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Abstract 

 

We will numerate the rank of elliptic curve 𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥 with prime 𝑝 

as 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑣4 + 𝐹𝑤4 + 𝐺𝑠2𝑡2 + 𝐻𝑠2𝑢2 + 𝐼𝑠2𝑣2 + 𝐽𝑠2𝑤2 +
𝐾𝑡2𝑢2 + 𝐿𝑡2𝑣2 + 𝑅𝑡2𝑤2 + 𝑆𝑢2𝑣2 + 𝑈𝑢2𝑤2 + 𝑉𝑣2𝑤2  and submit examples of 

the result. 
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1 Introduction 

 
Bigness is relative notation in elliptic curve. Elkies submitted the result that rank 

is at least 28([2]). If there suggested curve of rank 29 or 31 or 36 then, rank of at 

least 28 lose the position of the highest rank. If there is found curve of rank 42 or 

53 then, it will be more. In systematized rank of elliptic curve value of 3 or 4 is 

not small rank. In outward range of rank in elliptic curve rank 3 or 4 is low value. 

But if it is restricted to systematization then, it is not low rank. In form of 

𝐸−2𝑝: 𝑦2 = 𝑥3 − 2𝑝𝑥  with 𝑝 ≡ 3, 5, 11, 13(𝑚𝑜𝑑 16) then, there derived much 

results of rank 1(generalized). For the bigness of 𝑝, there is no certain standard 

that appoints the big or low. But if 𝑝 is 𝑝 > 10000 then, it is possible to say that it 

is large example. In some special form of prime 𝑝  as the form 𝑝 = 𝐻𝑢4 +
𝐼𝑢2𝑣2 + 𝐾𝑣4 ⋯ ⋯ (𝐷𝐵) there deduced many examples as 10000 < 𝑝 <
100000000000000. In this case, if 𝑝 is the number of 5 places then, it is not 

large number. In 𝐸−2𝑝 there educed much results of generalized rank 1 in form 𝑝  
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as 𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 and also 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑠2𝑡2 + 𝐹𝑠2𝑢2 +
𝐺𝑡2𝑢2 ⋯ ⋯ (𝑁𝐷). The number of terms in (𝑁𝐷) are 6. The numbers of terms are 

more than (𝐷𝐵). But there also exists form of 𝑝 which are more terms than (𝑁𝐷) 

that yields rank 1 in 𝐸−2𝑝 . If  𝑝  is 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑣4 + 𝐹𝑤4 +

𝐺𝑠2𝑡2 + 𝐻𝑠2𝑢2 + 𝐼𝑠2𝑣2 + 𝐽𝑠2𝑤2 + 𝐾𝑡2𝑢2 + 𝐿𝑡2𝑣2 + 𝑅𝑡2𝑤2 + 𝑆𝑢2𝑣2 + 𝑈𝑢2 

∙ 𝑤2 + 𝑉𝑣2𝑤2 ⋯ ⋯ (𝐹𝐹) then, are the numbers of terms are many? We cannot 

say easily because there are primes 𝑝(induces rank 1 in 𝐸−2𝑝) which were more 

complex than (𝐹𝐹). In this article, we will research the rank of 𝐸−2𝑝 with 𝑝 as 

(𝐹𝐹). 

  Before calculation, we have to notice notations in [3], [5]. 

Assign 𝐸 as an elliptic curve 𝑦2 = 𝑥3 + 𝑎𝑥2 + 𝑏𝑥. 

Let Γ be the set of rational points on 𝐸. 

Then, the set became a finitely generated abelian group. 

We have Γ ≅ 𝐸(𝑄)𝑡𝑜𝑟𝑠 ⊕ 𝑍𝑟 with torsion subgroup 𝐸(𝑄)𝑡𝑜𝑟𝑠 and  𝑀𝑜𝑟𝑑𝑒𝑙𝑙′𝑠 −
𝑊𝑒𝑖𝑙 rank 𝑟 .  
We appoint that 𝑄×  is the set of non-zero rational numbers then, it is a 

multiplicative group.  

Set 𝑄×2 as the subgroup of squares of elements of 𝑄×. 

Take homomorphism 𝛼 and  𝛼̅  are in [5] and [3].  

Suppose that 𝑁2 = 𝑏1𝑀4 + 𝑎𝑀2𝑒2 + 𝑏2𝑒4  and 𝑁2 = 𝑏1𝑀4 − 2𝑎𝑀2𝑒2 + 𝑏2𝑒4 

are relating equations for Γ and Γ̅ in section 6 of chapter III  in [5], [3]. 

Assume that 𝐸̅  is the curve 𝑦2 = 𝑥(𝑥2 − 2𝑎𝑥 + 𝑎2 − 4𝑏)  and Γ̅  is the set of 

rational points on 𝐸̅. 

Let (𝑀, 𝑒, 𝑁) be a solution of above relating equations for Γ and Γ̅  in [3], [5].  

Lastly, we take 2𝑟 =
#𝛼(Γ)#𝛼̅(Γ)

4
  with rank 𝑟 of 𝐸. 

The notations are defined as follows: 

 

𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1: with integers 𝑠 and 𝑡 and 𝑢 and 𝑣 and 𝑤 

 

and (𝑠, 𝑡, 𝑢, 𝑣, 𝑤)=1. 

 

𝑟4.2: 2𝑟 =
4∙2

4
= 2([4]). 

 

2 Numeration   
 

We already attained many results of rank 1 in curve 𝐸−2𝑝. Its forms are mainly 

𝑝 = 𝐻𝑢4 + 𝐼𝑢2𝑣2 + 𝐾𝑣4 . And in forms of primes 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 +
𝐷𝑠2𝑡2 + 𝐹𝑠2𝑢2 + 𝐺𝑡2𝑢2 , 𝑝 = 𝐴𝑡4 + 𝐵𝑡3𝑢 + 𝐶𝑡𝑢3 + 𝐷𝑡2𝑢2 + 𝐹𝑢4  there also 

derived rank 1 often. In section 2, we shall calculate the rank of curve 𝐸−2𝑝 with 

the form 𝑝 = 𝐴𝑠4 + 𝐵𝑡4 + 𝐶𝑢4 + 𝐷𝑣4 + 𝐹𝑤4 + 𝐺𝑠2𝑡2 + 𝐻𝑠2𝑢2 + 𝐼𝑠2𝑣2 +
𝐽𝑠2𝑤2 + 𝐾𝑡2𝑢2 +  𝐿𝑡2𝑣2 + 𝑅𝑡2𝑤2 + 𝑆𝑢2𝑣2 + 𝑈𝑢2𝑤2 + 𝑉𝑣2𝑤2. For computing 

the rank, it is sufficient that we only find the solution of relating equation 4)𝑁2 =
−2𝑀4 + 𝑝𝑒4 for Γ  on account of [3]. 
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Theorem 2.1. (1). In curve 𝐸−2𝑝  if prime 𝑝  is established as the form 𝑝 =

51𝑠4 + 𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 14𝑠2𝑡2 + 14𝑠2𝑢2 + 14𝑠2𝑣2 + 14𝑠2𝑤2 + 2𝑡2𝑢2 +
 2𝑡2𝑣2 + 2𝑡2𝑤2 + 2𝑢2𝑣2 + 2𝑢2𝑤2 + 2𝑣2𝑤2 𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1 and also 𝑝 ≡ 

11(𝑚𝑜𝑑 16) then, there deduced the consequence  

 

    𝑟𝑎𝑛𝑘(𝐸−2(51𝑠4+𝑡4+𝑢4+𝑣4+𝑤4+14𝑠2𝑡2+14𝑠2𝑢2+⋯⋯⋯+2𝑢2𝑣2+2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. 

 

(2). If curve 𝐸−2𝑝 satisfies that prime 𝑝 is  𝑝 = 38𝑠4 + 4𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 +

24𝑠2𝑡2 − 12𝑠2𝑢2 + 12𝑠2𝑣2 + 12𝑠2𝑤2 − 4𝑡2𝑢2 + 4𝑡2𝑣2 + 4𝑡2𝑤2 − 2𝑢2𝑣2 − 2 

∙ 𝑢2𝑤2 + 2𝑣2𝑤2 𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1 and 𝑝 ≡ 3(𝑚𝑜𝑑 16) then, we are confronted 

with   

 

    𝑟𝑎𝑛𝑘(𝐸−2(38𝑠4+4𝑡4+𝑢4+𝑣4+𝑤4+24𝑠2𝑡2−12𝑠2𝑢2+⋯⋯⋯−2𝑢2𝑣2−2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. 

 

(3). In curve 𝐸−2𝑝  assign the prime 𝑝 as the form  𝑝 = 3𝑠4 + 𝑡4 + 𝑢4 + 𝑣4 +

𝑤4 + 2𝑠2𝑡2 − 2𝑠2𝑢2 + 2𝑠2𝑣2 + 2𝑠2𝑤2 − 2𝑡2𝑢2 + 2𝑡2𝑣2 + 2𝑡2𝑤2 − 2𝑢2𝑣2 −
2𝑢2𝑤2 + 2𝑣2𝑤2  𝑤. 𝑖. 𝑠. 𝑡. 𝑢. 𝑣. 𝑤. 1 and 𝑝 ≡ 11(𝑚𝑜𝑑 16) then, we conclude that  

 

    𝑟𝑎𝑛𝑘(𝐸−2(3𝑠4+𝑡4+𝑢4+𝑣4+𝑤4+2𝑠2𝑡2−2𝑠2𝑢2+⋯⋯⋯−2𝑢2𝑣2−2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. 

 

Proo𝑓. (1). Four squares 𝑡4 and 𝑢4 and 𝑣4 and 𝑤4 are emerged in coefficient of 

𝑒4.  

We are confronted with term 51𝑠4 in coefficient of 𝑒4, hence for accomplishing 

the square part we should note arithmetical value 

 

−2𝑀4 + 51𝑠4𝑒4. 

 

Denote 𝑒 = 1 then, we got −2𝑀4 + 51𝑠4. 

Wherefore, we can take 𝑀 = 𝑠 since it yields the square term 49𝑠4. 

Under the selection of 𝑒 and 𝑀 in the above, we appoint that the components of 

𝑁 are 7𝑠2, 𝑡2, 𝑢2, 𝑣2, 𝑤2. 

Now our concern is above selection is matched to other terms in coefficient of 𝑒4 

or not. 

There are remained the terms 

 

14𝑠2𝑡2, 14𝑠2𝑢2, 14𝑠2𝑣2, 14𝑠2𝑤2 and  

 

2𝑡2𝑢2, 2𝑡2𝑣2, 2𝑡2𝑤2, 2𝑢2𝑣2, 2𝑢2𝑤2, 2𝑣2𝑤2. 

 

The term 14𝑠2𝑡2 is induced from 7𝑠2, 𝑡2. 

14𝑠2𝑢2 is given from 7𝑠2 and 𝑢2. 

We got 14𝑠2𝑣2 from 7𝑠2 and 𝑣2. 

Owing to 7𝑠2 and 𝑤2 there derived 14𝑠2𝑤2. 
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In the next step, because of 𝑡2 and 𝑢2 there educed the term 2𝑡2𝑢2. 

By 𝑡2 and 𝑣2 we gain the term 2𝑡2𝑣2. 

The components 𝑡2 and 𝑤2 yields that 2𝑡2𝑤2. 

The components 𝑢2 and 𝑣2 deduces the term 2𝑢2𝑣2. 

Two components 𝑢2 and 𝑤2 educes that 2𝑢2𝑤2. 

𝑣2 and 𝑤2 deduces the term 2𝑣2𝑤2. 

All remaining terms are gotten. 

Now from the calculation 

 

−2𝑠4 + 51𝑠4 + 𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 14𝑠2𝑡2 + 14𝑠2𝑢2 + 14𝑠2𝑣2 

 

             +14𝑠2𝑤2 + 2𝑡2𝑢2 +  2𝑡2𝑣2 + 2𝑡2𝑤2 + 2𝑢2𝑣2 + 2𝑢2𝑤2 + 2𝑣2𝑤2 

 

                 = 49𝑠4 + 𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 14𝑠2𝑡2 + 14𝑠2𝑢2 + 14𝑠2𝑣2 + 

 

                             14𝑠2𝑤2 + 2𝑡2𝑢2 + 2𝑡2𝑣2 + 2𝑡2𝑤2 + 2𝑢2𝑣2 + 2𝑢2𝑤2 + 2𝑣2𝑤2 

 

the value 𝑁 is given as  

 

7𝑠2 + 𝑡2 + 𝑢2 + 𝑣2 + 𝑤2. 

 

For this reason, the triple  

 

 (𝑠, 1, 7𝑠2 + 𝑡2 + 𝑢2 + 𝑣2 + 𝑤2) 

 

is derived as the solution of 4).  

On that account, we get #α(Γ) = 4 and 𝑟4.2. 

Eventually, we attain the consequence 

  

𝑟𝑎𝑛𝑘(𝐸−2(51𝑠4+𝑡4+𝑢4+𝑣4+𝑤4+14𝑠2𝑡2+14𝑠2𝑢2+⋯⋯⋯+2𝑢2𝑣2+2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. 

 

(2). Squares 4𝑡4, 𝑢4, 𝑣4, 𝑤4 are shown in coefficient of 𝑒4.  

We should note numerical value 

 

−2𝑀4 + 38𝑠4𝑒4. 

 

We appoint that 𝑒 = 1. 

Let 𝑀 = 𝑠 then, the square term 36𝑠4 is gotten. 

Next, we consider other terms. 

There are four negative terms as 

 

−12𝑠2𝑢2, −4𝑡2𝑢2, −2𝑢2𝑣2 and −2𝑢2𝑤2. 

 

In these terms, there exists 𝑢2. 
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Whence, we choose the components of 𝑁 as 6𝑠2, 2𝑡2, −𝑢2, 𝑣2, 𝑤2. 

Now this selection must be matched to other terms in prime 𝑝. 

The remaining components are 

 

24𝑠2𝑡2 and 12𝑠2𝑣2 and 12𝑠2𝑤2 and 4𝑡2𝑣2 and 4𝑡2𝑤2 and 2𝑣2𝑤2. 

 

We took 24𝑠2𝑡2 from 6𝑠2, 2𝑡2. 

The term 12𝑠2𝑣2 from 6𝑠2 and 𝑣2. 

Due to 6𝑠2 and 𝑤2 we got the term 12𝑠2𝑤2. 

Because of 2𝑡2 and 𝑣2 there educed that 4𝑡2𝑣2. 

From 2𝑡2 and 𝑤2 we obtain that 4𝑡2𝑤2. 

Terms 𝑣2 and 𝑤2 yields that 2𝑣2𝑤2. 

We checked all things.  

Consequently, from the numeration  

 

−2𝑠4 + 38𝑠4 + 4𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 24𝑠2𝑡2 − 12𝑠2𝑢2 + 12𝑠2𝑣2 

 

           +12𝑠2𝑤2 − 4𝑡2𝑢2 + 4𝑡2𝑣2 + 4𝑡2𝑤2 − 2𝑢2𝑣2 − 2𝑢2𝑤2 + 2𝑣2𝑤2 

 

              = 36𝑠4 + 4𝑡4 + 𝑢4 + 𝑣4 + 𝑤4 + 24𝑠2𝑡2 − 12𝑠2𝑢2 + 12𝑠2𝑣2 + 

 

                           12𝑠2𝑤2 − 4𝑡2𝑢2 + 4𝑡2𝑣2 + 4𝑡2𝑤2 − 2𝑢2𝑣2 − 2𝑢2𝑤2 + 2𝑣2𝑤2 

 

the integer 𝑁 is deduced as  

 

6𝑠2 + 2𝑡2 − 𝑢2 + 𝑣2 + 𝑤2. 

 

On this account, there induced next triple as the solution of equation 4): 

 

 (𝑠, 1, 6𝑠2 + 2𝑡2 − 𝑢2 + 𝑣2 + 𝑤2). 

 

And so there derived following conclusions: 

 

 #α(Γ) = 4 and 𝑟4.2. 

 

As a result, we gain the consequence 

  

𝑟𝑎𝑛𝑘(𝐸−2(38𝑡4+4𝑡4+𝑢4+𝑣4+𝑤4+24𝑠2𝑡2−12𝑠2𝑢2+⋯⋯⋯−2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. 

 

(3). The triple (𝑠, 1, 𝑠2 + 𝑡2 − 𝑢2 + 𝑣2 + 𝑤2) 

 

satisfies the solution of 4).  

It follows next conclusions: 
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 #α(Γ) = 4 and 𝑟4.2. 

 

Whence, we have the consequence 

  

𝑟𝑎𝑛𝑘(𝐸−2(3𝑠4+𝑡4+𝑢4+𝑣4+𝑤4+2𝑠2𝑡2−2𝑠2𝑢2+⋯⋯⋯−2𝑢2𝑣2−2𝑢2𝑤2+2𝑣2𝑤2)(𝑄)) = 1. □ 

 

Primes 𝑝 in the above are all 𝑝 ≡ 3, 11(𝑚𝑜𝑑 16). If 𝑝 ≡ 5, 13(𝑚𝑜𝑑 16) then, 

rank 1 also can be deduced. But the form 𝑝 that is more than 3 terms, many cases 

the prime 𝑝 is given as 𝑝 ≡ 3, 11(𝑚𝑜𝑑 16). We can guess of this in relating 

equation. This is not determined treatment. We just consider the things that we 

can approach. For 𝑝 ≡ 3, 11(𝑚𝑜𝑑 16) it is gotten as 4)𝑁2 = −2𝑀4 + 𝑝𝑒4 for Γ. 

Meanwhile for 𝑝 ≡ 5, 13(𝑚𝑜𝑑 16) it is 2)𝑁2 = −𝑀4 + 2𝑝𝑒4 for Γ. Thereby, for 

equation 4) prime 𝑝 exists independently. Namely, it only needs to coefficient −2 

of 𝑀4. Therefore, as in the above coefficient of 𝑠4 can be odd in (1), (3) or even 

in (2). Whereas for the case of equation 2), 𝑝 is involved to 2(coefficient of 𝑒4) 

and −1 of 𝑀4 . Henceforth, the considerable factors are increased. In this 𝑝  is 

difficult to be selected of odd coefficient of 𝑠4 because 2 exists with prime 𝑝 as a 

coefficient of 𝑒4 if coefficient of 𝑠4 is chosen as odd then, 2 ∙ 𝑜𝑑𝑑 is gotten and in 

calculation with −𝑀4 finding the solution became complex.  

 

 

3 Examples 
 

Here, we suggest examples of theorem 2.1(Primality was taken in [1]):  

 

(𝑝, 𝑠, 𝑡, 𝑢, 𝑣, 𝑤): 

 

(4651, 3, 1, 1, 1, 1) and (8443, 3, 5, 1, 1, 1).  

 

(𝑝, 𝑠, 𝑡, 𝑢, 𝑣, 𝑤):  

 

(83, 1, 1, 1, 1, 1) and (24659, 5, 1, 1, 1, 1).  

 

(𝑝, 𝑠, 𝑡, 𝑢, 𝑣, 𝑤):  

 

(11, 1, 1, 1, 1, 1) and (283, 3, 1, 1, 1, 1) and (1979, 5, 1, 1, 1, 1, 1) and 

 

 (15131, 1, 11, 1, 1, 1) and (20011, 9, 1, 1, 1, 1) and (24571, 9, 5, 1, 1, 1) and 

 

 (141803, 13, 11, 1, 1, 1). 
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