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Abstract

As a different alternative to the well established theory for solving
systems of rectangular equations, where the inverse matrix given by
Moore — Penrose is used, in this work we employ the generalized cross
product in a peculiar way in order to construct complete systems of
equations n X n from systems of linear equations of (n — 1) x n. In
these new systems n x n we apply the Cramer rule, and furthermore
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we are able to show that these solutions correspond exactly to the same
ones obtained when the Moore — Penrose pseudo-inverse matrix is ap-
plied. Illustrative examples are given and the conclusions of the work
are presented at the end.

Mathematics Subject Classification: 15A06, 15A15, 15A30

Keywords: Generalized cross product, Cramer’s Rule, Moore-Penrose,
Pseudoinverse Matrix

1 Introduction

Systems of linear equations have been solved by various methods, in fact one
of the most direct and elegant methods is Cramer’s Rule, developed in 1750,
by Gabriel Cramer (1704-1752) and it was published in his Introduction a
Ianalyse des lignescourbes algébraiques, however it should be noted that
Colin Maclaurin had already published it in his Treatise of Geometry of
1748, and it is said that Maclaurinhadalreadyknownthisresultsincel729.

Formal solutions to systems of non-quadratic linear equations appeared
later with the mathematician Karl Frederich Gauss (1777-1855); since he
proposed a systematic mechanism to solve the most general systems, which
include m x n with m < n; Gauss was the first to say that this type of sys-
tems admit infinite solutions or that otherwise there is no solution to such a
system, but not unique solutions, which was the traditional way.

Subsequently to the Cramer Rule appeared other alternatives to give so-
lution to the systems of quadratic equations n x n, for example, through the
calculation of the inverse matrix; since once calculated, it is relatively easy
to find the solutions of the system. However, this method of calculating the
inverse matrix could not be applied to matrices of the form m x n with m < n,
this made no sense, due to the very nature of the system.

It was not until 1920 when E.H.Moore [1], proposed a method to find the
inverse for systems of equations m x n for both m < n and m > n, in fact
it is called the Pseudo — Inverse matrix, later in 1951 Bjerhammar [2], as
well as in 1955 [3] Roger Penrose, obtained very similar results, although it is
important to say that the term Pseudoinverse of a matrix had already been
mentioned before by Fredholm, who introduced the concept of the pseudoin-
verse of the integral operator in 1903.
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There are other works where solutions to rectangular equations are found,
in which projection methods are applied, where iterative methods are pro-
posed to be able to solve indeterminate or rectangular systems of equations
[4], [5]. In this work, starting from the generalized cross product [6], [7], [8],
9], [10], we define it in such a way to be able to apply it to rectangular sys-
tems of equations (n — 1) X n, and achieve the construction of new systems
of equations, where the rectangular system is completed to quadratics. This
new system of equations has the solutions of applying Cramer’s rule, which
correspond to the same solutions of the original system. The interesting thing
is that these solutions also correspond exactly to those obtained by applying
the Pseudo — Inverse matrix method of Moore — Penrose to solve this rect-
angular system.

The rigorous demonstration of these equivalences on how to achieve exactly
the same solutions, between our technique and that of the Pseudo — Inverse,
we only do it for rectangular systems of 2 x 3 through a theorem, and the
reason consists in that only when considering this simple case, the calculations
expand in fact for the case of the system of 3 x 4 where it is so dispersed, that
it does not make sense to capture it in this work. However, the generaliza-
tion is very clearly fulfilled, and we present a program in M AT HLAB where,
through an illustrative example, we give the evidence that our predictions are
fulfilled.

2 Background

In order to apply the method of the Pseudo — Inverse and therefore to solve
systems of non-quadratic equations, there is a way where it is summarized
how to apply this mechanism, as it was done in [5] where other results were
obtained; and it will be described as follows.

We define the Moore — Penrose pseudoinverse matrix as follows

Let A € M,»n(R), such that there exists a matrix R € M,,x,(R), where
is true that
A-R=1,

we can prove that R = A'(AA")™! two conditions must be fulfilled
1.- range(A) =m
2.- and that (AA") ™! exists

Then it is said that R, corresponds to the matrix Pseudoinverse by the
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Right.
If there exists a matrix L € M,,x,(R), which satisfies that

L-A=1,

in the same way we can prove that L = (A*A)71 A’  the next must be fullfilled
l.- range(A) =n
2.- and that (A'A)~! exists

Then it is said that L, corresponds to the matrix Pseudoinverse by the
Left.

Now, let’s solve the following system of equations of 3 x 4.

T —y+2w =2
e+y+z—w =-3 (1)
204+ 1y — 2 =1

To solve this system of equations through the pseudoinverse matrix of
Moore — Penrore, we must calculate the pseudoinverse associated with the
system of equations, i.e.

1 -1 0 2
A=12 1 1 -1
2 1 -1 0

then according to the theory, as range(A) = 3, then the Pseudoinverse is
ensured on the right hand side and we compute

1 -1 0 27°/l1 -1 0 2 1 -1 0 2 1%\ "
R=12 1 1 -1 2 1 1 -1 2 1 1 -1 —
29 1 —1 0 29 1 —1 0 2 1 —1 0
1 -1 0 2\'/6 —-11\"
— |2 1 1 -1 1 7 4
29 1 —1 0 1 4 6
8 2 7
R= By 57 < —2 = _75 4 522
0 1 -1 _2171_315 _2;% g o
2 -10 5 o0 B
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i.e. the pseudoinverse matrix, is given by

s 2 1
45 9 45
-1 9 1

R=| 7 41 _"» (2)
45 9 45
%
45 9 45

Now the system of equations (2.1) can be expressed as

1 v 2
2 1 1 -1 Y= -3 |=4ax=0 (3)
9 z

1 -1 0 1
w

Now, after applying the least squares criterion, the approximation can be car-
ried out as follows

X*~ Rb (4)
with R, given by (2.2), then it follows that
8 2 z _T
59 45 9 45
. 1o 1 _1
X~ 2 1 S = & (5)
N A P
45 9 15 45
_
15
ie. X' = __é correspond to the solutions of the system of equations
s
45
(2.1)

3 The cross product in R"

3.1 The cross product in R?

To clearly understand how to achieve the generalization of the cross product,
we will perform the construction of this for the best known case as it was done
in [11], and it is precisely for the case of R®.

Let be the vectors R3: A = (a1, as,as), and B = (b1, ba, bs).
Now, if we define the following expression
DO B A (1,0,0) (0,1,0) (0,0,1)
C=AxB= ap Qg asg | = aq az as =
bi by b3 by bo bs
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1 0 0 0O 1 O 0 0 1
= ap ay az [,0,0] +10,] ai az a3z |,0|+ (0,0, ar ax a3 =
by by b3 b1 by b3 by by b3
. a2 as | a3 (431 a2 .
= < by by ,0,0> + (0, by by ,0) + (0,0,' by by ) =
. a9 as | aq as a az |
- (1a Oa 0) bg bg (07 17 0) bl b3 + (07 O, 1) ‘ bl bg ' -
| G2 as 5 aq as ~ | aq a9
= b by b by | TF b b
i.e. we have that
= - = i 3 ]% Al a a Al a a ~la a
C=AxB= a; ay az | =1 2 3 -3 1 3 +k 1 2
b2 b3 bl b3 bl b2
b1 by b3

(6)
It is curious to note that this last expression (2.1) is rarely justified in litera-
ture books.

Well, the vector C , as defined, allows us to assure that it will be a perpen-
dicular vector to the vectors A and B , as well as to any linear combination
of these vectors. In other words this vector C' would be perpendicular to the
whole plane that contains the vectors A and B ; which means that if we make
the dot product to the linear combination of A and B it would give as result
0, this can be easily seen in the following way

C-(aA+pBB)=aC-A+pC B

2 Qg as ~ 1 ay as ~ | ap as . . R
Oé(Z b2 b3 ) bl b3 + k bl b2 ) . (/Lal + Jas —+ k@3)+
2| ag as | sl as Sl aq az |\ N Lo
G| [T | TR, | (b Sbe kb =
= dz 43 ap  as ay  ap
=« (al by b as b, b + ag b, by ) +
as as aq as aq as
o\ —b +b
B ( ! by b3 2 b1 b3 3 by by )
ap Gz as bl b2 bg
=ala ay a3 |+P|a ay a3 |=a(0)+5(0)=0
bi by b3 by by bs
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and this is due to the properties of the determinants, as lines are repeated for
both determinants; in other words, it follows that

C-(aA+BB)=0

i.e. the vector é, is perpendicular to the entire plane containing the vectors

Aand B.

3.2 Generalized cross product for R"

As can be seen, expanding these results and thus being able to generalize
it to R" is something we can do quite naturally, see [11], since basically the
developed algorithm can be extended without any problem for n—dimensions.
Then, for the case of R", the vector W to consider will be now, one that is
constructed from n — 1 vectors, linearly independent /fl, /fg, /fg..., A,;_l, that
is to say that from the next structure

€A1 éQ éj én

aiq 192 Q1; a1n

a1 bQQ Q25 a2 n
n—1

o . . . B ) Lk
W = = €k(—1) |Wk|

k=1

(4751 ;2 Qgj ;i n

ap-1,1 Ap—-12 ... Qp—1j5 - Qp—1n

where each |W}| corresponds to the determinant of the minor matrix associ-
ated with each value of €, as developed for the cases of R* and R*; and of
course that the vector W will be a perpendicular vector to each of the vectors
ffl, /fz, A;,..., A;_l, as well as to any linear combination of these, i.e. if

n—1
U= OélA_; + 062‘4_’2 —+ ...+ Oén—lA'r;—l = Z O[kffk
k=1
therefore, it follows that
n—1
k=1
this is clear since
n—1 n—1 n—1 n n—1 n
W Ay = a WAy => 3 agin(=1) Wil Ay = >0 (an)arg (—1) | M| =
k=1 k=1 k=1 j=1 k=1 j=1

alaH’Ml’ - 0426112‘M2’ + 043&13‘M3‘ - ---anflal,nfl<_1)1+k‘Mn71’ =
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= alan(()) — agalg(O) + a3a13(0) 4+ ...+ ()énal’,L(—l)l—Hc(O) = 0

where M), corresponds to a matrix of size n — 1 x n — 1, in which some row is
repeated for each value of k in the development, according to what we showed
for the cases of R® and R*; and therefore the determinants |My| are annulled
according to the properties of the determinants, so then

i.e. the vector

will be perpendicular to any of the set ffl, ffg, ffg..., A,:_l, as to the space gen-
erated (or hyperplane) by this set of vectors.

4 Rectangular Equations Systems

4.1 Let’s analyze the case of 2 x 3 systems

Teorem

Let be the next equations system

ar Fay “asz =k (7)
bll’ —|—b2y +b32 :kQ

then the solutions to such a system, according to the expression

where

t 111
_ ayp a2 as a1 a2 as ayp az das
R_(b1 b, bg) (b1 b, bg)(b1 b, bg)] )

is the Pseudoinverse Moore — Penrose matrix.
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In addition to these solutions,these can be obtained in terms of the cramer’s
rule, when applied to a new system of equations

ao a3 ay; as a; G2
r - y + =0
by by ‘ b by ‘ b by (10)
a1x +asy +asz =k
bll’ —l—be +b32 = ]{32
By directly applying Cramer’s rule
0 — ay das a; Qs a9 as 0 a; Qs
by b3 by b9 by b3 by b9
ky as as a kq as
k2 bg bg bl k2 b3
xr = Y
o a3z . a; as a; as a2 A4s a; as a; as
by by bi by | | b b ‘ by by b by ‘ b b
a a2 as a a2 as
by by bs by by bs
o asg . a; das 0
by b3 by b3
aq (05} ]{71
b by ko
z =
az as | @1 a3 ap Gz
‘bz by ‘bl bs | | b 62‘
aq (05} as
by by bs
PROOF
from (2.3)
a a a ! a a a a a a ! o
o 1 2 3 1 2 3 1 2 3
R_(bl b, b3) (bl b, bg)(bl b, bg)] (11)
ar b \' 1
R— CLl bl CL% -+ CL% + CL% a1b1 —+ CLQZ)Q —+ agbg - (12)
B arby + agby +azby b2 + b3+ b2
as bg
ie. .
aq b1
R = a9 bg
as b3
b7+b3+b3 —a1b1—azbz—azbs

—(a1b1+azba+a3bs)?+(a?+a3+a?)(b3+b3+b2)
—a1bi—agby—azbs

—(a1b1+az2ba+as b3)2+(a% +a%+a§)

a% +a% +a§

(

—(a1b1+azba+asbs)?+(a?+a3+a)(b3+b3+b3)

) (13)

—(a1b1+az2ba+as b3)2+(a% +a%+a§)
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then
b1(—a1b1—a2b2 a3b3) + a1(b2+b2+b)
—(a1bi+azba+azbs)? +( %+a§+a3)(b2+b2+b2) —(a1b1+azbz+a3b3)?+(at+a3+a?)(b3+b3+b%)’
b1 (a2+a3+a3) + a1(—a1bi—azbz—as3b3)
—(a1b1+azbz+asbs)?+(at+a3+a?)(b3+b3+b3) —(a1b1+azbz+asbs)?+(at+a3+a?)(b3+b3+b2)
bz(—albl—(lzbz a3b3) + a2(b2+b2+b)
—(a1b1+azby+azbz)?+(a? ay é‘,Jrag)(bQer +b3) —(a1b1+azba+azbs)?+(af+a3+a3)(b+b3+b3)’
R = bg(al—I—a +a3) + az(—a1b; —a2ba—azbs)
—(a1br1+azbz+azbs)?+(af+a3+a3)(b3+b3+b3) ' —(a1bi+azba+asbs)?+(af+a3+a3)(b3+b3+b3)

b3(—a1b1—az2ba—asbs)

az(b2+b2+b2)

—(a1b1+azba+azbz)? (%+a§+a3)(b2+b2+b2) +

bz (a3 +a2+a3)

—(a1bi1+asba+azbs)?

+(af+a3+a3) (b7 +b3+b3)°
a3(—a1bi—azbay—azb3)

(arbiFazbaFasbs)2+ (@l talta) PRI T —(a

and according to the expression (4.2)

1b14a2b2+a3bs)?+(a?+aZ+a3)(bF+b3+b3)

k1b1(—a1bi—azbo—asbs) + k1a1 (b3+b3+b2) +
—(a1b1+a2bz+azbs)? +(a +a2+a3)(b%+b§+b§) —(a1b1+azbz+asbs)?+(at+a3+a?)(b3+b3+b2)
kgbl(a1+a2+a3) + k2a1( a1b1—agba— a3b3)

—(a1b1+azbz+azbz)?+(ai+a3+a3)(b+b3+b3)

k1ba2(—a1bi—azb2—a3bs3)

—(a1b1+azbz+azbz)?+(ai+a3+a3)(b3+b5+b3)

kiaz (b2 +b2+62)

Z *(albl+a2b2+asb3)2+(a1+a2+a3)(b2+b2+b2) + —(a1bi+azbz+azbs)?+(a?+ad+a?)(b3+b3+b3 )+
Y — kgbz(a%+a2+a3) + k2a2( a1b1—asby— a3b3)
. —(a1br1+azbz+azbs)?+(af+a3+a3) (b3+b3+b3) ' —(a1bi+azba+asbs)?+(af+a3+a?)(b3+b3+b2)

k1b3(—a1b1—azba—asbs)

kias(b?+b3+b3)

—(a1b1+azbz+azbz)? +(‘1 +a2 +a3)(

' b3+b3+b3)
kobz(a? +a2+a3)

- —(a1b1+azbz+asb3)?+(af+a3+a?)(b3+b3+b3 )+

koaz(—a1bi—azba—a3b3)

—(a1bi+azba+asbs)2+(a?+aZ+a2)(b2+b2+b2)

+ —(a1b1+azbz+asbs)?+(a+a3+a3)(b3+b3+b3)

(14)

from which the solutions are immediately derived.

For x we have that

k’lbl( (llbl — a2b2 — a3b3)

—(a1b1 + CLQbQ + (lgbg)

kiai (b} + b3 + b3)

+ (a} + a3+ a3) (b + b3 + b2)

—(a1by + asbs + asbs)? + (af + a3 +

n k?gbl(a% + CL% + ag)

+
a3) (b + b3 + b3)

—(a1by + agbs + asbs)? + (af + a3 +

k2a1(_a1b1 — agby — as

_|_
a3) (b + b3 + b3)

bg)

—(a1by + asby + asbs)? + (a? + a3 +

a3) (b + b3 + b3)
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after some simplification it is found that for x

—CLlekal — agbgkl — a3b163k1 + Ojlbgk'l + a%blkg + @%blkg — a1a2b2k2 — alangkQ
262 +b2) — 2 b1bs — 2asbs(a1b b 2(b% + b2 2(b2 + b2
az(bi + b3) — 2a1asbibs — 2azba(a1by + asbs) + a3 (b + b3) + ai( 2(+ )3)
15

xr =

in the same way we compute for y

klbg(—albl — CLQbQ — agbg)
—(a1by + asbs + asbs)? + (ai + a3 + a3) (b + b3 + b3

y= T+

—(a1by + agby + asbs)? + (af + a3 + a3) (b7 + b3 + b3

)+

k‘gbg(a% + CL% + CL%)

+
—(a1by + agby + azbz)? + (a? + a2 + a3)(b? + b3 + 12)

_|_

k2a2<_a1b1 — agby — G3b3)
—(a1by + asby + azbs)? + (a? + a3 + a3) (b3 + b3 + b3)

in the same way when simplifying we obtain for y

QQb%kfl — alblbgk’l — a3b263k1 + &ngk’l — a1a261k2 + &%bgk’Q + &%bgk’g — a2a3b3k’2

a%(b? + b%) — 2a1a3b1b3 — 2a2b2(a1b1 + CL3b3) + (I%(b% + bg) + a%(b% *|(>1()6§))

y:

and for z
kle(_albl — agby — a3b3)

= +
§ —(ayby + agby + asbs)? + (a? + a3 + a3)(b? + b3 + b3)

kiaz (b7 + 03 + b3)
—(a1by + agby + asbs)? + (af + a3 + a3) (b7 + b3 + b3

)+

k‘gbg(a% + CL% + CL%)

+
—(a1b1 + a2b2 + a3b3)2 + (a% —f‘ CL% —|— ag)(b% + b% + b%)

+

kQCLg(—albl — CLQbQ — a3b3)
—(a1by + asby + azbs)? + (a? + a3 + a3)(b? + b3 + b3)
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simplifying z

—agb%kl + agbgkl + a1b1b3k1 - (Zngbgkl + a1a3b1k2 - a2a3b2k2 — a%bgl{ig + a%bgkg

a%(b% + b%) — 2(11&3[)1[)3 — 2&2[)2(@161 + a3b3) + a%(b% + b%) + a%(b% (—;;))%)

z =

On the other hand, applying the Cramer’s rule directly to the expression
(4.4), it is obtained that

0 a; as a; az
S b b bi by
ky 45) as
ka by bs
I = _
o as a; as a; as
by by | | by bs by by
aq a9 as
by ba bs

—agblbgkl — Clgb%kl — agblbgkl + a1b§k1 + agblkz + a§b1k2 — alagbgkz — a1a3b2k2

Cl%(b% + b%) - 2a1a3b1b3 — 2agbg(a1b1 + agbg) + a%(b% -+ bg) + a%(b% +(li§8))

az as 0 a; asg
b2 b3 b1 b2
a1 k1 as
by ko bs
y = _
o as a; as ap das
by b3 by b3 bi by
ai 5) as
b ba bs

agb%k’l — alblbgkﬁl — a3bgb3/{?1 + angk‘l — alalek‘g + a%bgk‘z + a%bgk’z - agagbgk‘z
ag(b% + b%) — 2&1@3()1()3 — 2(12[)2(@1()1 + a3b3) + a%(b? —f- b%) —|— a%(b% + bg)
(19)
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‘ a9 asg _‘ ay as 0
by b3 by b3
aj a2 kq
by by ko
5 = _
Gz as a; as ai; ag
by by | | by bs by by
ai 5] as
by by bs

—agb%]ﬁ + &3b§k‘1 + alblbgkl — azbgbgk‘l + alagblk‘g — agagbgk‘g — a%bgk’z + agbgk‘z

— ag(b% + b%) — 2&1&3()1()3 — QCLQbQ(Clel + a3b3) + U/%(b% + b%) + a%(b% +(g§0))

then by comparing equations (9), (10) and (11) with (12), (13) and (14),
it is clear that the following proof is satisfied

It is important to make some observations in this regard:

1.- The first equation of the system (4.4) was obtained by applying the
cross product (which corresponds to the simplest case of generalized cross prod-
uct) to the first two vectors of the system of equations ((ay, as, as), (b1, ba, b3)).

2.- Geometrically, the vector is perpendicular to the plane that contains
the vectors ((a1, ag,as), (b1, ba, b3)), and therefore if these vectors are linearly
independent a unique solution is assured. (See figure 1).

3.- Moreover, an infinite number of solutions to the system given by (4.4)
can be constructed, which must correspond to what is reported in the tradi-
tional theory when applying the Gauus — Jordan method to (4.1), see figure
2 (the one that mentions the free parameters), and these solutions can be
obtained by adding the parameters «, 8 to the Cramer’s rule solutions given
above, as shown below
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a; as ay G2 az a3 a; G2
O‘Bblbg‘ b by by by | O blbg‘
k1 a2 as ay ky as
ko by bs b1 ko bs

e Qg das a; as a; Qg V= o as ay das a; as
oy by | Pb by | |6 b “py by | P ‘ by by | | b b
aq a2 as ay 5] as
b1 bg b3 b1 bg b3
o asg a; das

| b, 53‘_6’@ by | "

43] a2 k1

b1 ba ko

= Qg das ay as a; Qs

by by | P b b3‘ b by

ay a9 as

b1 bg b3

4.- It is clear that even for this case of the solution to the system of 2 x 3 it
is easier to handle the system of equations extended to 3 x 3, that is, to make
use of the cross product to add the missing equation, and solve it later by ap-
plying the Cramer’s rule than going by the method of the Moore — Penrose's
Pseudoinverse.

On the other hand, the demonstration of the following case, that is the
system of 3 x 4, although basically it is the same mechanism to follow that for
the case of 2 x 3, the necessary calculations to justify its development grow
very considerably, reason why it is not included in this article.

4.2 The case of the 3 x 4 system

The results obtained in the previous section, can be extended without any
problem to systems of linear equations of higher dimensions of the form (n —
1) x n, for example systems of equations of 3 x 4. It should be noted that for
this case we will not carry out the demonstration as mentioned in the previous
section, because although the calculations follow the same pattern of behavior,
they are too extensive.
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Consider the system of equations
ar +asy “asz +asw =k
bll' +b2y +b32 —|—b4w = kg (21)
caxr  Fcey 3z Fcgw = ks

then the solutions to the system according to the Moore — Penrose Pseudoin-
verse method would be given by

x
k1
Tk = Y =R\ ko
z
ks
w
where
t tq —1
ayp Gz asz a4 ap Gz az a4 ap Qz az a4
R = b1 by b3 by by by b3 by by by b3 by
Ci Cy C3 (4 Ci Cy C3 (4 Ci Cy C3 (4

is the Moore — Penrose’'s Pseudoinverse matrix.

Now, these same solutions can be obtained in terms of the Cramer’s rule,
when applied to a new system of equations where it is emphasized that the first
equation is obtained by applying the generalized cross product to the vectors

(Cbh G2, as, a4), (bh by, bs, 54), (01, C2, C3, 04)

so that by construction it is perpendicular to these vectors and to all the space
they generate, that is to say, to all R3.

The new system of equations of 4 x 4 is given as follows:

G a4z a4 a1 az a4 a1 Az G4 a; az ag
bg bg b4 xr — b1 b3 b4 Yy + b1 bg b4 z — b1 bg bg w = 0
Cy C3 &4 C1 C3 &4 C1 C ¢4 1 C2 C3
ax +asy +aqz +asw =k
bl-’ll' +bzy +b32’ —|—b4w kQ
c1x +coy +c32 +cqw = k3
(22)
where
az a3 Q4 a; a3 a4 ap G2 Q4 ayp a2 as
by by by |, —| b1 by bs|, | b1 b2 b4 by by b3
Co C3 (4 C1 C3 (4 C1 C2 4 1 C2 C3
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is the vector that corresponds to the genealized cross product for R*. Now,
applying Cramer’s rule to the expression (4.16), we obtain the values for the
variables x,y, z, w.

a1 as a4 ay ay a4 ay az das
0 —| b bsg by b1 by by —| b1 by b3
Cl C3 C4 Cl C2 C4 Ccl Cg C3
k‘l a as a4
ko ba bs by
k‘g Co C3 C4
Tr =
a2 a3 a4 ayp a3 a4 ap a2 a4 ayp a2 as
by b3 by | —| b1 b3 by b1 by by | —| b1 b2 b3
C2 C3 (4 C1 €3 4 Cl C2 (4 1 €2 C3
ay a2 az Q4
by bo bs ba
1 C2 C3 C4
a2 az a4 ayp az a4 ay ag as
ba b3 by 0 b1 by by —| b1 by b3
Cy C3 C4 Cl Cg C4 Cc1 C2 cC3
a k1 as aq
by ko b3 by
c ks 3 cq
v= as a3 ay4 a]; a3 a4 a; az a4 a; az as
ba b3 by —| by b3 by b1 by by —| by by b3
Cy C3 C4 Cl C3 C4 Cl C2 C4 c1 C2 cC3
al a9 as ayq
b1 ba bs by
C1 (6] C3 C4
a2 az a4 a; as a4 a; ag as
ba b3 by —| b1 bg by 0 —| by by b3
C2 C3 C4 C1 €3 C4 €1 C2 C3
a as k1 a4
b1 ba ko ba
C1 Cc2 ]{73 Cq
z =
az asz a4 ap asz a4 aip az a4 ap az ag
bp by ba| —| b1 by b4 bi by by | —| b1 b2 b3
C2 €3 C4 C1 €3 C4 C1 C2 4 ¢l C2 (3
a a2 az a4
by ba bs by
C1 C2 C3 C4
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az a3z a4 ap a3 a4 ay az a4
by by by — | b1 by by by by by 0
C2 C3 (4 1 €3 ¢4 T G2 (4
ay as as ky
by ba b3 ko
c1 2 c3 ks
w =
az asz a4 ap a3z a4 ap az a4 ay az as
by b3 by | —| b1 b3 by by by by | —| b1 by b3
C2 C3 (4 1 €3 ¢4 T C 4 i C2 C3
ai as as a4
by by b3 by
C1 C2 Cc3 Cq

4.3 Example

Let us apply this result to the system of equations of 3 x 4, given in equation

(2.1) of section 2

T —y+2w =2
2r+y+z—w =-3
2r+y— 2 =1
ie.
1 0 2 1 -1 2 1 -1 0
0o —|12 1 -1 2 1 -1 -2 1 1
2 -1 0 2 1 0 2 1 -1
2 -1 0 2
-3 1 1 -1
1 1 -1 0
r =
-1 0 2 1 0 2 1 -1 2 1 -1 0
1 1 -1 -2 1 -1 2 1 -1 -2 1 1
1 -1 0 2 -1 0 2 1 0 2 1 -1
1 —1 0 2
2 1 1 -1
2 1 -1 0
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—1 2 1 -1 2 1 -1
1 1 —-1] 0 |2 1 -1| —|2 1 1
1 -1 0 2 1 0 2 1 -1
1 2 0
2 -3 1 —1
2 1 ~1 0
Y= 0 2 1 0 2 1 -1 2 1 -1 0 N
1 “1| =2 1 -1 1 -1 —-|2 1 1
1 -1 0 2 -1 0 2 1 0 2 1 -1
1 —1 0 2
2 1 1 ~1
2 1 —1 0
—1 2 1 0 2 1 -1 0
1 1 —-1] —]2 1 =1 0 —|2 1 1
1 -1 0 2 -1 0 2 1 -1
1 —1 2 2
2 1 -3 —1
2 1 1 0
TS 0 2 1 0 2 1 -1 2 1 -1 0
1 1 —-1] -2 1 -1 2 1 —-1| -2 1 1
-1 0 2 -1 0 2 0 2 1 -1
1 ~1 2
2 1 1 —1
2 1 —1 0
—1 2 1 0 2 1 -1 2
1 1 —-1] -2 1 -1 2 1 —-1] 0
1 -1 0 2 -1 0 2 1 0
1 —1 0 2
2 1 1 -3
2 1 ~1 1
w = =
-1 0 2 1 0 2 1 -1 2 1 -1 0
1 1 —-1] -2 1 -1 2 1 1] —[2 1 1
1 -1 0 2 -1 0 2 1 0 2 1 -1
1 ~1
2 1 1 —1
2 1 ~1 0

As can be seen, these solutions are the same as those obtained by applying
the Moore — Penrose’'s Pseudo — inverse matrix method in section 2 and
presented in eq. (2.5) . Confirming that the solutions obtained by the system
“extended” n x n, wich was obtained from one of (n — 1) x n when applying

68
45

44
45
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the generalized cross product, matches exactly with those provided by the
Moore — Penrose’s Pseudo — Inverse technique.

5 Generalization of the method

In this section it should be noted that, since the calculations are becoming
more and more complex, we proceeded to perform a program in MATHLAB,
applying the algorithm that allows us to match and verify that the solutions to
a system of equations of the form (n — 1) X n, can be achieved by applying the
Moore — Penrose's Pseudoinverse method, as well as the extended matrix
method, which relies on the generalized cross product. [style=Matlab-editor]
MATLAB code...

Overview

This document presents the comparison between solving an underdetermined
system of linear equations of size N x (N + 1) using:

1. The Moore-Penrose Pseudoinverse (AT = AT(AAT)™1).

2. An Extended Matrix Method by constructing an orthogonal vector
to complete an M x M system (where M = N + 1).

MATLAB Script

[style=matlabstyle, language=Matlab] clearvars; clc; close all

N =3;M=N + 1; A = randi(4, N, M); F = (1:N)’; Sistema = [A F]

R=A’/(A*A’); fprintf(”solution with the pseudoinverse:”); XP = (R *

F)’
AA = zeros(1, M); for i = 1:(M - N) for k = I:M B = A; B(;, k) = [];

AA(k) = (-1)k + 1) x detRR(B); endA = [AA; A]; F = [0; F]; end
fprintf(”solution with the extended matrix:”); XS = (A F)’ error = abs((XP

_XS) ./ XP)

Execution Output & Example

Below is the execution result for an example system:
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[colback=white,colframe=headerblue,title=Example Matrix System)|

91 2 41 |7 1

4 3 4 2| 1Y) = |2

13 2 4| |7 3
w

[style=outputstyle] solution with the pseudoinverse: XP = -0.3021 0.8489
0.0947 0.1415

solution with the extended matrix: XS = -0.3021 0.8489 0.0947 0.1415
error = 1.0e-14 * 0.0551 0 0.1173 0.0392

Example of program execution for N=2, the two methods give the same
results

Original system

Tr+6y+3z2=1
20 + 6y + 22 =2

Solution obtained by applying the Pseudoinverse method: XP = -0.2120
0.3840 0.0600

Solution by adding a plane that passes through the origin and is perpen-
dicular to the other two

—6x — 8y + 302 =0
Tr+6y+32=1
20+ 6y + 22 =2

XS =-0.2120 0.3840 0.0600
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Graphic of the drawings associated with the system

Aknowledgments. this work was partially supported by COFAA, EDD,
EDI del IPN and SNI-CONACyT.

References

[1] Moore, E. H., On the reciprocal of the general algebraic matrix, Bulletin
of the American Mathematical Society, 26 (9) (1920), 394-395.
https://doi.org/10.1090/50002-9904-1920-03322-7



196

[10]

[11]

E. Salinas-Hernandez, Jestis A. Martinez-Nuno and Judith M. Tirado-Lule

Bjerhammar, Arne, Application of calculus of matrices to method of least
squares; with special references to geodetic calculations, Trans. Roy. Inst.
Tech., (1951), Stockholm 49.

Penrose, Roger, A generalized inverse for matrices, Proceedings of the
Cambridge Philosophical Society, 51 (1955), 406-413.
https://doi.org/10.1017/S0305004100030401

Gerhard Maess, Proyection Methods solving rectangular systems of linear
equations, Journal of Computational and Applied Mathematics, 24 (1988),
107-119. https://doi.org/10.1016/0377-0427(88)90346-9

E. Salinas-Hernandez, Cesar R. Martinez-Garcia , Jesus A. Mertinez-
Nuno and M. Abel Leén-Hernandez, Solutions to Systems of Rectangular

Linear Equations m x n,m < n, International Journal of Algebra, 17
(2023), no. 4, 215-233. https://doi.org/10.12988 /ija.2023.91845

Moisés Aranda Silva y Reinaldo Nunez, La regla de Cramer a partir del
producto cruz generalizado, Universitas Scientiarum Revista de la Facul-
tad de Ciencias, Pontificia universidad Javeriana, 8 (2003), 13-15.

R. L. Brown and A. Gray,Vector cross products, Comm. Math. Helv. 42
(1967), 222-236 https://doi.org/10.1007/bf02564418 :

A. Gray, Vector cross products on manifolds, Trans. Am. Math. Soc., 141
(1969), 465-504 https://doi.org/10.1090/s0002-9947-1969-0243469-5;
Erratum: Vector cross products on manifolds, ibid. 148 (1970), 625.
https://doi.org/10.1090/s0002-9947-1970-0259823-x

Uribe Gonzalez Fernando Baldemar, Una generalizacon a R"™ del pro-
ducto vectorial definida en la interseccion de dos subespacios afines, South
Florida Journal of Development, Miami, 2 (2021), no. 2, 1393-1413.
https://doi.org/10.46932/sfjdv2n2-022

Ignacio Linarez Garcia, Productos Cruz en Espacios Euclideos, Tesis de
Licenciatura, ESFM-IPN, CD. de México, Dic. de 2009.

Manuel Alberto Ortiz Berru, Algoritmo para Construir Vectores Per-
pendiculares en R* y generalizacion del producto Vectorial, Tesis en
Matematica y Estadistica, Piurra, Perd, 2022.

E. Salinas-Hernandez, Cesar R. Martinez-Garcia and M. Abel Ledn-
Hernandez, New approach to the generalized cross product. Orthonormal

sets and Cramer’s rule, International Journal of Algebra, 17 (2023), no.
4, 163-179. https://doi.org/10.12988/ija.2023.91774

Received: September 5, 2026; Published: September 30, 2026



