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Abstract

Let m be a natural number. It is proved that the simple groups
2G2(q) where q = 32m+1 and m ≥ 1,is uniquely determined by the set
of orders of its maximal abelian subgroups.
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1 Introduction

For an integer m > 1, we denote by π(m) the set of all prime divisors of m.
If G is a finite group , then the set of prime divisors of G is denoted by π(G).
The prime graph Γ(G) of a group G is the graph with vertex set π(G), where
two distinct prime p and q are joined by an edge if G contains an element of
order pq. Let t(Γ(G)) be the number of connected components of G and let
π1(G), π2(G),..., πt(Γ(G))(G) be the set of vertices of the connected components
of Γ(G). Sometimes, we use the notation πi instead of πi(G). If 2 ∈ π(G),
then we always assume that 2 ∈ π1(G). Note that |G| can be expressed as a
product of coprime positive integers mi, 1≤ i ≤ t(Γ(G)) is called the set of
order components of G(see[4]). The order components of finite simple groups
with non-connected prime graphs are listed in Tables 1-4 given by Chen in
[4].
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and Post-doctoral Foundation of Chongqing(CQXM201103016) and the Scientific Research
Foundation of CUIT(No:KYTZ201003).
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Let M(G)={|N | : N is a maximal abelian subgroup of G}. Then a finite
group G is said to be characterizable by the set of orders of its maximal abelian
subgroups, if G is uniquely determined by M(G). Recall that a simple group M
is a k3 group if |π(M)| = 3. It is known that if G is the k3 group, alternating
groupAn (where n and n − 2 are primes or n ≤ 10), PSL2(2

n), Sz(2
2m+1),

Bn(q), and all sporadic simple groups, then G is characterizable by the set of
orders of its maximal abelian subgroups (see [8], [3], [5] and [1]). In this paper
, we consider the simple groups 2G2(q). Our main result of this paper is:

Theorem Let m be a natural number. Then the simple groups 2G2(q)
where q = 32m+1 and m ≥ 1, is characterizable by the set of orders of its
maximal abelian subgroups.

Let p be a prime and let a and n be natural numbers. By pn||a we mean
that pn divides a but pn+1 does not divide a. In the whole paper, we assume
that q and q′ are prime power and (m, n) means the greatest common divisor
of m and n. All further unexplained notations are standard.

2 Preliminaries

The following lemma is almost obvious, but it will be useful in the sequel.

Lemma 2.1 [5, Lemma 1.4] Let G and M be finite groups such that M(G) =
M(M). Then G and M have the same prime graphs.

The following lemma follows from the definition of order component, The-
orem A and Lemma 3 in [10].

Lemma 2.2 Let G be a finite group with disconnected prime graph . Then
one of the following statements holds:

(a) G is a Frobenius group or a 2-Frobenius group;

(b) G has a normal series H �K �G such that H and G/K are π1-groups,
K/H is a nonabelian simple group, and H is a nilpotent group. Moreover any
odd order component of G is also an order component of K/H.

Lemma 2.3 [4, Lemma 6] Let t(Γ(G)) ≥ 2 and N � G. Suppose that N
is a π1-group and a1, a2, · · · , ar are odd order components of G. Then every
a1, a2, · · · , ar is a divisor of |N | − 1.

Lemma 2.4 [6, Lemma 2.9] Assume that p and q are primes and m,n > 1.
Then the equation pm − qn = 1 has only solution, namely 32 − 23 = 1.
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3 Proof of the Main result

Let M(G) = M(2G2(q)). Since the prime graphs of the simple groups 2G2(q)
is three, we have by Lemma 2.2 that G has a normal series 1 � H � K � G
such that H and G/K are π1-groups and K/H is a nonabelian simple group.
We divide our proof of the main theorem in several lemmas by considering the
number of prime graphs of the simple groups 2G2(q).

Lemma 3.1 t(Γ(K/H)) �= 6.

Proof. Suppose that t(Γ(K/H)) = 6. Then K/H must be isomorphic to
the sporadic simple group J4 by Tables 1-4 of [4]. Hence 32m+1±3m+1+1 = 23
or 29 or 31 or 37 or 43 by Lemma 2.2, which is impossible apparently. Thus
t(Γ(K/H)) �= 6.

Lemma 3.2 t(Γ(K/H)) �= 5.

Proof. Suppose thatt(Γ(K/H)) = 5. Then K/H must be isomorphic to the
simple group E8(q

′)(q′ ≡ 0, 1, 4(mod5)). Hence one of the following equations
holds by Lemma 2.2:

32m+1 − 3m+1 + 1 = q′8 + q′7 − q′5 − q′4 − q′3 + q′ + 1 or

32m+1 − 3m+1 + 1 = q′8 − q′7 + q′5 − q′4 + q′3 − q′ + 1 or

32m+1 − 3m+1 + 1 = q′8 − q′6 + q′4 − q′2 + 1 or

32m+1 − 3m+1 + 1 = q′8 − q′4 + 1.

Assume that 32m+1 − 3m+1 + 1 = q′8 + q′7 − q′5 − q′4 − q′3 + q′ + 1, then
3m+1(3m−1) = q′(q′3+q′2−1)(q′2+1)(q′2−1). If q′ = 3m+1, then q′2(q′5−q′4+
q′2 − q′ + 1) = 3m, which is impossible. Hence we have that q′ is not a power
of three. Since (q′3 + q′2 − 1, q′2 +1) = (5, q′ +2) and (q′3 + q′2 − 1, q′2 − 1) = 1
and (q′2 + 1, q′2 − 1) = (2, q′ − 1), we have that 3 divides q′3 + q′2 − 1 or q′2 + 1

or q′2 − 1. If 3 divides q′3 + q′2 − 1, then we have 3m − 1 ≤ q′3+q′2−4
3

, and

hence 3m+1(3m−1) = q′(q′3 + q′2−1)(q′2 +1)(q′2−1) ≤ (q′3 + q′2 −1) q′3+q′2−4
3

,

which is impossible. If 3 divides q′2 + 1, then 3m − 1 ≤ q′2−2
3

, and hence

3m+1(3m − 1) = q′(q′3 + q′2 − 1)(q′2 + 1)(q′2 − 1) ≤ (q′2 + 1) q′2−2
3

, which is also

impossible. If 3 divides q′2−1, then 3m−1 ≤ q′2−4
3

, and hence 3m+1(3m−1) =

q′(q′3 + q′2 − 1)(q′2 + 1)(q′2 − 1) ≤ (q′2 − 1) q′2−4
3

, impossible too.

By using the same argument as above, we obtain that 32m+1 − 3m+1 + 1 is
not equal to q′8 − q′7 + q′5 − q′4 + q′3 − q′ + 1 and q′8 − q′6 + q′4 − q′2 + 1 and
q′8 − q′4 + 1. Thus we get that t(Γ(K/H)) �= 5.

Lemma 3.3 t(Γ(K/H)) �= 4.
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Proof. Suppose that t(Γ(K/H)) = 5. Then K/H must be isomorphic to
2B2(2

2n+1) or A2(4) or 2E6(2) or any sporadic simple groups having just four
order components.

If K/H is isomorphic to 2B2(2
2n+1), then 32m+1 + 3m+1 + 1 is equal to

22n+1 − 1 or 22n+1 ± 2n+1 + 1 by Lemma 2.2. However, all these equations can
not hold apparently. Hence K/H is not isomorphic to 2B2(2

2n+1). Similarly
we know that K/H can not be isomorphic to A2(4) and 2E6(2). If K/H is
isomorphic to any sporadic simple groups having just four order components,
then 32m+1 +3m+1 +1 must be equal to 7 or 11 or 19 or 23 or 29 or 31 or 37 or
67 or 71 by Tables 3 in [4] and Lemma 2.2. It easy to check that only the case
that m = 1 holds. In this case 32m+1+3m+1+1 = 37 and 32m+1−3m+1+1 = 19.
However, as we all know that there has no such sporadic simple group exist.
Therefore t(Γ(K/H)) �= 4.

Lemma 3.4 K/H is isomorphic to 2G2(q).

Proof. Now we have that t(Γ(K/H)) = 3 by Lemma 3.1-Lemma 3.3, and
hence K/H is isomorphic to one of the following groups: Ap′(p

′ and p′ − 2 are
primes), A1(q

′), 2G2(3
2n+1), 2Dp′(3)(p′ = 2n+1), (n ≥ 2), 2Dp′+1(2)(p′ = 2n−1,

n ≥ 2), F4(q
′), E7(2), E7(3), A2(2), 2A5(2), 2F4(2

2n+1)(n ≥ 1) , G2(q
′)(3|q′)

or sporadic simple groups with exactly three order components. It is clear
that K/H can not be isomorphic to any sporadic simple groups with exactly
three order components. Suppose that K/H is isomorphic to A1(q

′). Then
we have q′ = 37 by Lemma 2.2. In this case |2G2(3

2m+1)| = |2G2(3
3)| =

24×39×5×19×37. By Lemma 2.2, the order of the center Z of Sylow subgroup
of H divides 24 or 39. However, |Z| − 1 must be a multiple of 5 × 19 × 37 by
Lemma 2.3, which implies |Z| = 1. Hence H is trivial and K is isomorphic
to A1(37). Therefore A1(37) � G � Aut(A1(37)) since CG(K) = 1, which is
impossible since G but not Aut(A1(37)) has an abelian subgroup of order 5.
Thus K/H is not isomorphic to A1(q

′). Suppose that K/H is isomorphic to
2F4(2

2n+1). Then 32m+1 +3m+1 +1 = 24n+2 +23n+2 +22n+1 +2n+1 +1. However
this equation can not hold. Therefore K/H is not isomorphic to 2F4(2

2n+1).
By the same way as above we get that K/H is not isomorphic to Ap′(p

′

and p′ − 2 are primes),2Dp′(3)(p′ = 2n + 1), (n ≥ 2), 2Dp′+1(2)(p′ = 2n − 1,
n ≥ 2), F4(q

′), E7(2), E7(3), A2(2) and 2A5(2). Hence we obtain that K/H is
not isomorphic to 2G2(3

2n+1). It easy to see that n = m by Lemma 2.2 and
therefore K/H is not isomorphic to 2G2(3

2m+1).

Lemma 3.5 G is isomorphic to 2G2(q).

Proof.We claim first that H is trivial. Indeed, let Z be the center of any
Sylow subgroup of H . Then q2 − q +1 divides |Z| − 1 by Lemma 2.3. Because
the even order component of G is q3(q2−1), we have that |Z||q3 or |Z||q2−1. If



A Characterization of 2G2(q) 1167

|Z||q2−1, then |Z||2(q−1) or |Z||2(q+1) since q2−1 = 34m+2−1 is not a power
of two when m ≥ 1 by Lemma 2.4, which implies that |Z| − 1 < q2 − q + 1, a
contradiction. Therefore we may assume that Z is a 3-group. In this case, by a
theorem of [9] and our assumption, the order of the center Z of H is q = 32m+1.
This is impossible since |Z| − 1 is a multiple of q2 − q + 1 by Lemma 2.3.
Therefore, we conclude that H is trivial and K is isomorphic to 2G2(q). Hence
2G2(q)�G�Aut(2G2(q)) since CG(K) = 1. Since the outer automorphisms of
the groups 2G2(q) are all field automorphisms, we assume that G =2 G2(q) ·Zs,
where s|2m. If s �= 1, then we may assume that s is a prime power without
loss of generality. Let q = qs and let α be a field automorphism of order s.
Then we have |C2G2(32m+1)(α)| = |2G2(q)| = q3(q2−1)(q2−q+1) by [6, Lemma
6.2]. If s �= 3, then q2 − q + 1 does not divide q2 − 1. It follows that Γ(G) is
connected in this case, a contradiction. Hence we may assume that s = 3. In
this case G possesses an abelian subgroup of order 3t(t ∈ π(q − 1)). However
by [2, Lemma 4], 2G2(q) has no such subgroups. Therefore we obtain s = 1
and G is isomorphic to 2G2(q). Our proof is complete.
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