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Abstract

The purpose of this paper is to show the properties of serial Artinian
right R−module M , which is a projective generator in σ[M ].
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1 Introduction

Throughout this paper, R is an associative ring with identity. Mod-R is the
category of unitary right R-modules and the notations MR or M will be a
unitary right R-module. The aim of this paper to give some properties that
can imply the right R-module M to be serial. In general, we known that every
epimorphic image of a serial module needs not to be serial, in this paper we
gave some conditions for an epimorphic image of serial module to be serial.
Next we was shown the properties of serial Artinian right R−module M , which
is a projective generator in σ[M ]. As a corollary we can get some results of
serial Artinian ring R.

2 Preliminaries

Throughout this paper, R is an associative ring with identity. Mod-R is the
category of unitary right R-modules and the notations MR or M will be a
unitary right R-module. A right R-module P is called M-generated if there
exists an epimorphism M (I) −→ P for some index set I. P is called finitely
M-generated if I is finite. We denote σ[M ], a full subcategory of Mod-R,
whose objects are submodules of M-generated modules. M is a generator of
σ[M ] if it generates all N ∈ σ[M ], and a self-generator if it generates all its
submodules.



82 S. Sompong

A right R-module M is called uniserial if its submodules are linearly ordered
by inclusion, i.e., for any submodules A and B of M, either A ⊆ B or B ⊆ A.
A ring R is right uniserial if it is uniserial as a right R-module. A right R-
module M is called a serial module if it is a direct sum of uniserial modules.
A ring R is right serial if it is serial as a right R-module and R is serial if R
is left and right serial.

A right R-module M is called indecomposable if M �= 0 and it cannot be written
as a direct sum of a non-zero submodules. A right R-module P is said to be
M-projective if for every epimorphism β : M → N and every homomorphism
ϕ : P → N , there exists a homomorphism ϕ

′
: P → M such that βϕ′ = ϕ.

If P is P -projective, then P is called quasi-projective.

A right R-module X is called an injective right R-module if for any monomor-
phism α : A → B of right R-modules and any homomorphism ϕ : A → X, we
can find a homomorphism ϕ : B → X such that ϕ ◦ α = ϕ.
A right R-module X is called quasi-injective if it is X-injective. A ring R is
called right self-injective if RR is R-injective.

3 Serial Rings and Modules

Now we will give a results of serial rings and modules.

Lemma 3.1. ([4], page 294) Let M be a right R-module and E(M), its injec-
tive hull. Then, M is uniform if and only if E(M) is indecomposable.

Lemma 3.2. ([5], Theorem 2.17) Let M be a right R-module. Then, M is
uniserial if and only if every factor module of M is uniform.

The following Theorem gives some properties that can imply M to be serial.

Theorem 3.3. Let M be an Artinian right R-module which is a projective
generator in σ[M ]. If every factor module of local in σ[M ] is quasi-injective,
then M is serial.

Proof. Since M is projective in σ[M ] and Artinian, we have M =
n⊕

i=1

Mi, where

each Mi is a local module. By assumption, every factor module of Mi is quasi-
injective. Then we can see that every factor module of Mi is uniform. That is
each Mi is uniserial, proving that M is serial.

In general, it is well-known that every epimorphic image of a serial module
needs not to be serial. The following Theorem gives some conditions for an
epimorphic image of serial module to be serial.
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Theorem 3.4. Let M be an Artinian right R-module which is a projective
generator in σ[M ], N ∈ σ[M ] and f ∈ HomR(M, N). If M is serial and
every indecomposable quasi-injective module in σ[M ] is uniserial, then f(M)
is serial.

Proof. Since M is Artinian projective generator in σ[M ], M has finite length.

By the property of serial modules, we have M =
n⊕

i=1

Mi, where each Mi is

uniserial. It follows that each Mi is cyclic and therefore f(Mi) is cyclic and

uniserial. From f(M) = f(
n⊕

i=1

Mi) =
n∑

i=1

f(Mi) and the fact that the injective

hull of f(Mi) is uniserial, by ([8],Theorem 55.9]), we can see that
n∑

i=1

f(Mi) is

a serial module. Therefore f(M) is serial.

Theorem 3.5. Let M be an Artinian right R-module which is a projective
generator in σ[M ]. Then the following statements are equivalent:

(1) M is serial and every indecomposable quasi-injective module in σ[M ]
is uniserial;

(2) Every finitely generated module in σ[M ] is serial;
(3) Every module in σ[M ] is serial;
(4) Every finitely generated indecomposable module in σ[M ] is uniserial.

Proof. Since M is an Artinian projective generator in σ[M ], M has finite
length.
(1) ⇒ (2) Since M is a generator in σ[M ], every finitely generated module
in σ[M ] is finitely M-generated. By Theorem 2.4, we have that every finitely
generated module in σ[M ] is serial.

(2) ⇒ (3) Since M is of finite length and our assumption, we have every module
in σ[M ] is serial.

(3) ⇒ (4) (4) is a special case of (3).

(4)⇒ (1) Since M is projective and Artinian, M =
n⊕

i=1

Mi, where each Mi is

local module. Thus Mi is indecomposable and finitely generated. It follows
that each Mi is uniserial, proving that M is serial. From M has finite length,
[8] and our assumption, we have every indecomposable quasi-injective module
in σ[M ] is uniserial.

From the preceding theorems, we have the following result for a ring R.
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Corollary 3.6. Let R be an Artinian right R-module. Then the following
statements are equivalent:

(1) R is serial and every indecomposable quasi-injective right R-module is
uniserial;

(2) Every finitely generated right R-module is serial;
(3) Every right R-module is serial;
(4) Every finitely generated indecomposable right R-module is uniserial.
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