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Abstract
Let g be a complex simple Lie algebra with Cartan subalgebra h and
standard Borel subalgebra b. Put n = [b,b]. In this paper, we describe
Lie triple derivations of the nilpotent subalgebras n for the classical Lie
algebra Dy, (m > 6) over the complex number field C'.
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1 Introduction

Let C' be the complex number field and g a simple Lie algebra over C' with
Cartan subalgebra h and root system A. Fix a basis Il = {aq,...,a,} of A, let
AT (A7) denote the positive root set (negative root set). Thenb=h® Y. g,

acAt

is the standard Borel subalgebra of g and n = [b,b] = > g, is a nilpotent

acAt

subalgebra of g. Denote the height of the root a by hta.

Definition 1.1.[) A linear mapping ¢ : n — n is called a Lie triple derivation
if it satisfies

¢([l,y], 2]) = [[o(2), 9], 2] + [[2, 6(y)], 2] + [, 4, 6(2)],  for all w,y, z € n.
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Clearly, Lie derivations are all Lie triple derivations, while the converse may
not be true.

Recently, many studies have been done in Lie derivations of matrix algebras
and their subalgebras (see [1]). And they use matrices commutation to obtain
many equalities. However, it is difficult to find such equalities for D,,. As
0 = [ga, 98] for a+ 5 ¢ A, in this paper, we use root system to obtain some
equalities and simplify the image of ¢ on n of the classical Lie algebra D,,,
which generalize the arithmetic of [2].

It is obvious that the nonzero root vectors in g, with ht « = 1 are generators
of n, if a Lie triple derivation ¢ : n — n satisfies ¢(g,) = 0 with ht v = 1, 2,
then ¢(g,) = 0 for all @« € AT. Our main idea arises from this.

2 Main results
For g = D,, = SO(2m, C), it is well known that

h = {diag(x1, o, ..., Tp, —T1, — T2, ..., —Ty) | x; € C},
A={EN—N), N+ ) [1<i<j<n},
I={N— Ay, 1+ A\ |1<i<n—1},

AT ={N = AN+ N1 <i<j<n},

In-n = CAy,  Aij = Eij — Enyjngi

9+r; = CBij,  Bij = Einyj — Ejnyi,

where \; (diag(zy, 2, ..., Tn, —T1, —T2,...,—Tp)) = x;, 1 <i < n. Then
n= Z Gri-x; T Z INi+N; -
1<i<j<n 1<i<j<n

Firstly, we give four types standard Lie triple derivations of n, which de-
scribe any Lie triple derivation of n. They are defined as follows:

(1) Inner triple derivations:
Let x € n, then adx : n — n,y — [x,y] is a Lie triple derivation.

(2) Diagonal triple derivations:
Let y € h, then n, : n — n, x — [y, z] is a Lie triple derivation.

(3) Central triple derivations:
If m 2 6, let é- = (547~~7£n—1)7 where gz = (k’l,lz>, kz,ll S C, 4 S ) S
n—1,

C=(Cry--,Cn2), where 5 = (K, 1%), K,I;€ C, 1< j<n-—2,
0 = (p2,ps), where py,ps3 € C,
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U = (g2, q3), where ga,q3 € C.
Define a linear mapping fi(¢g,c,9) : 7 — n as follows:

teo.c0)(Aiiv1) = kiBia +1;Bi3, 4 <i <n —1,
11(.0.c0)(Bn-1n) = p2Bi2 + p3 Bus,
tienco)(Ajjre) = kjBia +15B13, 1 < j <n—2,
11¢,6.6,0)(Br—2n) = @2B12 + g3 B3,

tie0.c0)(Apg) = te0,c0)(Bpg) =0,  otherwise.

It is easy to verify that fi¢ g9 is a Lie triple derivation and
H(£,0,¢,9) = H(£,0,0,0) T 1(0,6,0,0) T £(0,0,¢,0) T 1(0,0,0,8)-

(4) Extremal triple derivations:
Let my, mo, m3 € C'. We define a linear mapping ps : n — n as follows:

p3(A,q) = p3(Bp,) =0, otherwise.
It is clear that pj is Lie triple derivation.

Theorem 2.1  For m > 6, every Lie triple derivation ¢ of n can be
uniquely expressed as:

¢ = adzo + Ny, + Heoco) + P3;

where adxg, Ny, , l(e0.c0) and ps are inner, diagonal, central and extremal triple
derivations, respectively.
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