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Abstract

In his paper [5], M. H. Stone introduced and studied the prime ideal spaces of
Boolean Algebras. In this paper we introduce the prime ideal spaces of A’-
algebras, prove the space is a totally disconnected compact Hausdorff space and
every Boolean element of A corresponds to a clopen subset of the space and prove
that every A™- algebra is isomorphic to the A’- algebra generated by the class of all
clopen subsets of a totally disconnected compact Hausdorff space.
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1. Preliminaries

1.1 Definition: - A Boolean algebra is an algebra (B,v, A, (-)’, 0, 1) with two binary
operations, one unary operation (called complementation), and two nullary
operations which satisfies:

(1) (B,v, A) is a distributive lattice.
(2) xA0=0, xvl1=1
(3) xAx'=0,xvx' =1

1.2 Definition: An algebra (A, A, * ,(-)", (-)z,1) isan A* - algebra if it satisfies :

Fora, b, ceA

(i) av(ay) =1,(ay).=a, whereavh=(a Ab)".

(ii) apv by=Dbyv a,

(iii) (apv by )ver=apv (b rvCy)

(IV) (an/\ b )V (an/\ (bn)~) =g

(v) (@arb)=aAb;, (@anb) =a"vb" wherea”=(a;vas,)"

(vi) a,=(a,va’) ,a"=a"

(vii) (a*b)z= @y, (a*b)" = (a) A(b ™)
(viii) a=bifand only if a.= b, a’=b". We write 0 for 1, 2 for 0+1.

1.3 Example: 3 ={0,1,2} with the operations defined below is an A* -algebra

AlO] 1 ]2 v, 0]1]2 * | 012 X [0]1]2
0/0[0 ]2 0j]0]1 ]2 0]0]12]2 X |1]0]2
11012 11112 1/1]1)1 X |0]1]0
21212 |2 212122 21022 x [o]o[1

1.4 Huntington’s Theorem: Let B have one binary operation vand one unary
operations (-)" and define
(laanb=(a vb) foralla,beB.
Suppose for all a, b, ceB,
(iavb=bva.
(iiav(bvcec)= (avb)ve.
(ivy(aab) v (a A b)=a
Then B is a Boolean algebra.
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1.5. Note: From 1.2 (i) through (iv) and by 1.4, B(A) = { a, /acA} is a Boolean
algebra with A,v,(-)", 0 and acB(A) = a,=a. Since 1,0, (a;) €B(A), we have
1,=1,0,=0, (ax) = = (@) and a;Aa'=0,a+0= a,.

1.6. Theorem: Let (B, (-), 0) be a Boolean algebra. Then A(B) = {(a, b)/a, beB,
anb = 0} becomes an A* -algebra, where the A*-algebraic operations A,v, x,
(-),(-)~ are defined as follows:

Fora=(Xz, X"), b= (yx Y)e A(B)

()  anb = (Xayn, Xy + Xyt X )

(i) avb= XYzt X Y+ X yr, X' Y9

(iii) a~ =" xy)

(IV) ar = (Xn 1 (Xn)’)

V) axh = (Xz, (X2)'Y#)

(vi) 1=(1,0),0=(0,1),2=(0,0)

(where juxta position ,+,(-) respectively A,v,(-) in Boolean algebra B).

1.7. Theorem [1] : If Aisan A* -algebra and B is a Boolean algebra then
(i) B(A(B)=B
(i) A (B(A)) =A

1.8. Theorem [1]: Let A; A, be A*- algebras and B;, B, be Boolean algebras, then
(i) A= A, iff B (A =B (Ay).
(if) Bi= B, iff A (B1) = A (By).

1.9. Definition : Let (A1, AV,(5)7, (9)r, 1) and (Az,AV, (5),(5)r , », 1) be A*-
algebras. A Mapping f: A;— Ay is called an A* - homomorphism if for all
d, bEAl
(i) flanb) = f(a)Af(b)
(ii) flavb) = f(a)vf(b)
(iii) f(a« b) = f(a) « f(b)
(iv) f(ax) = (f(Q))x
(v) f@) = (f(a))"
(vi)f() =1
(vii) f(0) = 0.

If in addition f is bijective, then f is called an A*- isomorphism and is denoted by
A1§A2.
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1.10. Definition: A nonempty subset | of an A™-algebra A is said to be an A™-ideal if
()a,be l =>avhb, abel
(i)ac I=>a;,a" e |
(iiiyac |, be A = a.b,,a" b'e |
(Here xy = xay for all x,yeB(A)).

1.11. Theorem [3]: Suppose 6 is a congruence relation on A. Then 6(0) is an A*-ideal.

1.12. Theorem [3]: Suppose A is an A*- algebra and B = B(A). Then there is a one-to-one
correspondence between the set of all ideals of A and the set of all ideals of B.

1.13. Note: (i) aAb ={ a. b,, a, b", a’b,, a"b"}
(ii) if Aisan A*-algebraand a, b, aje Athena’=a,, a'=a,a’=a".
(iii) a'a’ =a’a'=a"a’=0
(|V) aOl: aO’ all — al’ aZl: aZ’ a00: a0~’ a10: al~’ aZO: a2~, a02: 0’
a?=0,a%=0.

1.14. Definition [3]: An ideal | of an A™-algebra A is said to be prime ideal if for
any a,beA,aAbc | = ae lorbel.

1.15. Theorem [3]: An ideal | of an A*-algebra is prime ideal iff ImB is Boolean
prime ideal, where B=B(A).

1.16. Theorem [3]: Suppose A is an A”-algebra and f: A— 3= {0, 1, 2} is an A*-
homomorphism. Then ker f={acA / f(a) = 0} is a prime ideal.

1.17. Theorem [3]: In an A*-algebra A every prime ideal is a maximal ideal.

1.18. Theorem [3]: An ideal | of an A*-algebra A is maximal ideal iff InB is
Boolean maximal ideal, where B= B(A).

1.19. Theorem :(i) P is prime ideal and e,feB(A), efeP = ecP or feP
(i) P is prime ideal and for acA, a,eP or a’eP.

Proof: (i) eAf = {e' f*, e’ ', e’ %, e *} (by 1.13)
= {ef, 0,0,0}
={ef, 0}c P
= eePorfeP
Therefore efeP = e<P or feP.
(ii) Since a; 8" =0 eP = a,eP ora’eP.

1.20. Note: Suppose A is an A*- algebra and CcA. The ideal generated by C is
denoted by Gen(C) is defined as
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Gen(C) ={ [(a” A bp'p ) *( apo A by E’p )/ap €C, byeA, op,Bp, vp,.0p€3}

\4
1<p<q

1.21. Note: For every finite sequence a, ay,.., a, of C, ajvayv...... va, #1 Gen(C)
is a proper ideal.

1.22. Theorem [1]: Every proper ideal | of A is contained in a maximal ideal.

2. Prime ideal Spaces

2.1 Theorem: In an A*-algebra every maximal ideal is a prime ideal.
Proof: Suppose M is a maximal ideal.
= M, is a Boolean maximal ideal
= M, is a Boolean prime ideal
Let a, be A and aAbc M.
Suppose ag M.
= a,¢Mora’ ¢M
Suppose a,¢M
Since aAb c M i.e., {az b, a; b", a’b;, a"b*Jc M
= a; by, a;b" eM;
= by,b" eM, ("M, is prime)
= b, *b" eM
= beM
Therefore M is a prime ideal.

2.2. Definition: Suppose (A, A,v,(-)",(-)x ,+ 0,1,2) is an A™-algebra . Let X be the
set of all prime ideals of A(X is also denoted by Spec A). LetacA, Cc A.
Xa={PeX/agP} and Xc={PeX/CzP}.

2.3 Note: (i) X;={PeX/1¢P} = X
(i) Xo ={PeX/02P}= ¢
(iii) For a, beA, aAb = {a' b*, a’ b? a’b’, a? b?}.

2.4 Lemma: Let a,beA, CcA. Then
(I) X aAbh = XamXb
(i) X=X,

aeC
Proof: (i) X aap ={PeX/aAbzP}
={PeX/agP and b¢P}
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={PeX/agP} N {PeX/bgP}

(i) PeXc < CgP
<> agP for some aeC
< PeX, for some acC
< Pel X,
aeC

Therefore X, ={J X,

aeC

2.5 Definition: A, X as in 2.2. From 2.3(i) and (ii), {Xa/ ac A} forms an open base
for which X is a topological space. This topological space X is called prime
ideal space of A.

2.6 Note: CcA, DcA
CAD = U aAb
aeC
beD

2.7 Lemma: Xc N Xp = X cap
Proof: Pe Xcn Xpe Pe Xcand Pe Xp
< CzP and DgP
<3 aeC,beD>agPand begP
< aAbz P
< CADg P
< PeX CAD
Therefore Xc m Xp = X cap.

2.8 Note: Xaug = Xa U Xg.

2.9 Lemma: For every ec B (A), Xe is a clopen set.
Proof: X. ={PeX/egP}
Xe~={PeX/e"¢P}
={PeX/eeP}*
= (Xe)C
That is (Xe)® is open set
ThenX, is Closed Set.
Therefore Xeis clopen set.
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2.10 Theorem: Suppose A is an A"-algebra. Then X, the Prime ideal space of A is

totally disconnected.
Proof: Suppose Py, P,eX & P1#P;

Then P4, P, are two distinct Prime ideals of A
Let acP-P».
Then acP; and agP;
Since acP1= a,eP; a’ eP;
Since acA and P, is Prime ideal so a,eP, or a* eP, .
Suppose a;eP; = a" P,
Therefore a* eP; , a* ¢P,
= a# “ePq, a# zP-
= PreXy™, PoeXy'
Katp~N Kag =X aaati~

=Xo=0
And X,*~ U X = X L
=X, =X.

Therefore for Py P,e X with P1= P, , 3 two disjoint open sets X5~ , X5"

such that X, ~u X;* =X
Suppose a,¢P-
Then a; ¢P; and a,¢P,

= P,e =, Poe and N =0, ) =X.
X, X, X, X, ¢ X, X

T T T T T T
Therefore X is totally disconnected.
Since X is totally disconnected, X is Hausdorff Space.

2.11 Theorem: X is Compact space.
Proof: Suppose {X./acC} is a basic open Cover for X where CcA.
Then X= X,
aeC
Suppose there is no finite sequence a;, a,,....,a,€C such that

a;vayVv...van #1. Then the ideal generated by C i.e.,(C) is a proper ideal

of A.

Then 3 a maximal ideal M of A such that (C) = M.
Since M is maximal ideal of R, M is a prime ideal of A.
Since CcM = aeM VaeC

= MegX,VaeC

= Mg | Xa

aeC
= MegX.
It is a contradiction.

Therefore there exists a; ay,...., ape C such that a;va,v...va, =1.

Then X =X;= X
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That is the basic open cover {X,/acC} has a finite sub-cover for X.
Therefore X is Compact.

2.12 Theorem: Suppose A is an A™-algebra and ac A, then
Xe=x UXi=Xaz,a =Xe, Wheree=a,va' eB (A)
a
T
Proof: X,={PeX/agP}
={PeX/a,gPora’ ¢P}
= {PeX/ a,zP}{PeX/a" P}

_ X, UXx._,
_ X

a, va

T

#

Therefore X,= Xaﬁva# =Xe,e= a;va eB(A)

2.13 Theorem: If Y is a clopen subsets of X then 3 e B(A) such that X, =Y.
Proof: Let Y is a Clopen subset of X

Since Y is closed and X is Compact 3 a3,8z,.......... aneR >
Y= X_UX_ U UX
4 % %
N VA, Vi va,
= Xawhere a=ayv axv........ V an

Therefore Y = X,
Since Xa=X @z va = XeWheree =a, v a’ eB(A)
Therefore Y = X, for some ec B (A).

2.14 Theorem: B(A) and {X./ e B (A)} are Boolean isomorphic.
Proof: Proof is obvious.

2.15 Theorem: Every A -algebra A and an A -algebra generated by clopen subsets
of totally-disconnected Compact Hausdorffspace are isomorphic.

Proof: Suppose (A, Av,(-),(-)x ,*, 0,1,2) is an A”-algebra . Let X be the set of
all prime ideals of A.

Then by Theorems 2.10& 2.11, X is a totally disconnected Compact
Hausdorff -Space.

Let B=B(A), Xg ={Xc/ec B(A)}
By the above, B = Xs.
Then A(Xg) is the A -algebra generated by Xg.
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Since A(B) =z A, A(B) =z A(Xg), then A= A(Xp).
Hence the theorem.
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