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Abstract

The problem of finding the exact value of sin(1°) remains open to
date; solving it would be a major step toward the exact representation
of Sin(#) for § within a wide range of values. For this reason, in this
work we propose an alternative representation which, although approxi-
mate, differs from the classical one given by the Taylor series expansion
of the value of sin(1°), as well as from other techniques reported in the
literature. We then present some applications and, finally, our conclu-
sions.

Mathematics Subject Classification: 26A09, 51N20

Keywords: Sine function, Approximate values

1 Introduction

The study of trigonometric functions, as well as their evaluation to obtain
exact values, is a problem that dates back to the very origins of trigonome-
try. It goes back to the era of the Babylonians, and much of its development
is owed to the Greeks [1-4]; for example, the sine function appears in the
Sulba — Sutras, written in India between the seventh and sixth centuries
BC. Trigonometric functions were studied extensively by great mathemati-
cians such as Hipparchus of Nicaea (180-125 BC), Aryabhata (456-550 BC),
Varahamihira, Brahmagupta, Omar Khayyam, Bhaskara — IT (1464).

On the other hand, in his work Introductio in analysin infinitorum (1748)
[5], Leonhard Euler established the analytical treatment of trigonometric
functions in Europe by expressing them as infinite series, also known as Euler
Formulas.

There are works such as that of Shailesh A.Shirali [1], who model the behav-
ior of the functions Sin(f) and Cos(f) through the use of Polynomials, as well
as that of Ranjita Naik and Riyazahammad [2], who employ the CORDIC
Algorithm to compute values of the Sine and Cosine functions. Since the
exact values of Sin(3°) and Cos(3°) are known in the literature, it is natural
to think that the exact value of Sin(1°) would also be known; however, no
such result exists. That is, it cannot be obtained a priori in analytical form;
in fact, it can be considered an open problem. It is worth noting that there
are even entire books that address this particular problem, explaining how,
over the centuries, different cultures around the world have tried to solve it
[6]. What we do in this work is provide a mechanism capable of yielding an
approximate value of sin(1°) accurate to 12 digits. This is achieved by using
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an isosceles right triangle and relying on the law of cosines; we then analyze
some implications of this result and, finally, present our conclusions.

2 The exact value of sin(3°)

In the literature, the evaluation of trigonometric functions reduces to very well-
known expressions such as: sin(f), with 6 = 7, Z, g, 15 » and by applying angle
addition and subtraction, or even solving certain trigonometric identities that
yield third- or fifth-degree equations, it is possible to compute trigonometric

functions at more sophisticated values such as:

.13 . T 27
Szn(3—2) Szn(12) Sm(ﬁ), Sm(g), Sin( 17)
Now, combining sin({5) = \/54 ,sin({5) = f*‘[ , which are the solutions of

interest obtained by solving algebraic equatlons of Third and Fifth degree,

respectively. Likewise, the values of cos({j),cos(5) can be found. We thus
obtain one of the most important results:
sm((;)) sin (110 - 17T—2) = sm(f—o)cos(l%) - sin(%)cos(%)

- e vE) - Ve Vet

that is,

sin(3°) = 116( 2(—1+ V35 +V5+ (—1+VE)(V2+V6) (1)

Although this result is interesting, it unfortunately corresponds to the smallest
value of the sine function (or of any other trigonometric function) for an angle
that can be obtained in Ezact form; see [7].

As an interesting fact, there is also the Heptadecagon; this ” Exact” calcu-
lation was first obtained by the Legendary Mathematician Carl Friedrich
Gauss in 1796 [8]

o, —1+V/17+ \/34—2\/1_7+2\/17+3\/ﬁ+ V170 + 38v/17
16

17)

sin(

from this result, a whole family of sines and cosines can be constructed for

angles of the form kQN’T, k,neZ
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T

On the other hand, the construction of sin(g;) = sin(1°) is impossible, since
attempting to obtain it exactly in terms of the previous results cannot be done,
given that they must be Rational Multiples of m; that is, as

in(igy) = Mo %

180 )
has a repeated factor of 3 in the denominator; therefore Sin(1°) cannot be
constructed using square roots in its final expression. In fact, there is the
alternative of trying to find this value by solving the trigonometric identity
(which maps to a Cubic equation)

™ ™

sin(30) = —4sin®(0) + 3sin(6) (2)

setting # = 1; however, none of the roots found yields explicit solutions in
terms of expressions with radicals for sin(1°), and these solutions are said to
be irreducible.

Another way of looking at these solutions to (2) (see [7]) is

sin(1°) = %(3/005(30) + isin(3°) — /cos(3°) — isin(3°))

In the next section we propose an original mechanism for obtaining a very
close approximation to the value of sin(1°)

3 Main result: Approximate representation of
sin(1°)

3.1 Construction of sin(1°)

The objective of this work is to find an approximate representation of Sin(1°) .
From our review of the various works that address the subject, none reports an
exact and real representation of this expression; that is, in the articles we have
analyzed, the representations involve exact real expressions that nevertheless
invariably appear accompanied by imaginary parts, in some cases simple ex-
pressions and in others more complicated ones, but in no case completely real
and exact representations. It is worth noting that the concrete calculation of
Sin(1°) is a very interesting subject, so much so that books have even been
written about it, such as [6].

Now, to achieve our objective, we begin with an approximate representation
of what we seek to find, starting as follows:

According to Figure 1



An approximate representation of the value of Sin(1°) 207

S

Figure 1: Here we can see how the construction is first proposed for the cal-
culation of Cos(1°)

>

yr=1\/1*—(

V2o L
2 )= NG

furthermore,

1 V2 8101
L=\ (=) + (159)* = \ Ta00
180 16200

We consider the division of v/2 into 90 parts, since the opening of cos(90) is

assumed to be precisely v/2; we therefore take ‘g/—g in the hope of obtaining

Cos(1°), since the analysis is carried out on the central part of the angle.
Applying the law of cosines to the triangle A abc

L% + L% - 2L1L1008(9) == (221)2
implies that

2( 8101 )2 _ (2\/5)2

cos(0) = 202 — (221)? _ 16200

2L1 2( 8101 )2

then, solving for 6

- (3%)
0 = ArcCos( ) =1.273°
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that is, the angle is 8 # 1°. This leads us to the following reformulation: is

there a way to find a value of a such that /2 — a is reduced in such a way
that the opening fraction 2 128 < yields cos(1°)? This idea is not unreasonable,

since it arises from the fact that the value of ‘g/—g was larger than expected:
cos(1.273°) # cos(1°).

After performing several calculations by repeatedly applying the previous
procedure, we managed to find a first interesting value of a that gives a good
approximation to @; this value is ax = 229 = Then, following the procedure

00000
used to obtain 6 = 1.273° (see Fig. 2), we have that:

furthermore,

A /é§%%§l 742169 6012026731
L=\ (2 (L2 Y2
200 18000

Then, applying the law of cosines to A a’b'c, we have
L3+ L2 — 2Ly Laycos(6) = (225)°

which implies that

457831
/6012026731 vV s
Cos(0) = 28— =) _ 2o )" — (2—55—)* _ 6011111069
2L, o VR 6012026731
( 18000 )
in other words,
6011111069
0) = ————— = 0.9998476949553... 3
cos(6) 6012026731 (3)

One interesting point to highlight is that this partial result (expression
(3)) yields a value very close to Cos(1°). This contrasts with what is known
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Figure 2: Here our analysis is strengthened by introducing the parameter a,
in order to weight our calculations

in the literature through the Taylor series for the function Cos(x),x = 1°,
where the exact value of the expression is guaranteed, but whose mathematical
representation nevertheless requires an infinite series. As can be seen in our
partial result, although it is only an approximation, the representation we
obtain is a compact rational expression for the value of C'os(1°); this important
result will be emphasized later on. Now, if we solve (3) for the angle 6

6011111069

0— A o0l Y
reCos( 026731

) = 1.000000660175... (4)

that is,

6 = 1.000000660175... ~ 1°

By continuing to apply our technique, we constructed the following table for
various values of a, where the approach to 8§ = 1° can be appreciated for values
before and after ax
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Value of a cos(#) Value of @
= 0.9998465250 1.00383°
=2 0.9998476040 1.00383°
B 0.999847657840 1.00029°
w2l 0.999847690115 1.000016°
T 0.9998476949555 1.00000066°
Loaloas 0.999847695116653 1.00000013°
12109375 0.999847695155915 1.000000001°
L216957388 | ().999847695156389 | 1.000000000007°
H21608738544 | () 999847695156390937 | 1.0000000000009°

Observations:

1.- It is important to clarify that the value we adopt for cos(1°) corresponds
to the last value found in this table, which could be taken as exact from a
computational standpoint, since if its equivalent is expanded in decimals

~ 1669753916065979

1°) =
cos(1°) = T670008266413821

= 0.99984769515639093666... (5)

It turns out that when the inverse function of cos(1°) is computed, starting
from the 14" digit, an exact value for 1 degree is obtained up to 12 digits of
precision. However, since the calculation ultimately stems from an approxima-
tion, we denote it as 1°, once a computing package such as MATHEMATICA
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is applied; that is,

ArcCo0s(0.999847695156390937) = 1.0000000000009 = 1°

put another way
1° = 1.0000000000009 ~ 1°

™

2.- This is to be expected, since the first digits of cos(i5;) = cos(1°),
according to the Taylor expansion, yield the following

22 2t af
cos(x):1—§+z—a+...
cos(Iga) = cos(1°) ~ 0.99984769515639123916... (6)

And as can be observed, from the 14" digit onward our result obtained in (5)
deviates from what the Taylor expansion gives in (6). This means that, for
some computing packages such as MATHEMATICA, it could be sufficient to
use only the first 14 digits to accept the value of 1° as good, depending of
course on the context in which the calculation is to be used. This is the reason
why, for practical purposes, our result obtained in (5) can be considered a good
approximation.

3.- Moreover, as previously mentioned, expression (5) is a compact repre-
sentation of the value of Cos(1°). This result is among the most important of
this work; it is not reported in the literature and it breaks with the structures
reported in various published articles such as [7], where it is reported in terms
of real expressions always accompanied by imaginary parts.

Now, using (5) we have that

— 1667539160659799
n(1°) ~ /1 — Cos2(T°) = \/1 _ 2 _
sin(1%) 0s*(1°) (T670008266413521

_ 601/235963798006470613371831
N 1670008266413821

that is,

in(1°) 60+/235963798006470613371831
sin R
1670008266413821

And so we finally achieve the construction of the compact representation of
the value of Sin(1°)
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4 Some applications

Once the representation of the value of sin(1°) has been achieved, we will be
able to represent some other trigonometric functions, for example: sin(2°), cos(2°), tan(2°)

sin(2°) a2 sin(2(1°)) = 2Sin(1°)Cos(1°) =

60+/235963798006470613371831(1669753916065979)
(1670008266413821)2

= sin(2°) = 2

similarly
(2) 9030620892604271756177204676649
cos ~
9036125456084159332585600541449
tan(2°) 200370469927917480+/235963798006470613371831
an ~

2787228670544849149043742636841

Next we show a table with various approximate values of the representation
of the function sin(#), for various values of 6
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Value of 6 Sin ()
o 9030620892601271756177204676619(—2(—1+\/§) 5+\/5+(71+\/S)(\/§+\/6))
5 144578007297346549321369608663184
50092617481979370\/471927596012941226743662(4+\/ T4+v/5+ 6(5—&-\/5))
+ 2788927609890495737460019820041
o 1669753916065979(—(2+\/§)(—1+\/5)+\/2(5+\/5)+2(—1+\/§)1/4+1/7+\/3+\/6(5+\/5)
11 25720132262621136 h
2
60+/235963798006470613371831 (172(})6 (—(2+\/§)(—1+\/3)+«/2(5+ﬁ)+2(71+\/§)1/4+,/7+x/§+«/6(5+\/§)) )
1670008266413821
16° 1669753916065979(—141/3)+60+/235963798006470613371831(1++/3)
3340016532827642+/2
o 1669753916065 +180+/7865459933549020445
31 6697539 979 V/78654599335490204457277
3340016532827642
44° 1669753916065979v/2—60v/471927596012941226743662
3340016532827642
5Q° \/?:(169753916065979—60\/78654599335490204457277)
3340016532827642
7770 100185234963958740\/235963798006470513371831(2—\/5) + 9030620892601271756177204676619(\/5—&-\/5)
2788927609890495737460019820041 36144501824336637330342402165796

It is very important to note that the results reported in the preceding table
are novel analytical expressions for the various representations of approximate

values of Sin(0) with 0 = 5°,11°,16°,31°,44°,59°, 77°
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