given. 

 

Proo𝑓. Equation 3) for Γ is 𝑁2 = (11𝐴2 + 𝐵2 + 𝐶2+𝐷2 + 𝐸2 + 𝐹2 + 𝐺2 + 𝐻2 

+𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 𝑄2 + 𝑅2 + 𝑆2 + 𝑇2 + 𝑈2 + 𝑉2 + 𝑊2 + 𝑋2 + 

𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 6𝐴𝐸 + 6𝐴𝐹 + 6𝐴𝐺 + 6𝐴𝐻 + 6𝐴𝐼 + 6𝐴𝐽 + 6𝐴 

∙ 𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 6𝐴𝑅 + 6𝐴𝑆 + 6𝐴𝑇 + 6𝐴𝑈 + 6𝐴𝑉 + 6𝐴𝑊 + 

6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 + 2𝐵𝐸 + 2𝐵𝐹 + 2𝐵𝐺 + 2𝐵𝐻 + 2𝐵𝐼 + 2𝐵𝐽 + 

2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 + 2𝐵𝑅 + 2𝐵𝑆 + 2𝐵𝑇 + 2𝐵𝑈 + 2𝐵𝑉 + 2𝐵𝑊 

+2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶𝐸 + 2𝐶𝐹 + 2𝐶𝐺 + 2𝐶𝐻 + 2𝐶𝐼 + 2𝐶𝐽 + 2𝐶𝐾 

+2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2𝐶𝑅 + 2𝐶𝑆 + 2𝐶𝑇 + 2𝐶𝑈 + 2𝐶𝑉 + 2𝐶𝑊 + 2𝐶𝑋 

+2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 2𝐷𝐺 + 2𝐷𝐻 + 2𝐷𝐼 + 2𝐷𝐽 + 2𝐷𝐾 + 2𝐷𝐿 + 2𝐷𝑂 

+2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 + 2𝐷𝑇 + 2𝐷𝑈 + 2𝐷𝑉 + 2𝐷𝑊 + 2𝐷𝑋 + 2𝐷𝑌 + 2 

∙ 𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2𝐸𝐼 + 2𝐸𝐽 + 2𝐸𝐾 + 2𝐸𝐿 + 2𝐸𝑂 + 2𝐸𝑃 + 2𝐸𝑄 + 

2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 2𝐸𝑉 + 2𝐸𝑊 + 2𝐸𝑋 + 2𝐸𝑌 + 2𝐸𝑍 + 2𝐹𝐺 + 2𝐹𝐻 

+2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 2𝐹𝑂 + 2𝐹𝑃 + 2𝐹𝑄 + 2𝐹𝑅 + 2𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 

+2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 + 2𝐹𝑍 + 2𝐺𝐻 + 2𝐺𝐼 + 2𝐺𝐽 + 2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 

+2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 + 2𝐺𝑇 + 2𝐺𝑈 + 2𝐺𝑉 + 2𝐺𝑊 + 2𝐺𝑋 + 2𝐺𝑌 + 2𝐺 

∙ 𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 + 2𝐻𝑂 + 2𝐻𝑃 + 2𝐻𝑄 + 2𝐻𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 

2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2𝐻𝑌 + 2𝐻𝑍 + 2𝐼𝐽 + 2𝐼𝐾 + 2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 

2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 + 2𝐼𝑉 + 2𝐼𝑊 + 2𝐼𝑋 + 2𝐼𝑌 + 2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 

+2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽𝑆 + 2𝐽𝑇 + 2𝐽𝑈 + 2𝐽𝑉 + 2𝐽𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽 

∙ 𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾𝑄 + 2𝐾𝑅 + 2𝐾𝑆 + 2𝐾𝑇 + 2𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 

+2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 + 2𝐿𝑃 + 2𝐿𝑄 + 2𝐿𝑅 + 2𝐿𝑆 + 2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 

+2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 2𝑂𝑃 + 2𝑂𝑄 + 2𝑂𝑅 + 2𝑂𝑆 + 2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 

+2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂𝑍 + 2𝑃𝑄 + 2𝑃𝑅 + 2𝑃𝑆 + 2𝑃𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃 

∙ 𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 2𝑄𝑅 + 2𝑄𝑆 + 2𝑄𝑇 + 2𝑄𝑈 + 2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 

+2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 + 2𝑅𝑈 + 2𝑅𝑉 + 2𝑅𝑊 + 2𝑅𝑋 + 2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 

+2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆𝑋 + 2𝑆𝑌 + 2𝑆𝑍 + 2𝑇𝑈 + 2𝑇𝑉 + 2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 

+2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 2𝑈𝑋 + 2𝑈𝑌 + 2𝑈𝑍 + 2𝑉𝑊 + 2𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2 

∙ 𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋𝑌 + 2𝑋𝑍 + 2𝑌𝑍)𝑀4 − (7𝐴2 + 𝐵2 + 𝐶2+𝐷2 + 𝐸2 + 
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𝐹2 + 𝐺2 + 𝐻2 + 𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 𝑄2 + 𝑅2 + 𝑆2 + 𝑇2 + 𝑈2 + 𝑉2 

+𝑊2 + 𝑋2 + 𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 6𝐴𝐸 + 6𝐴𝐹 + 6𝐴𝐺 + 6𝐴𝐻 + 6𝐴 

∙ 𝐼 + 6𝐴𝐽 + 6𝐴𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 6𝐴𝑅 + 6𝐴𝑆 + 6𝐴𝑇 + 6𝐴𝑈 + 6 

∙ 𝐴𝑉 + 6𝐴𝑊 + 6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 + 2𝐵𝐸 + 2𝐵𝐹 + 2𝐵𝐺 + 2𝐵𝐻 

+2𝐵𝐼 + 2𝐵𝐽 + 2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 + 2𝐵𝑅 + 2𝐵𝑆 + 2𝐵𝑇 + 2𝐵𝑈 

+2𝐵𝑉 + 2𝐵𝑊 + 2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶𝐸 + 2𝐶𝐹 + 2𝐶𝐺 + 2𝐶𝐻 + 2𝐶𝐼 

+2𝐶𝐽 + 2𝐶𝐾 + 2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2𝐶𝑅 + 2𝐶𝑆 + 2𝐶𝑇 + 2𝐶𝑈 + 2𝐶𝑉 

+2𝐶𝑊 + 2𝐶𝑋 + 2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 2𝐷𝐺 + 2𝐷𝐻 + 2𝐷𝐼 + 2𝐷𝐽 + 2𝐷 

∙ 𝐾 + 2𝐷𝐿 + 2𝐷𝑂 + 2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 + 2𝐷𝑇 + 2𝐷𝑈 + 2𝐷𝑉 + 2𝐷𝑊 

+2𝐷𝑋 + 2𝐷𝑌 + 2𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2𝐸𝐼 + 2𝐸𝐽 + 2𝐸𝐾 + 2𝐸𝐿 + 2𝐸𝑂 

+2𝐸𝑃 + 2𝐸𝑄 + 2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 2𝐸𝑉 + 2𝐸𝑊 + 2𝐸𝑋 + 2𝐸𝑌 + 2𝐸 

∙ 𝑍 + 2𝐹𝐺 + 2𝐹𝐻 + 2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 2𝐹𝑂 + 2𝐹𝑃 + 2𝐹𝑄 + 2𝐹𝑅 + 2 

∙ 𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 + 2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 + 2𝐹𝑍 + 2𝐺𝐻 + 2𝐺𝐼 + 2𝐺𝐽 + 

2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 + 2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 + 2𝐺𝑇 + 2𝐺𝑈 + 2𝐺𝑉 + 2𝐺𝑊 

+2𝐺𝑋 + 2𝐺𝑌 + 2𝐺𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 + 2𝐻𝑂 + 2𝐻𝑃 + 2𝐻𝑄 + 2𝐻 

∙ 𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2𝐻𝑌 + 2𝐻𝑍 + 2𝐼𝐽 + 2𝐼𝐾 + 

2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 + 2𝐼𝑉 + 2𝐼𝑊 + 2𝐼𝑋 + 2𝐼𝑌 

+2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 + 2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽𝑆 + 2𝐽𝑇 + 2𝐽𝑈 + 2𝐽𝑉 + 2𝐽 

∙ 𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾𝑄 + 2𝐾𝑅 + 2𝐾𝑆 + 2𝐾𝑇 + 2 

∙ 𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 + 2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 + 2𝐿𝑃 + 2𝐿𝑄 + 2𝐿𝑅 + 2𝐿𝑆 

+2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 + 2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 2𝑂𝑃 + 2𝑂𝑄 + 2𝑂𝑅 + 2𝑂𝑆 

+2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 + 2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂𝑍 + 2𝑃𝑄 + 2𝑃𝑅 + 2𝑃𝑆 + 2𝑃 

∙ 𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 2𝑄𝑅 + 2𝑄𝑆 + 2𝑄𝑇 + 2𝑄𝑈 + 

2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 + 2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 + 2𝑅𝑈 + 2𝑅𝑉 + 2𝑅𝑊 + 2𝑅𝑋 

+2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 + 2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆𝑋 + 2𝑆𝑌 + 2𝑆𝑍 + 2𝑇𝑈 + 2𝑇𝑉 

+2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 + 2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 2𝑈𝑋 + 2𝑈𝑌 + 2𝑈𝑍 + 2𝑉𝑊 + 2 

∙ 𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋𝑌 + 2𝑋𝑍 + 2𝑌𝑍)𝑒4 . Now we 

have the triple (1, 1, 2𝐴) as the solution of this equation, thus we have that 

#α(Γ) = 4. Next, equation 5) for Γ̅ is 𝑁2 = 2(11𝐴2 + 𝐵2 + 𝐶2+𝐷2 + 𝐸2 + 𝐹2 

+𝐺2 + 𝐻2 + 𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 𝑄2 + 𝑅2 + 𝑆2 + 𝑇2 + 𝑈2 + 𝑉2 + 

𝑊2 + 𝑋2 + 𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 6𝐴𝐸 + 6𝐴𝐹 + 6𝐴𝐺 + 6𝐴𝐻 + 6𝐴𝐼 

+6𝐴𝐽 + 6𝐴𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 6𝐴𝑅 + 6𝐴𝑆 + 6𝐴𝑇 + 6𝐴𝑈 + 6𝐴𝑉 

+6𝐴𝑊 + 6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 + 2𝐵𝐸 + 2𝐵𝐹 + 2𝐵𝐺 + 2𝐵𝐻 + 2𝐵 

∙ 𝐼 + 2𝐵𝐽 + 2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 + 2𝐵𝑅 + 2𝐵𝑆 + 2𝐵𝑇 + 2𝐵𝑈 + 2 

∙ 𝐵𝑉 + 2𝐵𝑊 + 2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶𝐸 + 2𝐶𝐹 + 2𝐶𝐺 + 2𝐶𝐻 + 2𝐶𝐼 

+2𝐶𝐽 + 2𝐶𝐾 + 2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2𝐶𝑅 + 2𝐶𝑆 + 2𝐶𝑇 + 2𝐶𝑈 + 2𝐶𝑉 

+2𝐶𝑊 + 2𝐶𝑋 + 2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 2𝐷𝐺 + 2𝐷𝐻 + 2𝐷𝐼 + 2𝐷𝐽 + 2𝐷 

∙ 𝐾 + 2𝐷𝐿 + 2𝐷𝑂 + 2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 + 2𝐷𝑇 + 2𝐷𝑈 + 2𝐷𝑉 + 2𝐷𝑊 

+2𝐷𝑋 + 2𝐷𝑌 + 2𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2𝐸𝐼 + 2𝐸𝐽 + 2𝐸𝐾 + 2𝐸𝐿 + 2𝐸𝑂 

+2𝐸𝑃 + 2𝐸𝑄 + 2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 2𝐸𝑉 + 2𝐸𝑊 + 2𝐸𝑋 + 2𝐸𝑌 + 2𝐸 

∙ 𝑍 + 2𝐹𝐺 + 2𝐹𝐻 + 2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 2𝐹𝑂 + 2𝐹𝑃 + 2𝐹𝑄 + 2𝐹𝑅 + 2 

∙ 𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 + 2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 + 2𝐹𝑍 + 2𝐺𝐻 + 2𝐺𝐼 + 2𝐺𝐽 + 

2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 + 2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 + 2𝐺𝑇 + 2𝐺𝑈 + 2𝐺𝑉 + 2𝐺𝑊 

+2𝐺𝑋 + 2𝐺𝑌 + 2𝐺𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 + 2𝐻𝑂 + 2𝐻𝑃 + 2𝐻𝑄 + 2𝐻 
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∙ 𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2𝐻𝑌 + 2𝐻𝑍 + 2𝐼𝐽 + 2𝐼𝐾 + 

2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 + 2𝐼𝑉 + 2𝐼𝑊 + 2𝐼𝑋 + 2𝐼𝑌 

+2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 + 2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽𝑆 + 2𝐽𝑇 + 2𝐽𝑈 + 2𝐽𝑉 + 2𝐽 

∙ 𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾𝑄 + 2𝐾𝑅 + 2𝐾𝑆 + 2𝐾𝑇 + 2 

∙ 𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 + 2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 + 2𝐿𝑃 + 2𝐿𝑄 + 2𝐿𝑅 + 2𝐿𝑆 

+2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 + 2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 2𝑂𝑃 + 2𝑂𝑄 + 2𝑂𝑅 + 2𝑂𝑆 

+2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 + 2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂𝑍 + 2𝑃𝑄 + 2𝑃𝑅 + 2𝑃𝑆 + 2𝑃 

∙ 𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 2𝑄𝑅 + 2𝑄𝑆 + 2𝑄𝑇 + 2𝑄𝑈 + 

2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 + 2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 + 2𝑅𝑈 + 2𝑅𝑉 + 2𝑅𝑊 + 2𝑅𝑋 

+2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 + 2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆𝑋 + 2𝑆𝑌 + 2𝑆𝑍 + 2𝑇𝑈 + 2𝑇𝑉 

+2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 + 2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 2𝑈𝑋 + 2𝑈𝑌 + 2𝑈𝑍 + 2𝑉𝑊 + 2 

∙ 𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋𝑌 + 2𝑋𝑍 + 2𝑌𝑍)𝑀4 + 2(7𝐴2 

+𝐵2 + 𝐶2+𝐷2 + 𝐸2 + 𝐹2 + 𝐺2 + 𝐻2 + 𝐼2 + 𝐽2 + 𝐾2 + 𝐿2 + 𝑂2 + 𝑃2 + 𝑄2 + 

𝑅2 + 𝑆2 + 𝑇2 + 𝑈2 + 𝑉2 + 𝑊2 + 𝑋2 + 𝑌2 + 𝑍2 + 6𝐴𝐵 + 6𝐴𝐶 + 6𝐴𝐷 + 6𝐴𝐸 

+6𝐴𝐹 + 6𝐴𝐺 + 6𝐴𝐻 + 6𝐴𝐼 + 6𝐴𝐽 + 6𝐴𝐾 + 6𝐴𝐿 + 6𝐴𝑂 + 6𝐴𝑃 + 6𝐴𝑄 + 6𝐴𝑅 

+6𝐴𝑆 + 6𝐴𝑇 + 6𝐴𝑈 + 6𝐴𝑉 + 6𝐴𝑊 + 6𝐴𝑋 + 6𝐴𝑌 + 6𝐴𝑍 + 2𝐵𝐶 + 2𝐵𝐷 + 2𝐵 

∙ 𝐸 + 2𝐵𝐹 + 2𝐵𝐺 + 2𝐵𝐻 + 2𝐵𝐼 + 2𝐵𝐽 + 2𝐵𝐾 + 2𝐵𝐿 + 2𝐵𝑂 + 2𝐵𝑃 + 2𝐵𝑄 + 

2𝐵𝑅 + 2𝐵𝑆 + 2𝐵𝑇 + 2𝐵𝑈 + 2𝐵𝑉 + 2𝐵𝑊 + 2𝐵𝑋 + 2𝐵𝑌 + 2𝐵𝑍 + 2𝐶𝐷 + 2𝐶𝐸 

+2𝐶𝐹 + 2𝐶𝐺 + 2𝐶𝐻 + 2𝐶𝐼 + 2𝐶𝐽 + 2𝐶𝐾 + 2𝐶𝐿 + 2𝐶𝑂 + 2𝐶𝑃 + 2𝐶𝑄 + 2𝐶𝑅 

+2𝐶𝑆 + 2𝐶𝑇 + 2𝐶𝑈 + 2𝐶𝑉 + 2𝐶𝑊 + 2𝐶𝑋 + 2𝐶𝑌 + 2𝐶𝑍 + 2𝐷𝐸 + 2𝐷𝐹 + 2𝐷𝐺 

+2𝐷𝐻 + 2𝐷𝐼 + 2𝐷𝐽 + 2𝐷𝐾 + 2𝐷𝐿 + 2𝐷𝑂 + 2𝐷𝑃 + 2𝐷𝑄 + 2𝐷𝑅 + 2𝐷𝑆 + 2𝐷 

∙ 𝑇 + 2𝐷𝑈 + 2𝐷𝑉 + 2𝐷𝑊 + 2𝐷𝑋 + 2𝐷𝑌 + 2𝐷𝑍 + 2𝐸𝐹 + 2𝐸𝐺 + 2𝐸𝐻 + 2𝐸𝐼 + 

2𝐸𝐽 + 2𝐸𝐾 + 2𝐸𝐿 + 2𝐸𝑂 + 2𝐸𝑃 + 2𝐸𝑄 + 2𝐸𝑅 + 2𝐸𝑆 + 2𝐸𝑇 + 2𝐸𝑈 + 2𝐸𝑉 + 

2𝐸𝑊 + 2𝐸𝑋 + 2𝐸𝑌 + 2𝐸𝑍 + 2𝐹𝐺 + 2𝐹𝐻 + 2𝐹𝐼 + 2𝐹𝐽 + 2𝐹𝐾 + 2𝐹𝐿 + 2𝐹𝑂 + 

2𝐹𝑃 + 2𝐹𝑄 + 2𝐹𝑅 + 2𝐹𝑆 + 2𝐹𝑇 + 2𝐹𝑈 + 2𝐹𝑉 + 2𝐹𝑊 + 2𝐹𝑋 + 2𝐹𝑌 + 2𝐹𝑍 

+2𝐺𝐻 + 2𝐺𝐼 + 2𝐺𝐽 + 2𝐺𝐾 + 2𝐺𝐿 + 2𝐺𝑂 + 2𝐺𝑃 + 2𝐺𝑄 + 2𝐺𝑅 + 2𝐺𝑆 + 2𝐺𝑇 

+2𝐺𝑈 + 2𝐺𝑉 + 2𝐺𝑊 + 2𝐺𝑋 + 2𝐺𝑌 + 2𝐺𝑍 + 2𝐻𝐼 + 2𝐻𝐽 + 2𝐻𝐾 + 2𝐻𝐿 + 2𝐻 

∙ 𝑂 + 2𝐻𝑃 + 2𝐻𝑄 + 2𝐻𝑅 + 2𝐻𝑆 + 2𝐻𝑇 + 2𝐻𝑈 + 2𝐻𝑉 + 2𝐻𝑊 + 2𝐻𝑋 + 2𝐻𝑌 

+2𝐻𝑍 + 2𝐼𝐽 + 2𝐼𝐾 + 2𝐼𝐿 + 2𝐼𝑂 + 2𝐼𝑃 + 2𝐼𝑄 + 2𝐼𝑅 + 2𝐼𝑆 + 2𝐼𝑇 + 2𝐼𝑈 + 2𝐼𝑉 

+2𝐼𝑊 + 2𝐼𝑋 + 2𝐼𝑌 + 2𝐼𝑍 + 2𝐽𝐾 + 2𝐽𝐿 + 2𝐽𝑂 + 2𝐽𝑃 + 2𝐽𝑄 + 2𝐽𝑅 + 2𝐽𝑆 + 2𝐽 

∙ 𝑇 + 2𝐽𝑈 + 2𝐽𝑉 + 2𝐽𝑊 + 2𝐽𝑋 + 2𝐽𝑌 + 2𝐽𝑍 + 2𝐾𝐿 + 2𝐾𝑂 + 2𝐾𝑃 + 2𝐾𝑄 + 2𝐾 

∙ 𝑅 + 2𝐾𝑆 + 2𝐾𝑇 + 2𝐾𝑈 + 2𝐾𝑉 + 2𝐾𝑊 + 2𝐾𝑋 + 2𝐾𝑌 + 2𝐾𝑍 + 2𝐿𝑂 + 2𝐿𝑃 + 

2𝐿𝑄 + 2𝐿𝑅 + 2𝐿𝑆 + 2𝐿𝑇 + 2𝐿𝑈 + 2𝐿𝑉 + 2𝐿𝑊 + 2𝐿𝑋 + 2𝐿𝑌 + 2𝐿𝑍 + 2𝑂𝑃 + 

2𝑂𝑄 + 2𝑂𝑅 + 2𝑂𝑆 + 2𝑂𝑇 + 2𝑂𝑈 + 2𝑂𝑉 + 2𝑂𝑊 + 2𝑂𝑋 + 2𝑂𝑌 + 2𝑂𝑍 + 2𝑃𝑄 

+2𝑃𝑅 + 2𝑃𝑆 + 2𝑃𝑇 + 2𝑃𝑈 + 2𝑃𝑉 + 2𝑃𝑊 + 2𝑃𝑋 + 2𝑃𝑌 + 2𝑃𝑍 + 2𝑄𝑅 + 2𝑄𝑆 

+2𝑄𝑇 + 2𝑄𝑈 + 2𝑄𝑉 + 2𝑄𝑊 + 2𝑄𝑋 + 2𝑄𝑌 + 2𝑄𝑍 + 2𝑅𝑆 + 2𝑅𝑇 + 2𝑅𝑈 + 2𝑅 

∙ 𝑉 + 2𝑅𝑊 + 2𝑅𝑋 + 2𝑅𝑌 + 2𝑅𝑍 + 2𝑆𝑇 + 2𝑆𝑈 + 2𝑆𝑉 + 2𝑆𝑊 + 2𝑆𝑋 + 2𝑆𝑌 + 

2𝑆𝑍 + 2𝑇𝑈 + 2𝑇𝑉 + 2𝑇𝑊 + 2𝑇𝑋 + 2𝑇𝑌 + 2𝑇𝑍 + 2𝑈𝑉 + 2𝑈𝑊 + 2𝑈𝑋 + 2𝑈𝑌 

+2𝑈𝑍 + 2𝑉𝑊 + 2𝑉𝑋 + 2𝑉𝑌 + 2𝑉𝑍 + 2𝑊𝑋 + 2𝑊𝑌 + 2𝑊𝑍 + 2𝑋𝑌 + 2𝑋𝑍 + 2 

∙ 𝑌𝑍)𝑒4 . The terms 22𝐴2  and 14𝐴2  exists in coefficients of 𝑀4  and 𝑒4 . 

Therefore, we can regard the square 36𝐴2. There are square terms from 2𝐵2 to 

2𝑍2. Thus, it is possible to consider squares 4𝐵2 and 4𝐶2 and 4𝐷2 and 4𝐸2 and 

4𝐹2  and 4𝐺2  and 4𝐻2  and 4𝐼2  and 4𝐽2  and 4𝐾2  and 4𝐿2  and 4𝑂2  and 4𝑃2  and 

4𝑄2 and 4𝑅2 and 4𝑆2 and 4𝑇2 and 4𝑈2 and 4𝑉2 and 4𝑊2 and 4𝑋2 and 4𝑌2 and  
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4𝑍2. Next, there are common terms 12𝐴𝐵, 12𝐴𝐶, 12𝐴𝐷, 12𝐴𝐸, 12𝐴𝐹, 12𝐴𝐺 ,  

12𝐴𝐻 ,  12𝐴𝐼 , 12𝐴𝐽 , 12𝐴𝐾 , 12𝐴𝐿 , 12𝐴𝑂 , 12𝐴𝑃 , 12𝐴𝑄 , 12𝐴𝑅 , 12𝐴𝑆 , 12𝐴𝑇 , 

12𝐴𝑈 , 12𝐴𝑉 , 12𝐴𝑊 , 12𝐴𝑋 , 12𝐴𝑌 , 12𝐴𝑍  in coefficients of 𝑀4  and 𝑒4 . 

Accordingly, we can anticipate appearance of terms 24𝐴𝐵, 24𝐴𝐶, 24𝐴𝐷, 24𝐴𝐸, 

24𝐴𝐹 , 24𝐴𝐺 , 24𝐴𝐻 , 24𝐴𝐼 , 24𝐴𝐽 , 24𝐴𝐾 , 24𝐴𝐿 , 24𝐴𝑂 , 24𝐴𝑃 , 24𝐴𝑄 , 24𝐴𝑅 , 

24𝐴𝑆, 24𝐴𝑇, 24𝐴𝑈, 24𝐴𝑉, 24𝐴𝑊, 24𝐴𝑋, 24𝐴𝑌, 24𝐴𝑍. In both coefficients of 

𝑀4  and 𝑒4  remaining terms are from 4𝐵𝐶  to 4𝑌𝑍 . Now in determining the 

components of integer 𝑁 we can treat first one as 6𝐴 because of square 36𝐴2. 

And others are 2𝐵 and 2𝐶 and 2𝐷 and 2𝐸 and 2𝐹 and 2𝐺 and 2𝐻 and 2𝐼 and 2𝐽 

and 2𝐾 and 2𝐿 and 2𝑂 and 2𝑃 and 2𝑄 and 2𝑅 and 2𝑆 and 2𝑇 and 2𝑈 and 2𝑉 and 

2𝑊 and 2𝑋 and 2𝑌 and 2𝑍. Then, squares from 4𝐵2 to 4𝑍2 can be derived and 

moreover by multiplication from 2𝐵 to 2𝑍 in each pair left terms can be induced. 

And under the assumption of 𝑀 = 𝑒 = 1  this treatment can be given. 

Consequently, we got the solution of equation as (1, 1, 6𝐴 + 2𝐵 + 2𝐶 + 2𝐷 + 2𝐸 

2𝐸 + 2𝐹 + 2𝐺 + 2𝐻 + 2𝐼 + 2𝐽 + 2𝐾 + 2𝐿 + 2𝑂 + 2𝑃 + 2𝑄 + 2𝑅 + 2𝑆 + 2𝑇 + 

2𝑇 + 2𝑈 + 2𝑉 + 2𝑊 + 2𝑋 + 2𝑌 + 2𝑍 ). On that account, we attain the 

conclusion #𝛼̅(Γ̅) = 4. And it gives that 𝑟4.4. Consequently, the proof became 

completed.                                                                                                              □ 

                                                                                                                                                                                                                                                                                    
 We attained primes 𝑝 and 𝑞 where numbers of variables and terms are 24 and 

300 respectively. The coefficients of 𝐴2  are 11 and 7 respectively. And that of 

𝐴𝐵  and 𝐴𝐶  and 𝐴𝐷  and 𝐴𝐸  and 𝐴𝐹  and 𝐴𝐺  and 𝐴𝐻  and 𝐴𝐼  and 𝐴𝐽  and 𝐴𝐾  and 

𝐴𝐿 and 𝐴𝑂 and 𝐴𝑃 and 𝐴𝑄 and 𝐴𝑅 and 𝐴𝑆 and 𝐴𝑇 and 𝐴𝑈 and 𝐴𝑉 and 𝐴𝑊 and 

𝐴𝑋 and 𝐴𝑌 and 𝐴𝑍 are all 6. And there are common terms from 2𝐵𝐶 to 2𝑌𝑍. But 

the crucial terms that decides the forms of primes are from 6𝐴𝐵 to 6𝐴𝑍. Due to 

coefficients 6 in these terms the integer 𝑁 of solution of equation for Γ̅ is given as 

6𝐴 + 2𝐵 + 2𝐶 + 2𝐷 + 2𝐸 + 2𝐹 + 2𝐺 + 2𝐻 + 2𝐼 + 2𝐽 + 2𝐾 + 2𝐿 + 2𝑂 + 2𝑃 

+2𝑄 + 2𝑅 + 2𝑆 + 2𝑇 + 2𝑈 + 2𝑉 + 2𝑊 + 2𝑋 + 2𝑌 + 2𝑍  where the coefficient 

of resultant from 𝐴𝐵 to 𝐴𝑍 are 24. Compared with the consequences in [6] and [7] 

and [8] and [9] the numbers of variables and terms are increased. In those the 

degree of first term was 4 and other variables’ degree was 2. Meanwhile in above, 

degrees of squares are 2. Thus, non-square part’s degree is 1 for each variable. 

Namely, there is no term of degree 2. It is different from the results in [6] and [7] 

and [8] and [9]. Furthermore, compared with [10], there increased numbers of 

variables from 22 to 24 and thus that of terms are changed from 253 to 300. Now 

the numbers 24 and 300 are not a maximal value of numbers in variables and 

terms. In [6] the forms of primes were derived from breaking precedent forms of 

primes. Namely, in [5], the degree of variable in square part is 4 and that of non-

square part is 2(in each variable). Whereas in [6], the degree of square of first 

component 4  but others are 2 . And it induces new forms 2𝑐2𝑑  and 2𝑐2𝑓  and 

2𝑐2𝑔  and 2𝑐2ℎ  and 2𝑐2𝑖  and 2𝑐2𝑗  and 2𝑐2𝑘  and 2𝑐2𝑙  and 2𝑐2𝑠  and 2𝑐2𝑡  and 

2𝑐2𝑢 and 2𝑐2𝑣 and 2𝑐2𝑤 and 2𝑐2𝑧 and at last it were involved to appearance of 

terms from 2𝑑𝑓 to 2𝑤𝑧. Non-square terms from 2𝑐2𝑑  to 2𝑐2𝑧 and 2𝑑𝑓  to 2𝑤𝑧 

are different from 20𝑢2𝑣2 and 20𝑢2𝑤2 and 8𝑣2𝑤2(It is similar in [7] and [8] and  
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[9]). And this derives new consequences of primes. Above primes 𝑝 and 𝑞 break 

again the forms in [6] and [7] and [8] and [9]. There is left the probability that 

more numbers of variables and terms in primes that deduces rank 2. The least 

numbers of variables and terms of primes 𝑝 and 𝑞 are 𝑝 = 25𝑢4 + 20𝑢2𝑣2 + 6𝑣4 

and 𝑞 = 25𝑢4 + 20𝑢2𝑣2 + 2𝑣4 in [3] and in [5] the forms of primes 𝑝 = 25𝑢4 +
4𝑣4 + 6𝑤4 + 20𝑢2𝑣2 + 20𝑢2𝑤2 + 8𝑣2𝑤2  and 𝑞 = 25𝑢4 + 4𝑣4 + 2𝑤4 +
20𝑢2𝑣2 + 20𝑢2𝑤2 + 8𝑣2𝑤2 are given. Through a process of [6] and [7] and [8] 

and [9] and [10] finally we got above consequence. We also can get more 

consequences of primes as above. For curve 𝐸𝑝𝑞: 𝑦2 = 𝑥3 + 𝑝𝑞𝑥 we obtain the 

primes as 𝑝 = 9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 − 8𝐴 

∙ 𝐵 − 8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4 

∙ 𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 

4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4 

∙ 𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 and 𝑞 = 7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 

+2𝐽2 − 8𝐴𝐵 − 8𝐴𝐶 − 8𝐴𝐷 − 8𝐴𝐹 − 8𝐴𝐺 − 8𝐴𝐻 − 8𝐴𝐼 − 8𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 

+4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 

+4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 

+4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽, 𝑝 = 9𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 + 2𝐻2 + 

2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 4𝐵𝐶 + 4 

∙ 𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 

4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 

4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 and 𝑞 = 7𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 2𝐺2 

+2𝐻2 + 2𝐼2 + 2𝐽2 + 8𝐴𝐵 + 8𝐴𝐶 + 8𝐴𝐷 + 8𝐴𝐹 + 8𝐴𝐺 + 8𝐴𝐻 + 8𝐴𝐼 + 8𝐴𝐽 + 

4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 4𝐶𝐻 + 

4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 4𝐹𝐽 + 4 

∙ 𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 , 𝑝 = 3𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 2𝐹2 + 

2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4𝐴𝐼 + 4 

∙ 𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 4𝐶𝐺 + 

4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 4𝐹𝐼 + 

4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽 and 𝑞 = 𝐴2 + 2𝐵2 + 2𝐶2 + 2𝐷2 + 

2𝐹2 + 2𝐺2 + 2𝐻2 + 2𝐼2 + 2𝐽2 + 4𝐴𝐵 + 4𝐴𝐶 + 4𝐴𝐷 + 4𝐴𝐹 + 4𝐴𝐺 + 4𝐴𝐻 + 4 

∙ 𝐴𝐼 + 4𝐴𝐽 + 4𝐵𝐶 + 4𝐵𝐷 + 4𝐵𝐹 + 4𝐵𝐺 + 4𝐵𝐻 + 4𝐵𝐼 + 4𝐵𝐽 + 4𝐶𝐷 + 4𝐶𝐹 + 

4𝐶𝐺 + 4𝐶𝐻 + 4𝐶𝐼 + 4𝐶𝐽 + 4𝐷𝐹 + 4𝐷𝐺 + 4𝐷𝐻 + 4𝐷𝐼 + 4𝐷𝐽 + 4𝐹𝐺 + 4𝐹𝐻 + 

4𝐹𝐼 + 4𝐹𝐽 + 4𝐺𝐻 + 4𝐺𝐼 + 4𝐺𝐽 + 4𝐻𝐼 + 4𝐻𝐽 + 4𝐼𝐽([11]) where induces rank at 

least 2. But the numbers of variables and terms are less than above theorem. There 

is left possibility that more numbers of those in primes are educed in 𝐸𝑝𝑞. 

 

Remark 2.2. In above if primes 𝑝 and 𝑞 are given as −6𝐴𝐵 − 6𝐴𝐶 − 6𝐴𝐷 − 6𝐴 

∙ 𝐸 − 6𝐴𝐹 − 6𝐴𝐺 − 6𝐴𝐻 − 6𝐴𝐼 − 6𝐴𝐽 − 6𝐴𝐾 − 6𝐴𝐿 − 6𝐴𝑂 − 6𝐴𝑃 − 6𝐴𝑄 − 

6𝐴𝑅 − 6𝐴𝑆 − 6𝐴𝑇 − 6𝐴𝑈 − 6𝐴𝑉 − 6𝐴𝑊 − 6𝐴𝑋 − 6𝐴𝑌 − 6𝐴𝑍  and others are 

unchanged then, we got examples as (𝑝, 𝑞 , 𝐴, 𝐵 , 𝐶 , 𝐷 , 𝐸 , 𝐹 , 𝐺 , 𝐻 , 𝐼 , 𝐽, 𝐾 , 𝐿, 

𝑂, 𝑃, 𝑄, 𝑅, 𝑆, 𝑇, 𝑈, 𝑉, 𝑊, 𝑋, 𝑌, 𝑍) = (443, 439, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 

1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2), (1091, 1087, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 

1, 1, 1, 1, 1, 1, 1, 14). Primality is checked by [1]. 
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Remark 2.3. In curve 𝑦2 = 𝑥3 ± 𝑝𝑞𝑠𝑥 finding the forms of primes as in above is 

difficult in relative. As numbers of coefficients of 𝑥 is increased as 3 same as that 

of coefficients of 𝑀4  and 𝑒4 . Hence, searching the solutions of equations also 

became complex. 

 

 

3 Examples 
 

Lastly, we present examples. Primality is done by [1]. 

Now examples are given as follows:  

   
(𝑝, 𝑞, 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽, 𝐾, 𝐿, 𝑂, 𝑃, 𝑄, 𝑅, 𝑆, 𝑇, 𝑈, 𝑉, 𝑊, 𝑋, 𝑌, 𝑍): 

 

(13691, 13687, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 92),  

 

(56171, 56167, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 212). 
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